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FOREWORD 

ADVANCES IN CHEMISTRY SERIES was founded in 1949 by the 
A m e r i c a n C h e m i c a l Society as a n outlet for symposia a n d 
collections of data i n spec ia l areas of t op i ca l interest that c o u l d 
not be accommodated i n the Society's journals. I t provides a 
m e d i u m for symposia that w o u l d otherwise be f ragmented , 
the ir papers d i s t r ibuted among several journals or not p u b ­
l i shed at a l l . Papers are r ev i ewed cr i t i ca l ly accord ing to A C S 
ed i tor ia l standards a n d receive the care ful attention a n d proc ­
essing characterist ic of A C S publ i cat ions . V o l u m e s i n the 
ADVANCES IN CHEMISTRY SERIES maintain the integrity of the 
symposia o n w h i c h they are based; however , v e r b a t i m repro­
duct ions of prev ious ly p u b l i s h e d papers are not accepted. 
Papers may include reports of research as well as reviews since 
symposia m a y embrace bo th types of presentation. 
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P R E F A C E 

Since the p ioneer ing w o r k of Bened i c t a n d co-workers i n the early 
1940's, equations of state have assumed a n expanding role i n eng i ­

neer ing i n the representation of fluid vo lumetr i c , thermodynamic , a n d 
p h a s e - e q u i l i b r i u m behavior . T h e past decade has seen the equation-of-
state method assume center stage i n property predict ions , par t i cu lar ly i n 
fluid-phase e q u i l i b r i a , w i t h an attendant r a p i d g r o w t h of l i terature o n 
the subject. Several forces have converged to promote this growth . H i g h ­
speed c o m p u t i n g capabi l i t ies have cont inued to improve , p e r m i t t i n g n e w 
equations to be deve loped a n d tested i n m u c h more deta i l a n d m u c h 
more c r i t i ca l ly than was prev ious ly possible. N e w data have been appear­
i n g at an accelerated rate, m u c h of i t des igned specif ical ly to be use fu l 
for deve lop ing a n d testing models for systems of interest. Signif icant 
progress i n the theoret ical unders tanding of dense fluids has been made 
t h r o u g h computer-generated data f r o m molecular dynamics a n d M o n t e 
C a r l o calculations a n d f r om per turbat i on a n d other statist ical mechan i ca l 
theories. L a s t , b u t not least, c omputer - implemented process des ign sys­
tems have been g a i n i n g ground , c a l l i n g for propert ies ' p red i c t i on pack ­
ages for w h i c h equations of state are i n great demand . 

T h e present vo lume br ings together a w i d e spectrum of invest iga­
tions of equations of state i n research a n d engineering. T h e extensive 
experiences of recent years i n us ing cub i c equations of the R e d l i c h -
K w o n g type are descr ibed ; the strengths a n d l imitat ions of these equa ­
tions i n a var iety of engineer ing appl icat ions are discussed. N e w d irec ­
tions are explored, i n c l u d i n g n e w exper imental data a n d equation-of-state 
analyses of: the c r i t i c a l reg ion ; gases d isso lved i n l i q u i d s ; us ing b i f u r c a ­
t i o n a n d instab i l i ty i n equat ion development ; the representation of po lar 
mixture behavior ; a n d of n e w equations of great accuracy a n d c o m ­
plex i ty . T h e p r o b l e m of m i x i n g rules is addressed a n d n e w methods 
are suggested. 

T h i s vo lume shares some c o m m o n interest w i t h the state-of-the-art 
A C S S y m p o s i u m Series N o . 60 ent i t led "Phase E q u i l i b r i a a n d F l u i d 
Propert ies i n the C h e m i c a l Industry . " H o w e v e r , the present v o l u m e 
focuses more sharply on equations of state a n d is not exclusively a co l lec ­
t i o n of reviews; the two volumes complement each other. 

T h e editors appreciate the encouragement a n d support of the D i v i ­
s ion of Indus t r ia l a n d E n g i n e e r i n g C h e m i s t r y of the A m e r i c a n C h e m i c a l 
Society for o rgan iz ing this sympos ium. Spec ia l thanks go to those w h o 
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prepared the manuscr ipts , par t i c ipated as speakers at the sympos ium, 
a n d r e v i e w e d the papers for this vo lume. F i n a l l y w e grateful ly a c k n o w l ­
edge P u r d u e a n d O k l a h o m a State Univers i t ies for the ir generous support . 

ΚWANG CHU CHAO 

Purdue University 

May, 1979 

ROBERT L. ROBINSON, JR. 

Oklahoma State University 
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1 

Practical Calculations of the Equation of 

State of Fluids and Fluid Mixtures Using 

Perturbation Theory and Related Theories 

DOUGLAS HENDERSON 

IBM Research Laboratory, San Jose, CA 95193 

The properties of a fluid are determined largely by short-
range repulsive forces. The long-range attractive forces can 
be considered to be perturbations. Using these concepts, a 
perturbation theory of fluids is developed. In addition, the 
relationship of empirical equations of state to the perturba­
tion theory is examined. The major weakness of most 
empirical equations is the use of the van der Waals free-
volume term, (V-Nb)-1, to represent the contributions of the 
repulsive forces. Replacement of this term by more satisfac­
tory expressions results in better agreement with experiment. 

n p h e requirements of an equat ion of state f r om a theoret ica l chemist 
a n d a c h e m i c a l engineer are somewhat different. T h e theoret ica l 

chemist desires to understand the or ig in of the properties of the fluid he 
is s t u d y i n g a n d often is less interested i n ob ta in ing h i g h l y accurate 
agreement w i t h exper imental data. O n the other h a n d , the c h e m i c a l 
engineer wants a s imple , e m p i r i c a l equat ion of state w h i c h is i n close 
agreement w i t h exper imental data . T h e quest ion of whether this e m p i r i c a l 
equat ion of state has any theoret ical basis is less interest ing. 

Because of this apparent divergence of interests a n d needs, there 
has been l i t t le interact ion between theoret ica l chemists a n d c h e m i c a l 
engineers w o r k i n g on the equat ion of state of fluids. T h i s is unfortunate 
because the requirements of the two groups are compat ib le . N o theore­
t i c i a n w o u l d c l a i m to understand fu l l y some p h e n o m e n a i f he c o u l d not 
ob ta in reasonable quant i tat ive agreement w i t h experiment. O n the other 
h a n d , an e m p i r i c a l equat ion of state w i t h a w e a k or even faul ty theoret ica l 

0-8412-0500-0/79/33-182-001$07.50/l 
© 1979 American Chemical Society 
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2 E Q U A T I O N S O F S T A T E 

basis is no more than an interpo lat ion scheme a n d is qui te useless for 
extrapolat ion to thermodynamic states for w h i c h exper imental da ta are 
not avai lable . Presumab ly c h e m i c a l engineers w o u l d prefer to have some 
pred i c t ive capab i l i ty a n d if the results of the theoret ic ian can be expressed 
i n some useful f o rm w h i c h is convenient for q u i c k ca l cu lat ion , c h e m i c a l 
engineers w o u l d be interested. 

I assume that this gap between theoret ica l chemists a n d c h e m i c a l 
engineers exists because, u n t i l very recently , theoreticians h a d l i t t le to 
offer concern ing the theory of fluids. H o w e v e r , d u r i n g the past decade 
r a p i d progress has been made i n this area a n d an attempt to br idge this 
gap n o w seems appropr iate . T h i s is an ambit ious task a n d g iven the 
deadl ines w h i c h are an unavo idab le part of any conference, i t is not a 
task that I w o u l d c l a i m to accompl i sh f u l l y here. H o w e v e r , I hope that 
this chapter w i l l contr ibute to the b r i d g i n g of this gap. 

I shal l attempt to survey recent progress i n the theory of dense 
fluids. I w i l l p rov ide references to a l l of the major techniques. H o w e v e r , 
I w i l l emphasize per turbat ion theory because I fee l that this is the 
technique w h i c h is most interest ing to c h e m i c a l engineers. F u r t h e r , I 
w i l l show that the per turbat ibn theory can be used i n part to justi fy 
c o m m o n e m p i r i c a l equations of state. M a n y of these equations are w e l l 
f ounded i n theory. H o w e v e r , w e shal l see that there is one t e rm w h i c h 
seems to appear i n a l l e m p i r i c a l equations of state. T h i s term has 
absolutely no theoret ical basis a n d i t should be d i scarded a n d rep laced 
b y a more satisfactory expression. 

Some General Considerations 

T h e basic result i n statist ical mechanics is that the p r o b a b i l i t y of a 
system be ing i n a state specified b y an energy E{ is propor t i ona l to the 
B o l t z m a n n factor exp{ — where p = 1/kT. W i t h this result , thermo­
d y n a m i c properties may be specified. F o r example, the thermodynamic 
energy is 

U i 

d In Zjv 
(1) 

w h e r e 

'N e x p { - / M } 

£ exp {— pEJ (2) 
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1. H E N D E R S O N Fluids and Fluid Mixtures 3 

is c a l l e d the par t i t i on funct ion a n d A is the H e l m h o l t z free energy (i .e. , 
A = U — T S ) . W i t h exception of a f ew fluids, such as h e l i u m a n d 
hydrogen , the energy levels Ei f o rm a c o n t i n u u m a n d the sum i n E q u a ­
t i o n 2 can be rep laced by an integral . T h u s , for a system of N molecules 

Z n = Tfiflf e x p t - i 8 ^ / ) dp* dV* ( 3 ) 

where the ps a n d q's are the genera l i zed momenta a n d coordinates, s is 
the n u m b e r of degrees of f reedom, a n d is the H a m i l t o n i a n of the 
system. T h e factor h8 arises f rom the vo lume associated w i t h q u a n t u m 
states i n phase space a n d the factor N\ appears because the molecules i n 
a fluid are indis t inguishable . 

G e n e r a l l y the molecules of the fluid w i l l have in te rna l degrees of 
f reedom. If these interna l degrees of f reedom are independent of the 
density of the fluid (as is often the case) they make no contr ibut ion to 
the equat ion of state a n d can be ignored . Since I a m interested on ly i n 
present ing general pr inc ip les , I w i l l ignore the contr ibut ion of in terna l 
degrees of f reedom a n d assume that 

i-l 

where $ is the potent ia l energy of the molecules a n d depends only u p o n 
the posit ions of the center of mass. T h e theory of fluids i n w h i c h in terna l 
degrees of f reedom contr ibute to the equat ion of state is s t i l l u n d e r 
development. U s i n g E q u a t i o n 4 , the par t i t i on func t i on becomes 

Z N = ~NY I e x p ( " " ^ ) d r i • • • d r N W 

where A = h/(2irmkT)1/2. 
T o make further progress the f o rm of <I> must be specif ied. G e n e r a l l y 

the potent ia l energy w i l l conta in terms i n v o l v i n g the coordinates of pa irs , 
tr iplets , quadruplets , etc., of molecules. A few calculat ions of the equa ­
t ion of state of a fluid w i t h such a general f o r m for <l> have been made . 
H o w e v e r , the c o m m o n pract i ce is to assume pa ir -wise a d d i t i v i t y : 

* ( r i , . . . , rN) — 1 3 u(rtj) (6) 
i < ; 

I n this case, u(r) is not the correct p a i r interact ion but some effective 
pa i r interact ion w h i c h simulates the m u l t i b o d y terms. 
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4 E Q U A T I O N S O F S T A T E 

O f t e n 

u{r) — €(p(r/<r) (7) 

where <p is some universa l func t i on w h i c h is app l i cab le to a w i d e class of 
substances. Subst i tut ion of E q u a t i o n 7 into E q u a t i o n 5 leads to the l a w 
of corresponding states w h i c h states that for such substances the thermo­
d y n a m i c functions are also un iversa l functions that are scaled b y appro ­
pr iate combinat ions of c a n d a. T h u s , 

p * = f ( P * , r * ) (8) 

w h e r e P * — P a 3 / c , p* = pa 3 , a n d T* = kT/c are the r educed pressure, 
density , a n d temperature. 

T h e above f o r m of the l a w of corresponding states m a y seem unsu i t ­
able for a c h e m i c a l engineer since i t seems to requ i re the determinat ion of 
u(r) for the fluid of interest. H o w e v e r , i f the temperature a n d densi ty 
of the fluid at some f u n d a m e n t a l state (e.g. the c r i t i c a l po int or the 
t r i p l e p o i n t ) are k n o w n , then c a n d a m a y be de termined u s i n g the l a w 
of correspond ing states. F o r example , 

a 3 = C 2 Vc 

where Tc a n d V c are the c r i t i c a l temperature a n d v o l u m e a n d C\ a n d c2 

are un iversa l constants. T h u s , an equivalent statement of the l a w of 
corresponding states is 

P / P o = g(V/Ve, T/Te) (10) 

w h e r e P c is the c r i t i c a l pressure. 
O n e useful test of the l a w of corresponding states is the invar iance 

of certa in dimensionless terms: e.g., for m a n y fluids 

*c — PcVc/NkTc ~ 0.291 (11) 

A s w e w o u l d expect, there are deviations f r o m E q u a t i o n 11 for fluids 
w i t h in terna l degrees of f reedom. 

Computer Simulations and Integral Equations 

I w o u l d l ike to t u r n to the quest ion of the ca l cu la t i on of the par t i t i on 
funct ion . T h e r e are three methods of ob ta in ing ZN a n d the thermodynamic 
propert ies . I w i l l consider two of these methods i n this section a n d the 
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1. H E N D E R S O N Fluids and Fluid Mixtures 5 

t h i r d i n the next section. T h e first method is computer s imulat ion . I n 
this method a set of about 100 molecules i n a box w i t h per iod i c boundary 
condit ions (to m i n i m i z e surface effects) is considered a n d either the t i m e 
or statist ical evo lut ion of the system fo l l owed . A deta i led rev iew ( I ) is 
avai lab le so I w i l l not consider this method i n deta i l . T h e method involves 
large computat ions a n d w i l l not become a rout ine too l i n c h e m i c a l 
engineering. H o w e v e r , i t is complete ly general : to date i t is the on ly 
technique general ly app l i cab le to molecules w i t h in terna l degrees of 
freedom. F u r t h e r , i t provides ( i n p r i n c i p l e ) complete in format ion about 
the system, i n c l u d i n g the h-body d i s t r ibut ion functions, 

as w e l l as the thermodynamic functions. C o m p u t e r s imulations do not 
give ZN d i rect ly . H o w e v e r , derivatives of ZN are obta ined a n d ZN can be 
obta ined b y integrat ion over a series of states. T h e on ly l imi ts o n the 
computer s imulat ion method are our ingenui ty i n p r o g r a m m i n g the 
computer a n d our ab i l i t y to cope w i t h the n u m e r i c a l data. T h e later 
l i m i t a t i o n is nont r iv ia l a n d prevents deta i led considerat ion of four- a n d 
h igher -body d i s t r ibut i on functions. F i n a l l y , w e m a y regard the computer 
s imulat ion methods as either an exper imental or a theoret ica l tool . 
G e n e r a l l y speaking i t is used as an exper imental too l for p r o v i d i n g data 
w i t h w h i c h theoret ical calculations m a y be compared . A p a r t f r o m statis­
t i c a l prob lems a n d the quest ion of whether the box contains a sufficiently 
large n u m b e r of molecules , the m e t h o d is exact. T h e results of some c o m ­
puter s imulat ions of h a r d spheres are g iven i n F i g u r e 1. 

T h e second method is the integra l equat ion method . I n this approach 
some approx imate integra l equat ion for the r a d i a l d i s t r ibut i on funct ion , 
g ( r ) , is f o rmulated a n d solved. F o r the s imple molecules w i thout in terna l 
degrees of f reedom w h i c h I a m cons ider ing , the r a d i a l d i s t r ibut i on 
func t i on ( R D F ) is the p a i r (h = 2 ) d i s t r ibut ion funct ion ( P D F ) def ined 
b y E q u a t i o n 12. T h e integra l equat ion method involves m u c h less c o m ­
puter usage than do the computer s imulations but s t i l l involves enough 
to make its use as a rout ine chemica l -eng ineer ing too l un l ike ly . 

H o w e v e r , i n certa in cases where these in tegra l equations y i e l d 
ana ly t i ca l solutions, the method w i l l be interest ing to chemica l engineers. 
F o r instance, W e r t h e i m (2,3) a n d T h i e l e (4) have so lved the P e r c u s -
Y e v i c k ( P Y ) equat ion for the hard-sphere potent ia l , where 

exp {— p$}drh + 1 . . . drN 

g ( n , . . . , rh) = Vh (12) 
exp {— 0 $ } d n . . . drN 

(13) 
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6 E Q U A T I O N S O F S T A T E 

Figure 1. Equation of state of the hard-sphere fluid. The points give 
computer simulation results and curves give the results of three approxi­

mations. 
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1. H E N D E R S O N Fluids and Fluid Mixtures 7 

T h e y showed that 

A/NkT = 3ln\-l + \nP-\n (1 - v) +| v {fZ^)2 (14) 

a n d 

P/PkT= l + V_+f (15) 

w h e r e -q = irpdz/Q. E q u a t i o n 15 is c ompared w i t h computer s imulat ions 
i n F i g u r e 1. T h e y showed further that the L a p l a c e transform of g ( r ) is 
g iven b y 

xg(x) exp (— sx)dx 

sL(s) 
(16) 

i a , [ L ( « ) + e x p (s )S(s ) ] 

where x = r/<r, 

L(s) — 12V[1 + 2rj + (1 + v/2)s] (17) 

a n d 

S ( « ) = —12^(1 + 2rj) + ISrjh + 67,(1 - V)S2 + (1 - V)V (18) 

S m i t h a n d H e n d e r s o n (5 ) have inverted G(s) ana ly t i ca l ly for 1 < x < 5. 
F o r the hard-sphere potent ia l , these P Y results for A , P , a n d g ( r ) are i n 
good agreement w i t h computer s imulations. 

A second case of potent ia l interest to c h e m i c a l engineers is W a i s m a n s 
so lut ion (6 ) of the m e a n sper ica l a p p r o x i m a t i o n ( M S A ) in tegra l equat ion 
for the case where 

W ( r ) = / ° ° ' r < t r (19) 
( —cexp {—z(x — l)}/x, r > <r 

a n d x = r/a. Wa isman ' s so lut ion is i m p l i c i t a n d involves the solut ion of 
six nonl inear equations. H o w e v e r , H e n d e r s o n (7 ) has shown recently 
that a good parametr izat ion of W a i s m a n s solut ion is g iven b y 

A/NkT = A0/NkT - fcvJ2 - ( ] 8 c ) V 4 -

( £ c ) W 6 - (fit) V 8 (20) 
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8 E Q U A T I O N S O F S T A T E 

where A 0 is g i ven b y E q u a t i o n 14, 

W l 2£L(£) 
V l e - L ( Z ) + S ( 2 ) 

W 2 « — , ( 1 - * ? ) 1 2 " (22) 
Z 

^ 1 4 4 ( 2 ~ 3 3 e " V 2 V ( l - > ? ) 1 9 c (23) z 

^ ^ 1728(11/2 - 8 e - + 3 e * ) ^ _ , ) i M . ( 2 4 ) 

a n d 

1 1 ^ ° 3
3 5 e " W 2 4 ) [ - 4 + 2 z 2 + 4 ( l + * K * ] (25) 

E q u a t i o n 21 gives the exact result for t>i i n the M S A . T h e expressions 
for v2, vSy a n d t; 4 are parametr izat ions . E q u a t i o n 21 is ana ly t i ca l a n d 
quite easy to use. F o r most cases, v2, t ; 3 , a n d tf4 are smal l w h e n c o m p a r e d 
w i t h Vx so that i t is best to use E q u a t i o n 21 for Vx rather t h a n some 
approx imat ion . H o w e v e r , i f one wishes, s impli f icat ions can be obta ined 
f r o m an expansion of E q u a t i o n 21 i n powers of p a n d z. O n e poss ib i l i ty 
is 

" 1 " 2 4 ^ - ? - L 1 + 1 0 ( l + , ) ( 7 + 2,) \] 
(26) 

E x c e p t for z —> oo, most of the contr ibut i on to Vi comes f rom the first 
term. T h e l i m i t z - » oo is m a i n l y of mathemat i ca l interest. I n most 
situations of p h y s i c a l interest z is smal l . 

W e refer to the l i terature ( I ) for a discussion of the der ivat ion of 
the various integra l equations a n d for details r e g a r d i n g their so lut ion 
(usua l ly n u m e r i c a l ) for other cases. 

Perturbation Theory 

Per turbat i on theory is the oldest of the three methods. W e w i l l see 
that i t dates back to v a n der W a a l s . H o w e v e r , its u t i l i t y was not 
apprec iated b y theorists u n t i l the last decade. 

I n per turbat i on theory w e assume that w e have f u l l knowledge of 
some reference system (or u n p e r t u r b e d system) whose propert ies w e w i l l 
denote b y a subscript 0. W e m a y have obta ined this knowledge b y means 
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1. H E N D E R S O N Fluids and Fluid Mixtures 9 

of some computer s imulations or f r om the solut ion of some in tegra l 
equat ion . U s u a l l y , this reference system is taken to be the hard-sphere 
fluid, where 

u0(r)=)°:> * ^ (27) = / oo, r < d 
l O , r > d 

W e assume that, to some approx imat ion , the p a i r potent ia l is u0(r) a n d a 
smal l per turbat ion . T h e simplest case is 

u(r) = u0(r) + €w(r) (28) 

If the free energy is expanded i n powers of c, w e have 

where 

A z _ ^ 5 . _ £ (j8c)n AJNkT (29) 
NkT £i 

Ai/NkT-^p jw(r)g0(r) dr (30) 

a n d go(r ) is the R D F of the reference system. T h e higher-order An 

involves integrals over higher-order d i s t r ibut ion functions. 
I f the reference system is the hard-sphere system, A 0 m a y be c a l c u ­

la ted f rom E q u a t i o n 14. C a r n a h a n a n d Star l ing (8 ) have proposed a 
sl ight modi f i cat ion of E q u a t i o n 14 w h i c h is s l ight ly more accurate. U s i n g 
the C a r n a h a n and Star l ing expression is cer ta in ly re commended ; however , 
I w i s h to give the f o l l o w i n g w a r n i n g . T h e analogue of the C a r n a h a n a n d 
Star l ing equat ion of state becomes very inaccurate for a mixture of h a r d 
spheres w h e n one of the components i n the mixture is very large whereas 
the analogue of E q u a t i o n 14 remains accurate. I n as m u c h as the C a r n a ­
h a n a n d Star l ing- type expression is i n better agreement w i t h computer 
s imulations for hard-sphere mixtures for d iameter ratios at least as large 
as 3 :1 , i t is probab le that this def ic iency p r o b a b l y is i rre levant to any 
prac t i ca l ca lcu lat ion . H o w e v e r , one should be w a r y not on ly to avo id 
app l i ca t i on of the C a r n a h a n a n d Star l ing- type expression for extremely 
large d iameter ratios but to examine careful ly any predict ions based on 
the use of this expression i n situations i n w h i c h i t has not been s tud ied 
i n deta i l . F o r a hard-sphere reference fluid, g o ( 0 a n d thus A i , c a n be 
obta ined either f rom the P Y hard-sphere results (5 ) or f r o m computer 
s imulations ( 9 , 1 0 ) . F o r most cases, A i must be obta ined b y n u m e r i c a l 
integrat ion. H o w e v e r , i f 

w(r) = —c exp {—z(x — l)}/x (31) 
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10 E Q U A T I O N S O F S T A T E 

w h e r e x = r/a- a n d the P Y go(r ) are used, E q u a t i o n 16 m a y be used to 
y i e l d 

A > N k T - - e W % z ) ( 3 2 ) 

T h e s imi lar i ty to E q u a t i o n 21 is not acc identa l . 
I f a hard-sphere reference fluid is used, the second-order t e r m has 

the f o rm 

A2/NkT = -TrptP J°° r*[w(rd) ] 2 g 0 ( r )dr 

+ff w(rid)w(r2d) F0(rl9r2) drxdr2 (33) 

B a r k e r a n d H e n d e r s o n (JO) have g iven a convenient parametr i za t i on of 
Fo(ru r2) for the hard-sphere reference fluid. 

So far a l l w e have is f o rmal i sm. O n e c o u l d argue that there is no 
reason to be l ieve that E q u a t i o n 29 is useful except at h i g h temperatures, 
where /?c is smal l . T h e u t i l i t y of per turbat i on theory even at temperatures 
as l o w as the t r ip le po int , was first p o i n t e d out a decade ago b y B a r k e r 
a n d H e n d e r s o n (11) w h o argued that the relevant parameter i n deter­
m i n i n g the convergence of E q u a t i o n 29 was not the smallness of /Jc but 
the smallness of the effect of the per turbat i on on the structure of the 
fluid. T h e y noted that Ax gives the effect of w(r) on the thermodynamic 
properties i n the absence of any changes i n structure a n d that A2 gives 
the effect of changes i n structure. A t h i g h densities such changes i n 
structure are suppressed because the molecules are p a c k e d t ight ly . T h e r e ­
fore, A2 is sma l l c ompared w i t h A i (as is observed b y direct ca l cu lat ion 
of A i a n d A 2 ) . T h e higher-order An are even smaller and , as B a r k e r a n d 
H e n d e r s o n suggested, can be neglected i n most calculat ions. 

A t l ower densities, par t i cu lar ly near the c r i t i c a l po int , changes i n 
structure are easier a n d the convergence of the per turbat ion expansion is 
slower. B u t even there, second-order per turbat ion theory gives qui te 
reasonable results. 

A l l of this makes sense as l ong as u(r) is the hard-sphere potent ia l 
p lus ew(r). Unfor tunate ly , the potentials w h i c h occur i n r ea l appl icat ions 
are not of this f orm. Nevertheless , f o l l o w i n g B a r k e r a n d H e n d e r s o n (12), 
w e can w r i t e 

u(r) = Uo(r) + €w(r) (34) 

where u0(r) a n d w(r) are the posit ive a n d negative parts of u(r). T h u s , 
w e can use E q u a t i o n s 29 a n d 30. H o w e v e r , w e n o w have an u n f a m i l i a r 
reference fluid. For tunate ly , for most appl icat ions u0(r) is very steep 
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1. H E N D E R S O N Fluids and Fluid Mixtures 11 

a n d can be rep laced b y the hard-sphere potent ia l i f the diameter d is 
chosen judic ious ly . B y means of a f o rmal expansion i n p o w e r of an inverse 
steepness parameter , B a r k e r a n d H e n d e r s o n showed that 

d — fa [1 - exp {-pu«(z)}]dz (35) 
J o 

where o- is the po in t at w h i c h u(r) changes s ign. W i t h the above choice 
of d, a use fu l second-order per turbat i on theory is obta ined f r om E q u a ­
tions 14, 29, 30, a n d 32. 

T h e results of this second-order per turbat i on theory for a fluid whose 
p a i r potent ia l is the L e n n a r d - J o n e s 6:12 potent ia l , 

w ( r ) = 4 <{(f) 1 2 -(7) 6 ( 3 6 ) 

are g iven i n F i g u r e 2. T h e agreement w i t h computer s imulat i on is 
excellent. 

Accounts of Chemical Research 

Figure 2. Equation of state of the 
6:12 fluid. The points and curves 
give computer simulation and the 
second-order perturbation theory re­
sults for seven isotherms that are 
labelled with the appropriate values 
of kT/e. For the Lennard-Jones 
fluid the triple-point reduced tem­
perature and density are about 0.7 
and 0.85, respectively, and the criti­
cal-point reduced temperature and 
density are about 1.30 and 0.30, 

respectively. 
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1. H E N D E R S O N Fluids and Fluid Mixtures 13 

Per turbat i on theory also m a y be a p p l i e d to calculate the R D F of a 
fluid. T h e results of such a ca l cu la t i on of the R D F of a 6:12 fluid are 
g iven i n F i g u r e 3. 

T h e p h y s i c a l content of per turbat ion theory can be summar i zed i n 
the statement that the structure a n d thermodynamic propert ies of a fluid 
are determined m a i n l y b y the short-range h a r d (or quas i -hard ) cores of 
the molecules . T h e long-range part of the p a i r potent ia l is a per turbat ion . 
T h e fluid behaves as a hard-sphere fluid m o v i n g i n a u n i f o r m b a c k g r o u n d 
energy p r o v i d e d b y the long-range potentials . 

T h e per turbat i on theory ou t l ined here is a p r a c t i c a l ca l cu la t i ona l 
too l i n chemica l engineering. A l l that is r e q u i r e d is some choice of a 
p a i r potent ia l a n d a determinat ion of the potent ia l parameter . F o r m a n y 
cases, the 6:12 potent ia l is a convenient choice because parameters c 
a n d a are tabulated (13) for m a n y substances. H o w e v e r , it is somewhat 
inconvenient because d, Aly a n d A 2 must be determined numer i ca l l y a n d , 
as a result , the pressure must be determined b y n u m e r i c a l di f ferentiation. 
C l e a r l y , a s imple ana ly t i ca l equat ion of state is more convenient as an 
engineer ing tool . Nonetheless, per turbat ion theory c a n be a useful gu ide 
to the selection of an e m p i r i c a l equat ion of state. T h i s quest ion w i l l be 
considered i n the next section. 

Empirical Equations of State 

T h e earliest e m p i r i c a l equat ion of state is that of v a n der W a a l s . H i s 
equat ion of state can be obta ined f rom first-order per turbat ion theory 
w i t h a hard-sphere reference system. T h u s 

I n v a n der W a a l s ' t ime (or for that matter u n t i l 20 years ago) the 
equat ion of state of a hard-sphere fluid was not k n o w n . T h u s , v a n der 
W a a l s assumed that A 0 was e q u a l to the free energy of a perfect gas w i t h 
the vo lume reduced to account for the fact that the molecules o ccupy 
space. H e n c e , i n the v a n der W a a l s ( V D W ) equat ion 

A/NkT = Ao/NkT + £c Ax/NkT (37) 

A0/NkT — 3 In A - 1 + In {N/(V - Nb)} (38) 

where b = %k6?/Z = 4rj. D i f ferent iat ion of E q u a t i o n 38 gives 

Po/pkT 
1 

1 - Pb 
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14 E Q U A T I O N S O F S T A T E 

where rj = Trpd3/6. E x p a n d i n g E q u a t i o n 39 to the p o w e r of pb y ie lds 

P0/pkT = 1 + Pb + (pb)* + (Pb)* + . . . (40) 

w h i c h is i n poor agreement w i t h the correct expansion: 

P o / p f c r - l + P b + | ( p 6 ) 2 + 0.2869(pb)8 + . . . (41) 

C l e a r l y , as shown i n F i g u r e 1, us ing E q u a t i o n 39 leads to a serious 
overest imation of the pressure. 

T h e V D W treatment of A1/NkT has a better foundat ion . T h i s term 
is not sensitive to the precise f o rm of the p a i r potent ia l . T h u s , E q u a t i o n 
32 is satisfactory for i l lus t ra t ing the f o rm of A i . C o m b i n i n g E q u a t i o n s 21, 
26, a n d 32 shows that, except for potentials of a n u n p h y s i c a l l y short 
range (i.e., z - » oo), Ax/NkT is independent of T a n d near ly l inear i n 
the density. T h u s 

/3e A1/NkT = pPa (42) 

E q u a t i o n s 37, 38, a n d 42 give the V D W equat ion of state 

F ~ V - N b V2 (*6' 

T h e re lat ion between parameters a a n d b a n d the c r i t i c a l constants P c , 
V c , a n d Tc are g iven i n T a b l e I . O n e serious deficiency of the V D W 
equat ion of state is the large va lue of zc = PcVc/NkTc. T h i s means that 
a a n d b cannot be chosen to fit P c , Vc, a n d T c s imultaneously . 

C a r n a h a n a n d S t a r l i n g (14) have used the V D W equat ion to 
calculate the equat ion of state of m e t h y l ch lor ide , whose c r i t i c a l constants 
(15) are l is ted i n T a b l e I I . T h e i r results are g iven i n T a b l e I I I . A s 
expected, the V D W equat ion grossly overestimates the pressure. 

T a b l e I . R e l a t i o n Between E m p i r i c a l Parameters 
a n d C r i t i c a l P o i n t C o n s t a n t s 0 

VDW RK LEW MRK 

Nb/Vc 1/3 0.260 0.522 0.333 _ 
a/bkTc 27/8 4.934 V Tc 2.646 4.999 VTC 

PcVc/NkTc 3/8 0.333 0.359 0.316 

° From Carnahan and Starling 
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1. H E N D E R S O N Fluids and Fluid Mixtures 15 

T a b l e I I . C r i t i c a l P o i n t Constants of M e t h y l C h l o r i d e * 

T C P<? V C 

143.1°C 65.919 a t m 2.755 c m 3 / g m 

° From Hsu and McKetta {15). 

T a b l e I I I . C o m p a r i s o n of E x p e r i m e n t a l a n d C a l c u l a t e d Pressures of 
M e t h y l C h l o r i d e f o r Some E m p e r i c a l E q u a t i o n s o f State 

P P P P P 
T V (Expt)" (VDW)" (RK)b (LEW) * (MRK) » 

(°C) (cms/gm) (atm) (atm) (atm) (atm) (atm) 

125 88.266 6.975 7.063 7.02 7.051 7.006 
27.774 20.049 20.629 20.555 20.523 20.132 
16.333 30.664 32.017 31.109 31.749 30.814 
11.070 39.817 42.215 40.630 41.728 40.124 
7.204 50.015 52.848 50.407 52.039 49.649 

143.7 67.069 9.567 9.632 9.571 9.616 9.549 
18.099 30.398 31.288 30.670 31.123 30.449 

8.321 51.077 53.818 52.291 53.421 51.731 
1.939 69.954 251.92 103.16 145.77 83.291 
1.610 101.510 936.55 200.86 328.59 125.46 
1.400 206.85 4265.0 398.17 666.61 196.88 

° Hsu and McKetta (15). 
6 Calculated by Carnahan and Starling (14). 

T h e o r i g in of these serious errors is the poor approx imat ion to A0 

g iven b y E q u a t i o n 38. Yet despite this, the universa l assumption made 
b y workers us ing e m p i r i c a l equations of state seems to be to re ta in the 
func t i ona l f o rm of the V D W equat ion a n d replace V b y V + N c . T h u s 

_ NkT N2a ( . 
P— V + Nc-Nb (V + Nc)2 { } 

E q u a t i o n 44 can be w r i t t e n i n a f o r m closer to V D W b y r e p l a c i n g V + 
Nc — Nb b y V — Nb\ C l e a r l y this approach , w h i c h dates back to 
C laus ius , w i l l result i n a reduct i on of the pressure. H o w e v e r , i t is a poor 
substitute for u s i n g the correct hard-sphere equat ion of state. 

I n p r i n c i p l e , a, b, a n d c c a n be chosen to g ive zc correct ly . T h u s , 
E q u a t i o n 44 c o u l d be a dist inct improvement over the V D W equat ion 
near the c r i t i c a l po int . H o w e v e r , i f the parameters are chosen so that 
zc ~ 092.1, poor results are ob ta ined at h i g h densities. I t is convent ional 
to choose c/b so that zc ~ 1 /3 . 
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E Q U A T I O N S O F S T A T E 

R e d l i c h a n d K w o n g (16) go one step further ; they introduce a w e a k 
temperature dependence into the second term, a n d ob ta in the w e l l - k n o w n 
R e d l i c h - K w o n g ( R K ) equat ion : 

T h e density dependence of E q u a t i o n 45 is not s ignif icantly different f r o m 
that of E q u a t i o n 44 w i t h the convent ional choice for c; e.g., as seen f r o m 
the values of the c r i t i ca l constants l isted i n T a b l e I , zc ~ 1 /3 . C a r n a h a n 
a n d Star l ing (14) have used the R K equat ion to compute the equat ion 
of state of m e t h y l chlor ide . T h e i r results are g iven i n T a b l e I I I a n d are 
a significant improvement over the V D W equat ion . 

T h e theoret ical basis of the R K equat ion is inadequate . I t retains 
the complete ly unsatisfactory V D W hard-sphere isotherm for w h i c h there 
is no justif ication. T h e second term i n E q u a t i o n 45 has more meri t . 
E q u a t i o n 26 indicates that a sma l l add i t i on t e rm i n the density c o u l d be 
i n c l u d e d appropr iate ly . H o w e v e r , E q u a t i o n 26 suggests the opposite sign 
to that i n E q u a t i o n 45. T h i s , p lus the T 1 / 2 t e rm, c lear ly suggests that the 
second term i n E q u a t i o n 45 cannot be justif ied as an approx imat ion to A\. 
H o w e v e r , it m ight be justified as an approx imat ion to A i a n d higher -order 
terms. B a r k e r a n d H e n d e r s o n ( I ) have suggested that there is some 
evidence that A 3 a n d some of the h igher terms m a y be posi t ive at h i g h 
densities. T h i s m a y prov ide some justif ication for the s ign i n the 
denominator of the second te rm i n the R K equation. L i k e w i s e , the w e a k 
temperature of the second t e rm, a l though not justif iable f rom the f o r m 
of A j , m a y s imulate the h igher -order terms. 

Desp i te the i m p r o v e d agreement, the R K equat ion is l a c k i n g ; e.g., 
the R K heat capac i ty is 

T h e heat capac i ty obta ined f r om E q u a t i o n 46 increases monotonica l ly 
w i t h the density. E x p e r i m e n t a l l y i t is k n o w n that at h i g h densities the 
heat capac i ty decreases w i t h increas ing density. 

A m u c h more rat ional approach is that of L o n g u e t - H i g g i n s a n d 
W i d o m ( L H W ) (17) w h o suggested re ta in ing E q u a t i o n s 37 a n d 42 but 
r ep lac ing E q u a t i o n 38 b y the correct hard-sphere equat ion of state. T h i s 
leads to 

P = ( 4 5 ) 
V -Nb T1/2V(V + Nb) 

P P N*a 
r = r 0 yj-

( 4 7 ) 
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1. H E N D E R S O N Fluids and Fluid Mixtures 17 

where P 0 is the correct hard-sphere pressure. E q u a t i o n 47 c a n be 
obta ined f rom E q u a t i o n 20 b y tak ing the l i m i t z -> 0. V e r y l i k e l y E q u a t i o n 
47 has been considered before the w o r k of L o n g u e t - H i g g i n s a n d W i d o m 
since the deficiencies of E q u a t i o n 38 were w e l l k n o w n to v a n der W a a l s 
a n d his contemporaries . T h e quite re l iab le expression: 

P0/pkT= 1 

_ l + p 6 + A(pb)» + A ( p & ) 3 + . . . (48) 

was k n o w n at least as early as 1896 (18). E q u a t i o n 48 is c ompared w i t h 
computer s imulations i n F i g u r e 1. T h e results of E q u a t i o n 47 are not 
sensitive to the precise expression used for P 0 (19,20). I n any case, as 
seen f rom Tables I a n d I I I , i f a good expression for P 0 is used, the L H W 
equat ion of state ( E q u a t i o n 47) y ie lds results w h i c h are nearly as good 
as those obta ined f rom the more e m p i r i c a l R K equat ion . Since a re l iab le 
expression for P 0 has been i n existence for nearly a century , i t is p u z z l i n g 
that the obsolete a n d inaccurate free-volume term ( V — Nb)'1 s t i l l finds 
such w i d e usage. 

C a r n a h a n a n d Star l ing (14) have suggested us ing the correct h a r d -
sphere equat ion of state together w i t h the R K expression for the con­
t r ibut i on of the attractive forces. T h u s 

N2a 
P = P o ~~ T1/2V(V + Nb) ( 4 9 ) 

I sha l l refer to E q u a t i o n 49 as the modi f ied R e d l i c h - K w o n g ( M R K ) 
equat ion. A s seen f r om T a b l e 1, the M R K equat ion y ie lds a very accurate 
va lue for zc. F u r t h e r m o r e , the M R K equat ion of state of m e t h y l ch lor ide , 
l i s ted i n T a b l e I I I , is i n excellent agreement w i t h experiment. C l e a r l y , 
us ing a n accurate expression for P 0 i n p lace of the (V — Nb)'1 t e rm 
leads to a dramat i c improvement i n the equat ion of state. 

I t should be noted that E q u a t i o n 49 leads to E q u a t i o n 46 so that the 
M R K a n d R K equations have precisely the same difficulties w i t h the heat 
capaci ty . Unfor tunate ly , the L H W equation-of-state heat capac i ty is no 
better. 

It m a y be possible to do better than E q u a t i o n 49. T h e r e is no th ing 
sacred about the f o r m of the R K expression for the attractive-force 
contr ibutions. T o some degree, the terms T 1 / 2 a n d V -f- Nb w e r e chosen 
to compensate for the error i n the V D W hard-sphere equat ion of state. 
It is not clear that they are the best choices i f some other expression for 
Po is used. A somewhat better equat ion of state might be obta ined w i t h 
a s l ight ly different f o rm for the second term i n E q u a t i o n 49. 
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18 E Q U A T I O N S O F S T A T E 

T h e R K a n d M R K equations of state b o t h l ead to heat capacities 
w h i c h increase w i t h increas ing density. T h i s is not i n agreement w i t h the 
exper imental fact that dC/dp is posit ive at l o w densities but negative at 
h i g h densities. T h e V D W a n d L H W equations are no improvement i n 
this regard since they bo th give heat capacit ies w h i c h are independent of 
density. E q u a t i o n 20 is a three-parameter equat ion of state w h i c h m a y 
be use fu l i n this regard since the heat capac i ty obta ined f rom E q u a t i o n 
20 first increases w i t h density a n d then decreases. 

I n each of the above e m p i r i c a l equations of state the d iameter of the 
hard-phase fluid is assumed to be temperature independent . Some i m ­
provement might be obta ined if a temperature dependence, obta ined 
perhaps f rom E q u a t i o n 35, were introduced . 

I w o u l d l ike to make a f ew q u i c k comments about some other 
e m p i r i c a l equations of state w h i c h are used f rom t ime to t ime. O n e is 
the D i e t e r i c i equat ion of state: 

P = P0 exp { - N a / V k T ) (50) 

T h i s equation's m a i n c l a i m to fame is its l o w value of zc (zc = 0.271) 
w h i c h is i n good agreement w i t h experiment (a l though no better t h a n 
that of the M R K equat i on ) . H o w e v e r , at h i g h densities the D i e t e r i c i 
equat ion is a disaster. W e can see w h y b y expand ing E q u a t i o n 50 to 
obta in 

V\NW) + 2kT V \ N k f ) + - - ( 5 1 ) 

T h e first two terms are s imi lar to E q u a t i o n 47 a n d fa i r ly reasonable. T h e 
hard-sphere equat ion of state i n the second term overestimates the effect 
of this term. H o w e v e r , the rea l ly serious difficulties w i t h E q u a t i o n s 50 
a n d 51 are the result of the h igher -order terms i n f3 w h i c h are u n b o u n d e d l y 
large at h i g h densities, whereas, accord ing to the analysis of B a r k e r a n d 
H e n d e r s o n ( I I ) , these terms should be smal l at h i g h densities. A s a 
result , the D i e t e r i c i equat ion is doomed to f a i l at h i g h densities i n d e ­
pendent ly of w h a t expression is used for F 0 . 

O f more interest is the Berthe lot equat i on : 

P = P o - ^ (52) 

T h e only justi f ication of E q u a t i o n 52 w h i c h comes to m y m i n d is to 
develop a per turbat ion theory for a fluid of non-spher ica l molecules us ing 
a hard-sphere reference fluid. T h e d iameter of the h a r d spheres c o u l d be 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

01



1. H E N D E R S O N Fluids and Fluid Mixtures 19 

chosen to cause A i to vanish . I n such a case, the first nonvanish ing t e r m 
w o u l d be A 2 . I f A 2 were l inear i n the density a n d the h igher -order terms 
were neglected, E q u a t i o n 52 w o u l d result. 

A s a result , the Berthelot equat ion m a y be of interest for fluids of 
nonspher ica l molecules. H o w e v e r , it can a p p l y only to molecules w h i c h 
are near ly spherical . F o r molecules w h i c h are not close to spher ica l , it 
w o u l d be better to f o l l ow R i g b y (21) a n d use E q u a t i o n 47 or 49 w i t h P 0 

b e i n g the equat ion of state of some appropr iate fluid of nonspher ica l 
molecules. Analogues of E q u a t i o n 15 are k n o w n for a w i d e class of fluids 
of nonspher ica l molecules (22). F o r example, for a fluid of h a r d prolate 
spherocy l inder 

Po/pkT - 3 + { 2 a - ^ ^ + 3 ) 7 ) 2 (53) 

where 

a = 3(1 + x) (1 + x/2)/(l + Sx/2) (54) 

x is the l ength of the spherocy l inder d i v i d e d b y its d iameter , a n d rj = 

TrPd*(l + 3 x / 2 ) / 6 . U s i n g E q u a t i o n s 47 a n d 53, R i g b y has s h o w n that 
zc decreases as x increases i n agreement w i t h experiment. 

L a s t l y I w o u l d l ike to consider the B e a t t i e - B r i d g e m a n equat ion a n d 
its of fspring the Benedic t , W e b b , and R u b i n equat ion w h i c h start w i t h 
the V D W equat ion a n d replace l / ( V - Nb) b y ( V + Nb)/V2. Several 
a d d i t i o n a l parameters are in t roduced . H o w e v e r , the above replacement 
is so meaningless at h i g h densities that I cannot b r i n g mysel f to comment 
further on this f a m i l y of e m p i r i c a l equations. 

Mixtures 

T h e concept of an idea l mixture is centra l to the theory of l i q u i d 
mixtures. T h i s concept can be in t roduced b y cons ider ing the p a r t i t i o n 
funct ion of a mixture of two idea l gases 

Zs — Xi^'^mV^/NI (55) 

where A* = (27rmifcT) 1 / 2 , Nt is the number of molecules of mass mi? a n d 
N = Ni-\- N2. W e can put E q u a t i o n 55 i n the f o rm 

AM 

Zn = jj-yj^ ZNl{l)ZN2{2) (56) 

where ZNi(i) is the par t i t i on funct ion of the pure substance of species t. 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

01



20 E Q U A T I O N S O F S T A T E 

I n this case 

ZNtW-X^eV/Nt)"* (57) 

W e m a y deduce the chemica l potent ia l m f r om E q u a t i o n 56 a n d obta in 

^ _ M | o + kT In Xi (58) 

where is the c h e m i c a l potent ia l of species i i n the pure state. H e n c e , 
the absolute ac t iv i ty is 

J ^ = xi (59) 

W e refer to a mixture for w h i c h E q u a t i o n 58 or 59 is satisfied as an i d e a l 
mixture . C l e a r l y this concept of an i d e a l mixture is an idea l i zat ion that 
is not rea l i zed i n pract ice . R e a l mixtures w i l l show deviations f r o m the 
i d e a l results. H o w e v e r , the properties of an idea l mixture are convenient 
reference states for thermodynamic properties . F o r example , it is conven­
t iona l to use excess thermodynamic propert ies of m i x i n g that are defined 
as the difference between the thermodynamic proper ty of the mixture 
a n d those of an idea l mixture of the components at the same temperature 
a n d pressure. 

T h e extension of the theory of pure fluids (deve loped i n the preced ­
i n g sections) to mixtures is s tra ight forward . F o r a mixture of m species 

<J>(r! . . . rN) = J2u(ai} oLj)ra) 

+ X ) M<*i, <*h Uh Uk, rkj) + . . . (60) 
i<j<k 

where «< = A i f molecule t is of species A ( l < A < m) a n d uap(r) — 
u ( a , p; r) a n d uafiy(r, s, t) == u(a, /3, y; r, s, t) are the pa i r a n d tr ip le t 
interactions between molecules of species a a n d p a n d a, /?, a n d y, respec­
t ive ly . W e note that ua^(r) =u^a(r), etc. 

A s i n the case for pure fluids, the per turbat i on theory is use fu l bo th 
as a ca l cu la t i ona l tool a n d as a gu ide to the development of e m p i r i c a l 
equations. I f w e use a mixture of h a r d spheres as our reference fluid 

+ JlWAJNkT (61) 
n=l 
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1. H E N D E R S O N Fluids and Fluid Mixtures 21 

where xt = NJN, N — 

d i j = d i i + d " (62) 

da are the diameters of the h a r d spheres, 

« « — f " [1 - exp {-j8u<,(s)}](fe 
J o 

(63) 

a n d A 0 a n d g 0
i ; are the hard-sphere mixture free energy a n d R D F ' s . 

F o l l o w i n g B a r k e r a n d H e n d e r s o n ( 1 2 ) , w e can choose da = 8W. T h u s 

- r ^ L 4 T p W 1 2
2 g o 1 2 ( d i 2 ) [ d i 2 - 812] + Z WAJNkT 

A — Aq n = l 
(64) 

T h e first t erm on the r i ght -hand side of E q u a t i o n 64 is very smal l i n b o t h 
the to ta l a n d excess thermodynamic properties a n d can be neglected. 

T a b l e I V . C o m p a r i s o n w i t h M C C a l c u l a t i o n s ( & 2 = 1.0) at P = 0 a n d 
x = 1/2 (GE a n d HE are i n J o u l e s / M o l e a n d VE 

i n C u b i c C e n t i m e t e r s / M o l e ) 

Perturbation 
System Property Simulation0 Theory* 

A r + K r G E + 4 6 ± 7 + 3 9 
(115.8 K ) H E - 2 9 ± 17 - 2 8 (115.8 K ) 

V E - 0 . 6 9 ± 0.06 - 0 . 6 2 
A r + C H 4 G E - 1 4 ± 6 - 1 2 
(91.0 K ) H E - 6 0 ± 12 - 3 0 (91.0 K ) 

y E - 0 . 2 2 ± 0.04 - 0 . 1 2 
C O + C H 4 G E + 7 7 ± 7 + 6 9 
(91.0 K ) H E + 1 5 ± 12 + 2 4 

y E - 0 . 7 6 ± 0.06 - 0 . 6 3 
A r + N 2 G E + 3 5 ± 5 + 3 2 
(83.8 K ) H E + 1 6 ± 9 + 3 5 

y E - 0 . 2 5 ± 0.05 - 0 . 2 3 
A r + C O G E + 2 6 ± 5 + 2 5 
(83.8 K ) H E + 3 7 ± 15 + 3 0 

y B - 0 . 1 7 ± 0.05 - 0 . 1 7 
0 2 + N 2 G E + 3 8 ± 5 + 3 6 
(83.8 K ) H E + 3 9 ± 15 + 4 2 (83.8 K ) 

y E - 0 . 2 8 ± 0.06 - 0 . 2 5 
0 Calculated by McDonald (26). 
b Calculated by Grundke et al. (26). 
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22 E Q U A T I O N S O F S T A T E 

T h e first-order t e rm 

AJNkT =f 2nP £ x&jwu (r) g0
ij (r) i * d r (65) 

is ca l cu lated easily us ing the P Y results (23,24) for the g 0
l i ( r ) . I f ^ ( r ) 

is g iven by E q u a t i o n 31, an ana ly t i ca l expression can be obta ined for Ax. 
A n expression for A 2 w h i c h is useful for computat ion has not been 

obta ined yet. H o w e v e r , even t runcated at first order , the per turbat ion 
theory provides a useful theory of mixtures . G r u n d k e et a l . (25) have 
used first-order per turbat ion theory w i t h the 6:12 potent ia l to calculate 
the excess thermodynamic properties of mixtures . A s seen i n T a b l e I V , 
the agreement of their results w i t h the computer s imulations of M c D o n a l d 
(26) is excellent. T h e pure - f lu id potent ia l parameters used i n these 
calculations are g iven i n T a b l e V . F o r these s imulated mixtures , 

€ 1 2 = \ / C U C 2 2 (66) 

o-i2 = ^- (o-n + 0 - 2 2 ) (67) 

I n T a b l e V I , the first-order per turbat ion theory results for the excess 
thermodynamic properties are compared w i t h exper imenta l results for 
several mixtures. F o r these calculat ions , G r u n d k e et a l . (25) used the 
6:12 potent ia l w i t h the pure - f lu id potent ia l parameters l i s ted i n T a b l e V I I . 
F u r t h e r they assumed E q u a t i o n 67 a n d 

*12 = £ l 2 V € 1 1 * 2 2 (68) 

a n d adjusted £ i 2 so that either GE or HE at x = 1 /2 was e q u a l to the 
exper imental va lue . T h e per turbat ion theory results agree w e l l w i t h 
experiment. 

T a b l e V . P o t e n t i a l Parameters U s e d i n T a b l e I V 

Substance e/k(K) v(A) 

A r g o n 119.8 3.405 
K r y p t o n 167.0 3.633 
M e t h a n e 152.0 3.74 
N i t r o g e n 101.3 3.612 
O x y g e n 119.8 3.36 
C a r b o n monoxide 104.2 3.62 
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1. HENDERSON Fluids and Fluid Mixtures 23 

T a b l e V I . C o m p a r i s o n of T h e o r y a n d E x p e r i m e n t at P = 0 a n d 
x — 1/2 (GE a n d HE are i n J o u l e s / M o l e a n d 

VE i n C u b i c C e n t i m e t e r s / M o l e ) 

Pertur-
Prop­ Experi­ bation 

System erty mental Theory' VDW VDW-1 SH 

in 0.996 0.983 0.976 0.990 0.991 
A r + K r Q E 84 84 84 84 84 
(116 K ) H E 45 74 20 44 

y E - 0 . 5 2 - 0 . 4 7 - 0 . 1 3 - 0 . 9 2 - 0 . 7 8 

in 0.978 0.971 0.984 0.986 
K r + X e G E 115 115 115 115 115 
(161 K ) H E 69 105 30 85 

y E - 0 . 7 0 - 0 . 5 0 - 0 . 1 7 - 1 . 0 6 - 0 . 7 5 

in 0.999 1.001 1.000 1.004 1.004 
A r + N 2 G E 34 34 34 34 34 
(84 K ) H E 51 35 37 36 50 (84 K ) 

y E - 0 . 1 8 - 0 . 2 7 - 0 . 1 2 - 0 . 4 3 - 0 . 3 3 

in 0.986 0.986 0.988 0.989 0.990 
A r + C O G E 57 57 57 57 57 
(84 K ) H E 79 67 86 104 

y E 0.10 - 0 . 0 7 - 0 . 0 6 - 0 . 1 2 0.01 

in 0.988 0.972 0.969 0.975 0.977 
A r + C H 4 G E 74 74 74 74 74 
(91 K ) H E 103 89 80 86 125 

y E 0.17 0.03 - 0 . 0 6 - 0 . 0 4 0.18 

in 0.987 0.988 0.988 0.988 
0 2 + A r QE 37 37 37 37 37 
(84 K ) JJE 60 52 42 58 58 

y E 0.14 0.06 0.02 0.09 0.09 

in 1.002 1.000 1.005 1.006 
0 2 + N 2 G E 42 42 42 42 42 
(78 K ) H E 44 43 44 45 61 

y E - 0 . 2 1 - 0 . 2 6 - 0 . 1 3 - 0 . 4 2 - 0 . 3 1 

in 0.986 0.990 0.991 0.991 0.991 
N 2 + C O QE 23 23 23 23 23 
(84 K ) H E 34 27 37 38 

y E 0.13 0.07 0.03 0.10 0.11 

in 0.998 0.983 0.978 0.992 0.992 
C O + C H 4 

QE 115 115 115 115 115 
(91 K ) H E 105 96 109 89 92 

y E - 0 . 3 2 - 0 . 4 8 - 0 . 1 3 - 0 . 8 4 - 0 . 8 2 

• Calculated by Grundke et al. (25). 
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24 E Q U A T I O N S O F S T A T E 

T a b l e V I I . P o t e n t i a l Parameters f o r P u r e Substances 

Substance e/(c Argon) a/(a Argon) 

A r g o n 1 1 
K r y p t o n 1.387 1.070 
X e n o n 1.919 1.167 
N i t r o g e n 0.836 1.063 
Oxygen 1.022 0.995 
C a r b o n monoxide 0.881 1.070 
M e t h a n e 1.266 1.099 
C a r b o n tetrafluoride 1.288 1.365 

E m p i r i c a l equations of state can be devised f rom E q u a t i o n 65. T h e 
convent ional approach is to assume that 

/

• 00 

W u M g o i J > ) r 2 d r oc (69) 

E q u a t i o n 69 is very nearly satisfied for most mixtures . T h u s , neglect ing 
h igher -order terms 

A — A0 - N2a/V (70) 

where 

a=^2xjxiaij (71) 
a 

Dif ferent ia t ing gives E q u a t i o n 47. V a n der W a a l s suggested us ing E q u a ­
t i o n 39 for P 0 w i t h 

b = ]C XiXjbij (72) 

E q u a t i o n s 71 a n d 72 can be rewr i t ten i n terms of the potent ia l parameters 
c a n d cr. T h e result is 

ccr3 == £ XiXjeijGij3 (73) 
<i 

o-3 = £ XiXjbij3 (74) 

Results ca l cu la ted u s i n g E q u a t i o n s 39, 70, 71, a n d 72 are l i s ted i n 
T a b l e V I . A l t h o u g h not as good as for the per turbat i on theory, the agree­
ment of the V D W results w i t h experiment is qui te good. Since the V D W 
theory does not give good, absolute propert ies , considerable cancel lat ion 
of errors must have occurred . 
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1. H E N D E R S O N Fluids and Fluid Mixtures 25 

A further poss ib i l i ty w o u l d be to use the V D W procedure b u t replace 
E q u a t i o n 39 w i t h some better hard-sphere isotherm such as E q u a t i o n 15. 
Results of this procedure w h i c h are labe l l ed V D W - 1 ( to ind icate that a 
s ingle-component fluid is used to obta in an expression for A 0 a n d P 0 ) are 
g iven i n T a b l e V I . T h e results are somewhat worse than the V D W results. 

E q u a t i o n s 71 a n d 72 or 73 a n d 74 can be used w i t h any equat ion of 
state a n d not just w i t h the V D W or L H W equations. T h e p h y s i c a l 
content of these equations is that, w i t h i n the V D W - 1 approx imat ion , the 
equat ion of state of the mixture is (apart f rom the entropy of m i x i n g 
terms) ident i ca l to that of a s ingle-component fluid specif ied b y the 
parameters g iven b y E q u a t i o n s 71 a n d 72 or 73 a n d 74. 

A m u c h better procedure is that of Snider a n d H e r r i n g t o n (27) w h o 
used the P Y result for P 0 for a mixture of h a r d spheres. F o r a b i n a r y 
mixture the P Y result i s : 

18 mv^ (dn — d22)2(du + d22 + dnd22X) (75) 
7T (1 

where P i = NJV, m = TrPi/6, 

£ = ^P[x1d11* + x2d22*] (76) 

a n d 

X = |PWII 2 + W ] (77) 

U s i n g the expression of M a n s o o r i et a l . (28), w h i c h is a general izat ion 
of the C a r n a h a n - S t a r l i n g expression ( 8 ) , for P 0 is appropr iate p r o v i d e d 
that the ratio d22/dn is not exceedingly large ( 29 ) . 

Results ca l cu lated b y means of the S n i d e r - H e r r i n g t o n ( S H ) proce ­
dure are shown i n T a b l e V I . These results are m u c h better t h a n the V D W 
or V D W - 1 results. T h e y are comparab le i n accuracy w i t h those of the 
per turbat i on theory. 

T h e R K equat ion ( E q u a t i o n 45) has been a p p l i e d to mixtures . 
H o w e v e r , such appl icat ions reta in the outmoded V D W term ( E q u a t i o n s 
39 a n d 72 or 7 4 ) . C l e a r l y it is t ime to use E q u a t i o n 75. Unfor tunate ly , 
the deadl ine imposed by this conference has prevented calculat ions 
comparab le w i t h those i n T a b l e V I b y such a procedure . H o w e v e r , i t is 
ant i c ipated that they w o u l d be pleas ing . 
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26 E Q U A T I O N S O F S T A T E 

Summary 

I have attempted to survey some of the recent progress i n the theory 
of l i q u i d s , emphas iz ing those concepts a n d results w h i c h I feel are most 
interest ing to chemica l engineers. 

T h e major advance d u r i n g the past decade is the rea l i zat ion that the 
structure a n d thermodynamics of a dense fluid are perturbat ions about 
those of a hard-core (usual ly hard-sphere) fluid w i t h a sui tably chosen 
d imens ion (usual ly a d i a m e t e r ) . T h u s , the first task i n the deve lopment 
of any theory or any e m p i r i c a l equat ion of state is to ensure that the 
hard-core reference fluid is descr ibed adequately . 

Unfor tunate ly , almost no e m p i r i c a l equations of state conta in an 
adequate descr ipt ion of the hard-sphere fluid. T h e V D W term, ( V — 
Nb)'1, seems to be a par t of most, i f not a l l , the p o p u l a r e m p i r i c a l 
equations of state. C a r n a h a n a n d Star l ing (14), G u b b i n s ( 3 0 ) , Prausn i t z 
( 3 1 ) , a n d no doubt , others have ca l l ed for the replacement of this term 
i n chemica l -engineer ing pract ice . It is t ime that their advice was fo l l owed . 
T h e V D W term ( V — Nb)'1 is a n inadequate descr ipt ion of a s ingle-
component , hard-sphere fluid. I t is even less suitable to describe mixtures 
or fluids composed of nonspher ica l molecules. F o r t u n a t e l y , the replace­
ment of ( V — Nb)'1 is easily accompl i shed since, i n a l l the p o p u l a r 
e m p i r i c a l equations of state, the contr ibut ions of the repuls ive a n d 
attractive forces are separated c lear ly . Moreover , the f o r m of the t e r m 
representing the contr ibut ion of the attractive forces general ly is w r i t t e n 
i n a theoret ical ly reasonable f orm. T h e replacement of ( V — Nb)'1 b y a 
more re l iab le expression results not only i n an inte l lec tual ly more satisfy­
i n g equat ion but usual ly i n a more re l iable one also. 

T o be sure it is possible to reta in ( V — Nb)'1 a n d parameter ize the 
term representing the attractive forces so as to obta in a re l iable descr ip ­
t i on of the equat ion of state of a fluid. H o w e v e r , one must w o r k harder 
since the parameter izat ion of this t e r m must account not on ly for the 
effect of the attractive forces b u t also must compensate for the errors i n 
(V — Nb)'1. O n e example of such a compensat ion is the e m p i r i c a l 
equat ion of state of M a r t i n (32): 

NkT N^a + dT) , 
V-Nb (V + Nc)2 K ' 

T h e part of the second term w h i c h is l inear i n T is , i n rea l i ty , n o t h i n g 
more than a correct ion to the hard-sphere equat ion of state w h i c h is 
descr ibed inadequate ly by the first term. 
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1. H E N D E R S O N Fluids and Fluid Mixtures 27 

S u c h cancel lations of errors must be even more abundant i n e m p i r i c a l 
equations of state for fluids composed of nonspher ica l molecules i f ( V — 
Nb)'1 is retained. T h e fact that such equations of state can be a n d have 
been deve loped a n d used is a tr ibute to the cleverness a n d industry of 
the ir proponents. H o w e v e r , such equations of state inev i tab ly must 
conta in excessive numbers of parameters a n d can be no more t h a n inter­
po la t i on formulae w h i c h either must break d o w n for some der ivat ive 
( s u c h as the heat capac i ty ) of the property be ing fitted or w h i c h cannot 
be used w i t h any confidence to calculate the properties of the fluid either 
outside the reg ion i n w h i c h the fit was made or i n regions for w h i c h 
exper imental data are not avai lable . 

If I may quote a phrase c o m m o n i n some p o l i t i c a l c irc les : " W h y not 
the best?" T h e term ( V - Nb)'1 is not the best. 

Glossary of Symbols 

A = H e l m h o l t z free energy 
Ao = H e l m h o l t z free energy of a hard-sphere fluid 
An = n t h order term i n the temperature expansion of the free 

energy 
dij = parameter for molecules of species i a n d / i n the V D W 

a n d s imi lar equations of state of a mixture . Subscripts 
d r o p p e d for a pure fluid 

bij =» 27rd i / / 3 , parameter for molecules of species i a n d / i n 
the V D W a n d s imi lar equations of state of a mixture . 
Subscripts d r o p p e d for a p u r e fluid. 

c = parameter i n modif icat ions of the v a n der W a a l s equa ­
t ion of state for a pure fluid ( E q u a t i o n 44) or a p a r a m ­
eter i n E q u a t i o n s 22 to 25 

d{j = d iameter for molecules of species i a n d / i n a h a r d -
sphere mixture . Subscripts are d r o p p e d for a p u r e fluid 

Ei = energy of f th state 
F0(ru t2) = hard-sphere d i s t r ibut ion funct ion i n second-order per ­

turbat ion theory 
G(s) = L a p l a c e transform of R D F 
g ( r ) = r a d i a l d i s t r ibut ion funct ion ( R D F ) 

goij(r) = R D F for molecules of species i a n d / i n hard-sphere m i x ­
ture. Superscripts are d r o p p e d for pure fluid 

g ( r x . . . rh) = h - b o d y d i s t r ibut ion funct ion 
^ = H a m i l t o n i a n 

h = Planck 's constant 
k = Bol tzmann 's constant 
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E Q U A T I O N S O F S T A T E 

=» p o l y n o m i a l i n the L a p l a c e transform of the P e r c u s -
Yev i ck r a d i a l d i s t r ibut ion funct ion of a hard-sphere 
fluid. 

nti = molecular mass of a molecule of species i . Subscr ipt 
d r o p p e d for pure fluid. 

M R K = modi f i ed R e d l i c h - K w o n g equat ion 
M S A = m e a n spher i ca l approx imat i on 

N = N i ? total n u m b e r of molecules 
i 

Ni = number of molecules of species i 
P Y = P e r c u s - Y e v i c k 

P = pressure 
P 0 = pressure of a hard-sphere fluid 
P c = c r i t i ca l pressure 

P * = Po-3/*, r educed pressure 
p< = fth general ized momenta 
qi = fth general ized coordinate 

R K = R e d l i c h - K w o n g equat ion 
R D F — r a d i a l d i s t r ibut i on funct ion 

n = vector pos i t ion of the i t h molecule 
Uj = scalar distance between the i t h a n d ; t h molecule 
S = entropy 

S(s) = p o l y n o m i a l i n the L a p l a c e t rans form of the P e r c u s -
Y e v i c k R D F of a hard-sphere fluid 

S H = S n i d e r - H e r r i n g t o n 
s = L a p l a c e transform var iab le 

T = temperature 
Tc = c r i t i ca l temperature 

T * = kT/e, r educed temperature 
U = interna l energy 

Uij(r) = intermolecular p a i r potent ia l for a p a i r of molecules of 
species i a n d /. Subscripts are d r o p p e d for p u r e fluid. 

uo(r) = hard-sphere intermolecular p a i r po tent ia l 
V = vo lume 

V c = c r i t i ca l v o l u m e 
vc* = V/Na3, r educed vo lume 

vn = nth order coefficient i n the temperature expansion of 
the m e a n spher ica l approx imat ion free energy for a 
Y u k a w a fluid 

Wij(r) = soft " t a i l " i n the in termolecu lar p a i r potent ia l . S u b ­
scripts d r o p p e d for pure fluid. 

X = term, def ined b y E q u a t i o n 77, i n the P e r c u s - Y e v i c k 
expression for the pressure of a hard-sphere mixture 
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1. H E N D E R S O N Fluids and Fluid Mixtures 29 

X =• length of a spherocyl inder d i v i d e d b y its diameter or 
reduced intermolecu lar distance, r / σ 

— Ni/'Ν, concentrat ion of molecules of species i 
zN = par t i t i on func t i on 

ζ = range parameter of the Y a u k a w a potent ia l 
zc = PcVc/NkTc 

a = parameter , def ined b y E q u a t i o n 54, i n the equat ion of 
state h a r d spherocyl inders 

= parameter spec i fy ing species of molecule i 

β = l/kT 
= effective hard-sphere d iameter used i n per turbat i on 

theory 

*ij = d e p t h of intermolecu lar p a i r potent ia l between mole ­
cules of species i a n d /. T h e subscr ipt is d r o p p e d for 
pure fluid 

V 

Vi = πρι/6 
Ai = h/\/2wmikT or exp(/fy,i) . T h e subscr ipt is d r o p p e d 

for pure fluid. 
fM = c h e m i c a l po tent ia l of species i . T h e subscr ipt is 

d r o p p e d for pure fluid. 
ξ = term, def ined b y E q u a t i o n 76, i n the P e r c u s - Y e v i c k 

expression for the pressure of a hard-sphere mixture 

in = parameter spec i fy ing dev ia t i on of f r o m Λ / €«€# 

Pi = Ni/V, density of molecules of species i. T h e subscript 
is d r o p p e d for pure fluid. 

Pc = c r i t i c a l density 
Ρ* = Na3/V, r e d u c e d density 

= distance between molecules of species i a n d / at w h i c h 
intermolecu lar p a i r po tent ia l vanishes 

Φ ( Γ Ι , . . . rN) = potent ia l energy of the system 
φ(χ) = u(r)/e, r e d u c e d intermolecu lar p a i r po tent ia l 
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2 

Equation of State for Fluids: The Topology of 

the Vapor-Liquid-Phase Transition and the 

Critical Point 

ARNOLD E. LIU1 

Mathematisches Institut, Georg-August-Universität, D-3400 Göttingen, 
Federal Republic of Germany 

A very wide-range differential equation of state for fluids is 
proposed. It describes not only the behavior of fluids on 
their stable vapor and liquid branches, but also in the co­
existence envelope. The equation of state is compatible with 
the ideal gas law at low densities and with scaled equations 
of state as Τ -» 1-, where—passing through the power law 
for the critical isotherm—it evolves to the classical virial 
equation of state for supercritical temperatures. The topol­
ogy of the vapor-liquid-phase transition is examined. High 
precision representations of real fluid behavior can be 
obtained with a small number of adjustable parameters. 

nnhis chapter presents a n e w formulat ion of the equat ion of state for 
-•-fluids at subcr i t i ca l a n d cr i t i ca l temperatures, Γ < 1. U n l i k e m a n y 

other equations of state, this equat ion of state is defined as a di f ferential 
equat ion , a n d is designed to describe not on ly the behavior of isotherms 
on the ir stable vapor a n d l i q u i d branches, b u t also i n the two-phase 
transit ion reg ion . Interest ing insights concern ing the nature of m e t a -
stable a n d absolutely instable phases are obta ined also. 

T h e equat ion of state in t roduced i n this chapter is compat ib le w i t h 
the idea l gas l a w at l o w pressures a n d densities, a n d w i t h the sca l ing l a w 
i n the c r i t i c a l region, w h e r e — p a s s i n g t h r o u g h the p o w e r l a w for the 
c r i t i c a l i s o t h e r m — i t evolves into the classical v i r i a l expansion for super­
c r i t i c a l temperatures. 

1 Current address: Quantum Dynamics, Inc., 19458 Ventura Blvd., Tarzana, C A 
91356. 

0-8412-0500-0/79/33-182-031$05.25/l 
© 1979 American Chemical Society 
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32 EQUATIONS OF STATE 

O w i n g to the very s imple a n d in tu i t i ve ly c lear def init ion of the 
equat ion of state, the topology of the v a p o r - l i q u i d - p h a s e transit ion a n d 
cr i t i ca l po int is examined easily us ing the methods of d y n a m i c system a n d 
b i furcat i on theory. 

T h e equat ion of state c a n be fitted to rea l fluids, a n d yie lds very 
precise representations of ρ, Ρ, T, a n d d P / d p data . 

T h e equat ion of state should , of course, be appl i cab le to the 
analogous magnetic -phase transit ion. 

The Differential Equation of State 

L e t ρ, P , a n d Τ denote the reduced density, the reduced pressure, 
a n d the reduced temperature of a fluid, respectively. W e shal l describe 
the slope d P / d p of the subcr i t i ca l isotherm Τ < 1 at the po in t (ρ, P ) as 

d P _ [ Ρ σ ( Γ ) - P ] Î ( P ; T ) ( ) 

dp [PG(T) - p ] [ p D ( T ) - p ] [ p L ( T ) - p ] { ' 

w h e r e Ρ σ ( Γ ) = reduced e q u i l i b r i u m vapor pressure; PG(T) = reduced 
saturated vapor density ; p L ( T ) = r e d u c e d saturated l i q u i d density ; p D ( Γ ) 
= Vi[pG(T) + p L ( T ) ] ; a n d f (p ; Γ ) is an analyt i c funct ion of ρ for each 
fixed temperature T , convex i n the ne ighborhood of the coexistence 
envelope, w i t h 

HPG;T) = V2[PL(T) -ρβ(Τ)}* = ΐ(Ρί;Τ) (2) 

C o n d i t i o n 2, a very strong constraint , ensures the proper behavior of 
the slope d P / d p on the phase boundary . N o t e that w h e n Ρ = Ρ σ , then 
d P / d p = 0 for a l l regular points of E q u a t i o n 1, i.e. E q u a t i o n 1 y ie lds 
the correct i sothermal behavior i n the two-phase trans i t ion reg ion of a 
fluid (see F igures 1 a n d 2 ) . 

F o r the purpose of topo log i ca l analysis of Di f f e rent ia l E q u a t i o n 1, 
w e considered the equivalent d y n a m i c system 

= [PG(T) - P][PD(T) - P][PL(T) - P] (3a) 

HP 
^ = [ Ρ σ ( Γ ) -P]Î(P;T) (3b) 

( O r i g i n a l l y , a more general f o rm of System 3, w i t h f = f (p , Ρ; Γ ) was 
considered i n topo log ica l analyses. H o w e v e r , fitting E q u a t i o n 1 to rea l 
fluids a n d certa in m a t h e m a t i c a l - p h y s i c a l considerations indicate that the 
funct i on f is independent of the pressure P , w h i c h , for the sake of brev i ty , 
is exc luded f r om the present discussions ) . 
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2. L i u Equation of State for Fluids 33 

f 

ρ 

Figure 1. Behavior of f(ρ;Ύ),Ύ < I 

F o r each subcr i t i ca l temperature Τ < 1, d y n a m i c System 3 has a 
s imple e q u i l i b r i u m point , i.e. d p / d A = 0 = d P / d A , at ( p G ( T ) , Ρ σ ( Γ ) ) , 
( p D ( T ) , Ρ σ ( Γ ) ) , a n d ( P L ( T ) , Ρ σ ( Τ ) ) . U s i n g we l l - es tab l i shed methods 
of d y n a m i c system theory—for s imple e q u i l i b r i u m points i t suffices to 
examine the eigenvalues of System 3—one then determines that b o t h the 
saturated vapor po in t ( p G ( T ) , Ρ σ ( Τ ) ) a n d the saturated l i q u i d po in t 
( p L ( T ) , Ρ σ ( Τ ) ) are ( o rb i ta l ly stable w i t h respect to λ ) d i c r i t i c a l nodes, 
i.e. that each so lut ion p a t h { ρ ( λ ) , Ρ ( λ ) } approaches the e q u i l i b r i u m 
po int f r om a definite d i rec t ion a n d , conversely, each d i rec t i on corresponds 
to exactly one p a t h (see F i g u r e 2 ) . 

N o t e that i f d y n a m i c System 3 is per turbed t emporar i l y so that 
e q u i l i b r i u m points do not occur, then the stable vapor a n d l i q u i d 
branches can be cont inued into the ir respective metastable regions. 
( S u c h condit ions can be i n d u c e d , e.g., b y the app l i ca t i on of anomalous 
pressure near the phase boundary . ) 
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34 E Q U A T I O N S O F S T A T E 

1 ' — ρ 
Ρ Ρ 

Figure 2. Isothermal behavior, Τ < I 

C e r t a i n m a t h e m a t i c a l - p h y s i c a l considerations a n d the subsequent 
fitting of f(P; T) a l l o w us to conc lude that the coexistence envelope 
d iameter po in t (ΡΌ(Τ), P<T(T)) is an ( o r b i t a l l y unstab le ) i m p r o p e r node, 
i.e. that a l l so lut ion paths l eav ing (ΡΏ(Τ), Ρσ(Τ)) w i l l do so on ly i n 
direct ions 0 a n d π, ττ/2 a n d 3ττ/2 (see F i g u r e 2 ) . A s Τ - » Γ , the three 
e q u i l i b r i u m points (PG(T), P*(T))9 (ΡΌ(Τ), Ρσ(Τ)), a n d ( p L ( T ) , 
Ρσ(Τ)) converge to the c r i t i c a l po int ( 1 , 1 ) . T h i s m u l t i p l e e q u i l i b r i u m 
po int is an orb i ta l ly stable, b u t structural ly ( topo log ica l ly ) unstable , 
m u l t i p l e node. T h e parameter Τ thus c a n be considered as a b i furcat ion 
parameter , a n d Τ = 1 as a b i furcat ion value of d y n a m i c System 3. 
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2. L i u Equation of State for Fluids 35 

Examination of a Specific Form of the Differential Equation of State 

I n this section w e examine some elementary properties of E q u a t i o n 
of State 1 for the simplest f o rm of the convex func t i on f (ρ ; Γ ) , namely 

i(P;T)-a(T)+b(T)p + c(T)p* (4) 

where a(T) a n d c(T) are pos i t ive functions of Γ, w h i l e b(T) is negative. 
T h e general behavior of E q u a t i o n 4 — a n d its re lat ion to subcr i t i ca l iso­
t h e r m a l behav ior—are dep ic ted i n F igures 1 a n d 2, w h e r e i n the so l id l ines 
correspond to the stable vapor a n d l i q u i d branches of the isotherm T , 
the dashed lines correspond to the respective metastable phases, a n d the 
dashed -do t ted l ines correspond to absolutely unstable phases. 

N o t e that there are two solutions p i a n d p 2 of the equat ion f (ρ ; Γ ) = 
0 such that PG < p i < P2 < PL; these solutions determine the l imi ts of 
the metastable vapor a n d l i q u i d phases, respectively. A t Τ = 1 the 
equat ion f (ρ; 1) = 0 has a double solution p i = 1 = p 2 , of course. 

A t l o w densities a n d pressures, (ρ , P ) - » (0, 0 ) , E q u a t i o n s 1 a n d 
4 y i e l d 

dP Ρσ(Τ)α(Τ) 
dp pG(T)pO(T)pjj(T) 

(5) 

T h u s , i f the idea l gas l a w Ρ = RTp is to be fu l f i l l ed at l o w densities a n d 
pressures, w e must have 

a ( T ) - R T ^ i T ) p { ^ { T ) (6) 

A s Τ - » 1", the f ract ion on the r i g h t - h a n d side of E q u a t i o n 6 becomes 
equa l to un i ty , a n d a(T) -» RT. T h u s , as Γ -> Γ , the di f ferential E q u a ­
t i on of State 1 evolves cont inuously to a v i r ia l - t ype expansion 

d P 
^ - = RT+b(T)P + c(T)p* (7) 

for supercr i t i ca l temperatures Τ > 1, i.e. on ly the funct ion f (ρ; T ) deter­
mines the slope d P / d p of the isotherm at supercr i t i ca l temperatures. 

T h e v a p o r - l i q u i d - p h a s e transit ion can be interpreted mathemat i ca l ly 
as the intersection ( s ) of v i r ia l - type expansions w i t h the s ingular curves 
g iven b y (PG(T), Ρσ(Τ) ), ( p D ( T ) , Ρ σ ( Τ ) ) , a n d ( P L ( T ) , Ρ σ ( Τ ) ) . 

T h e preced ing arguments can , of course, be extended to any convex 
higher-order p o l y n o m i a l f (p ; T) = a(T) + b(T)P + c(T)P

2 + . . . 
A t supercr i t i ca l temperatures, one then obtains b(T)/2 as the second 
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36 E Q U A T I O N S O F S T A T E 

v i r i a l coefficient, c ( T ) / 3 as the t h i r d v i r i a l coefficient, etc.; i t is w e l l 
k n o w n that such analyt i c expressions correct ly describe the behavior of 
isotherms at supercr i t i ca l temperatures. 

T h e re lat ive ly s imple F o r m 4 for f (p ; T ) al lows E q u a t i o n 1 to be 
integrated readi ly . T h e di f ferential equat ion 

dP _ [Pa-P][a + bp + Cp2] 
dp [PG — ρ] [ρΌ — p] [PL — p] 

can be expressed as 

dP ( A , Β , C ) J 

-ρ ρ = < 1 h > dp, 
ϊσ — Γ { PG — Ρ ΡΌ — P PL — p ) 

(8) 

(9) 

w h e r e 

Α — 2 [ ο + 6 P G + C P G
2 ] / [p L - po? = 1 

β 4[o + bpo + c P D
2 ] / [ p L - p e ] 2 = 8 ( Γ ) - 2 

C — 2 [a + 6 P L + c P L
2 ] / [ P L - p o ] 2 = 1 

a n d are integrated to y i e l d 

In (Ρσ -P) =A\n(PG-p) +B In ( P D - ρ) + 

C In (p L - ρ) + In D , (10) 

w h e r e In D is the integrat ion constant, or 

|Ρ σ - P| = | ΰ ( Γ ) [PG - , ] [ p D - / > ] 6 ( r ) - 2 [ p L - P ] | ( I D 

T h e constant D ( T ) , is, of course, different on the vapor a n d l i q u i d 
branches, D 0 ( T ) ^ D L ( T ) , b u t D G ( T ) - » D L ( T ) as Τ J " . T h u s , at 
the c r i t i c a l temperature Τ = 1, b y sett ing D •= DG(1) = DL(1) a n d δ 
== δ ( 1 ) , w e ob ta in the w e l l - k n o w n p o w e r l a w 

|1 -P\-L\l - ρ | δ (12) 

for the c r i t i c a l i sotherm. 
C o m b i n i n g E q u a t i o n s 1 a n d 11, w e find that the slope d P / d p of a 

subcr i t i ca l i sotherm can be expressed as 

i £ _ D ( r ) [ p D ( T ) - p ] 6 ( r ) " 3 f ( p ; r ) (13) 
dp 

w i t h f ( p ; T ) as defined i n E q u a t i o n 4. O n the coexistence b o u n d a r y 
ί(ρσ; Τ) = V i [ p L ( r ) - PG(T)]2 b y E q u a t i o n 2, a n d thus 
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2. L i u Equation of State for Fluids 37 

^ - D ( T ) { [ P O ( T ) - ^ ( r ) ] « r > - » } { V 4 [ p L ( D -PG(T)Y) 

9 =V2D(T)[PH(T) -Ρο(Τ)]*™'* 

- [1 - Γ]0<δ(τ)-η (14) 

H e n c e , as Τ 1", δ ( Τ ) - » δ a n d w e obta in as a l i m i t W i d o m ' s 
sca l ing equal i ty 

0 ( 8 - 1 ) (15) 

F u r t h e r m o r e , since Δ θ υ behaves essentially the same as Cv on the phase 
boundary as Γ - » 1", the analogous ca l cu lat ion of 

A C „ = ^ m (16) 
/dP\ /θρΛ 

yie lds the Griff iths sca l ing equa l i ty 

« ' _ 2 - j 8 ( 8 + l ) , (17) 

or, e q u i v a l e n t l y — b y subst i tut ion of E q u a l i t y 1 5 — 

a' = 2 -2β - γ (18) 

Fitting the Differential Equation of State to Real Fluids 

F i t t i n g E q u a t i o n 1 to a rea l fluid requires not on ly knowledge of the 
(ρ, Ρ, T) behavior of the fluid, but also of the isothermal slope d P / d p 
a n d of the coexistence envelope. Therefore i t was dec ided expedient to 
use data w h i c h h a d been fitted already, so that deta i led d P / d p data was 
already avai lable . O b v i o u s l y , however , the fit of E q u a t i o n 1 w i l l reflect 
any error contained i n such pref itted data . 

F o r each data po in t (ρ, P ) on the subcr i t i ca l i so therm Γ < 1 the 
quot ient 

[PG — p][pD — p][pL — p] 

c a n be ca lculated , a n d then d i v i d e d into the corresponding slope d P / d p 
to ob ta in the va lue 

(20) 
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38 E Q U A T I O N S O F S T A T E 

T h e various f s thus obta ined then can be fitted to the funct ion ? (p; T ) . 
It was dec ided to attempt to fit the (p, f ) data thus obta ined to the 
s imple funct ion F o r m 4 

î(p]T)=a(T)+b(T)p + c(T)p* 

discussed i n the preced ing section, since fluids are k n o w n to obey 
P o w e r L a w 12 for the c r i t i c a l i sotherm, a n d one reasonably expect F o r m 
4 to be v a l i d i n the ne ighborhood of the coexistence envelope (at the 
very l east ) . 

A p r e l i m i n a r y fit was made for oxygen, u s i n g the data ca l cu la ted 
a n d tabulated b y W e b e r ( I ) , w h o used a var iety of different equations 
to represent the measured data i n different regions. ( T h i s subsequently 
i n t r o d u c e d some scatter i n the fit of E q u a t i o n 1. ) 

T h e isobaric data (namely the 0.10125, 1, 5, 10, 20, a n d 30 M N / m 2 

isobars) tabulated i n T a b l e X I V of the above referenced w o r k was 
rearranged into 35 subcr i t i ca l isotherms ( r a n g i n g f r om 70 Κ = 0.453 T c 

to 154 Κ = 0.996 Tc i n 2 Κ in terva l s ) , each consist ing of six (ρ , P , d P / 
dp) points . U s i n g , add i t i ona l ly , the coexistence data c o m p i l e d i n T a b l e 
X I I I , six (p, f ) points were ca l cu lated for each isotherm i n the manner 
descr ibed above; another two (p, f ) points were ca lcu lated us ing E q u a ­
t i o n 2. T h e eight (p, f ) points thus obta ined were fitted then to E q u a t i o n 
4 us ing an u n w e i g h t e d least-squares fitting rout ine , a n d conformed qui te 
w e l l on bo th the vapor a n d l i q u i d branches. ( T h i s w o u l d appear qui te 
signif icant, since most of the fitting data was on l i q u i d branches. ) T h e 
difference between the fitted f a n d the ca l cu lated f r e m a i n e d consistently 
be l ow the 1 % leve l , w i t h on ly several except ions—apparent ly caused b y 
the trans i t ion between Weber ' s representations. I n a s m u c h as the stated 
accuracy of W e b e r s d P / d p is " a n assumed 1% error , " E q u a t i o n 1 together 
w i t h E q u a t i o n 4 y i e l d accurate representations of the tabulated data . 
T h e func t i on a(T) var i ed qu i te smoothly w i t h the temperature , w h i l e 
there was some scatter i n b(T) a n d c(T) at l ower temperatures, the 
scatter i n b(T) o c curr ing inversely to the scatter i n c ( T ) , i t was noted 
that smoothing b(T) t ended to smooth c ( T ) . 

A second fit of E q u a t i o n 1 — i n c l u d i n g a deta i led error analysis of 
the Integrated E q u a t i o n of State 11—was per f o rmed u s i n g the methane 
data tabulated b y G o o d w i n ( 2 ) . M e t h a n e coexistence data was c a l c u ­
la ted us ing E q u a t i o n s 3, 4a, a n d 4b of the above referenced work . ( I t 
should be noted , however , that G o o d w i n uses a c r i t i c a l density of 10.0 
m o l / L , w h i c h is somewhat l ower than the values determined b y R i c c i 
a n d Scafè (3) a n d Jansoone, G i e l e n , de Boe lpaep , a n d V e r b e k e (4).) 
C a l c u l a t e d i sothermal data was taken d i rec t ly f r om Goodwin ' s T a b l e X I , 
a n d consisted of 13 subcr i t i ca l isotherms rang ing f r o m 95 Κ to 190 Κ 
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2. L i u Equation of State for Fluids 39 

(0 .498T C to 0.997!T C), w i t h 7 to 46 (p, P , dP/dP) points each. T h e same 
fitting procedure was used as that for oxygen, a n d once aga in good fits 
to E q u a t i o n 4 w e r e achieved ; t y p i c a l p lot fits are shown i n F i g u r e 3. T h e 
fitted isothermal slopes were dup l i ca ted w i t h i n 1 % of those tabulated b y 
G o o d w i n . Since a l l of Goodwin ' s i sothermal data was ca lcu lated u s i n g a 
single equat ion of state, the functions α ( Τ ) , b(T), a n d c ( T ) v a r i e d 
smoothly w i t h the temperature. ( It was not i ced , however , that the fitted 
f for the Τ = 0.997T C i sotherm was s l ight ly shifted f r o m about the ρ — 
P D axis, w h i c h m a y reflect the s l ight ly l o w p D ca l cu lated b y means of 
G o o d w i n ' s equations. ) 

U s i n g σ ( Γ ) , & ( T ) , c ( T ) , a n d the coexistence data , the values of 
A ( T ) , Β ( Τ ) , a n d C ( T ) for E q u a t i o n s 10 a n d 11 were ca lcu lated . A ( T ) 
a n d C(T) were indeed equa l to 1 ( w i t h i n s m a l l fractions of 1%) over 
most of the temperature range. H o w e v e r , at Γ ~ 0.95T C , A ( T ) began 
decreasing, w h i l e C(T) began increasing; this is apparent ly caused b y 
inaccuracies i n Goodwin ' s ca l cu lated data i n the c r i t i c a l region. Since , 
for symmetry reasons, i t is prec ise ly i n the c r i t i c a l reg ion that E q u a t i o n 4 
shou ld be most appl i cab le , w e s i m p l y let A ( T ) — 1 — C ( T ) for the 
entire temperature range. ( T h e closeness of A ( T ) a n d C ( T ) to the va lue 
1 can thus be construed as a measure of the accuracy of the fitting 
da ta used. ) 

B ( T ) = δ ( Γ ) — 2 v a r i e d qui te smoothly w i t h the temperature , 
increas ing to a va lue of B(T) = h(T) - 2 = 2.109 at Τ = 0.997T C . 
A t the c r i t i ca l temperature the extrapolated va lue of the fitted B ( T ) was 
B ( l ) = 2.251, corresponding to a c r i t i c a l exponent of δ = 4.251. T h e 
behavior of B ( f ) , where t = 1 — T , is shown i n F i g u r e 4a. W h i l e the 
result δ = 4.251 is s l ight ly l ower than the δ — 4.450 determined b y 
Jansoone et a l . for methane, i t falls w i t h i n the general ly accepted range 
of values for δ; i t is possible, however , that more precise fitting data i n 
the c r i t i c a l r eg i on—where Goodwin ' s error is as h i g h as 1%—might y i e l d 
a s l ight ly h igher va lue for δ. 

U s i n g A ( T ) = 1 — C ( T ) a n d fitted values of B ( T ) — δ ( Γ ) - 2, 
w e c o m p a r e d the results of E q u a t i o n 11 w i t h the ca l cu lated (ρ , P ) da ta 
tabulated i n Goodwin ' s T a b l e X I , a n d then w i t h the exper imental ly 
measured data ( w h i c h G o o d w i n c o m p i l e d f r o m the works of numerous 
researchers) i n T a b l e I V . F o r each subcr i t i ca l temperature w e first 
ca l cu la ted the constants DG(T) a n d D L ( T ) u s i n g E q u a t i o n 11 a n d repre ­
sentative (ρ, P ) points on the vapor a n d / o r l i q u i d branch . T h e behav ior 
of DG(t) a n d DL(t), where t = 1 — T, is s h o w n i n F i g u r e s 4b a n d 4c. 

U s i n g E q u a t i o n 11 a n d the thus ca l cu la ted values of DG(T) a n d 
D L ( T ) , w e ca l cu la ted the va lue of Ρ for each ρ tabu la ted i n T a b l e I L 
S u c h ρ - » Ρ calculat ions dup l i ca ted Goodwin ' s ca l cu lated pressures w i t h 
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40 E Q U A T I O N S O F S T A T E 

800^ 
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200 · -

10 15 20 / p [ M 0 L / L ] 

- 2 0 0 Î 

Figure 3a. CHh plot of ρ vs. f(p; Ί); Τ = 0.499 Ί0 
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L i u Equation of State for Fluids 

Figure 3b. CHk plot of ρ vs. f(p; Ύ); Τ = 0.735 T c 
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Figure 3c. CHi plot of ρ vs. f(p; Ύ); Τ = 0.997 T c 
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2. L i u Equation of State for Fluids 

B r 

43 

j ι ι 1 i t 
.1 .2 .3 .4 .5 
Figure 4a. CHh plot of K(t) 

.1 .2 .3 .4 
Figure 4b. CHk plot of OQ(t) 
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44 E Q U A T I O N S O F S T A T E 

.1 .2 .3 .4 .5 
Figure 4c. CHh plot of OL(t) 

errors o n the order of 0 . 1 % or less on b o t h the vapor a n d l i q u i d branches , 
w i t h greater error o c curr ing on ly at very l o w densities for near c r i t i c a l 
temperatures. 

F o r each va lue of Ρ w e then used a modi f ied ha l f - in terva l search to 
solve E q u a t i o n 11 for p. F o r 276 exper imental ly measured subcr i t i ca l 
points , the rms error i n ρ was on ly 0 .0567%, w i t h systematic error 
o c c u r r i n g on ly at very l o w densities for near - c r i t i ca l temperatures. ( S u c h 
points are o m i t t e d f r o m the p r e c e d i n g rms error ca l cu lat ion . H o w e v e r , 
constra in ing a(T) to the values g iven b y E q u a t i o n 6 a n d the inc lus i on 
of a s m a l l res idua l expression i n E q u a t i o n 4 extend the v a l i d i t y of E q u a ­
t i o n 1 to extremely l o w densities. T h e fact that such accurate results 
were achieved us ing only fitted data reflects very favorab ly o n the general 
accuracy of G o o d w i n ' s data tabu lat i on . ) 

Conclusions and Comments 

T h e Di f f e rent ia l E q u a t i o n of State 1 provides not on ly a good q u a l i ­
tat ive descr ipt ion of i so thermal behavior at subcr i t i ca l temperatures 
Τ < 1, b u t also y ie lds accurate quant i tat ive representations of exper i ­
menta l l y measured data . I t describes not on ly the stable vapor a n d l i q u i d 
branches, but also the two-phase transit ion reg ion , a d d i t i o n a l l y y i e l d i n g 
in format ion on the nature of metastable a n d absolutely unstable phases. 
A complete a n d s imple descr ipt ion of the v a p o r - l i q u i d - p h a s e t rans i t ion 
a n d the c r i t i c a l po in t also is p r o v i d e d b y the di f ferential equat ion of state. 
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2. L i u Equation of State for Fluids 45 

Intr ins i ca l ly compat ib le w i t h the i d e a l gas l a w at l o w densities a n d 
w i t h the sca l ing l a w at Τ —» 1", the di f ferential equat ion of state evolves 
to the v i r i a l expansion for supercr i t i ca l temperatures Τ > 1. 

T h e s imple Q u a d r a t i c Representat ion 4 of f (ρ ; T ) is definitely a p p l i c ­
able i n a large ne ighborhood of the coexistence boundary , a n d evolves 
to a f o r m equivalent to a v i r i a l expansion w i t h second a n d t h i r d v i r i a l 
coefficients at supercr i t i ca l temperatures. 

T h e use of the chemica l potent ia l μ instead of the pressure Ρ might , 
for symmetry reasons, y i e l d s l ight ly better results. ( F o r the same reasons, 
the di f ferential equat ion of state shou ld y i e l d h i g h l y accurate results for 
the analogous magnetic -phase t rans i t i on ) . H o w e v e r , the re lat ive ly good 
accessibi l i ty of (ρ , Ρ, T ) data a n d their ease of app l i ca t i on make the 
present equat ion of state very attractive. 

T h e Integrated E q u a t i o n of State 11 y ie lds very good representations 
of (ρ, Ρ, T ) data a n d provides a c lear v i e w of the evo lut ion of the sub-
c r i t i ca l equat ion of state to the p o w e r l a w for the c r i t i c a l i sotherm. 

T h u s , the Di f f e rent ia l E q u a t i o n of State 1 provides not on ly a c lear 
a n d uni f ied p i c ture of the evo lut ion of the subcr i t i ca l equat ion of state to 
the p o w e r l a w for the c r i t i c a l i sotherm, a n d thence to the v i r i a l equat ion 
of state for supercr i t i ca l temperatures, but also some very fundamenta l 
insights into the v a p o r - l i q u i d - p h a s e transit ion process a n d its associated 
singularit ies . 

Glossary of Symbols 

Ρ = r educed pressure 
ρ =· r educed density 
Τ = reduced temperature 

Ρ σ ( Τ ) = e q u i l i b r i u m vapor pressure at temperature Τ 
PG(T) = saturated vapor density at temperature Τ 
PL(T) = saturated l i q u i d density at temperature Γ 

P D ( D = !/2 [ P G ( D + P L ( T ) ] 
ρσ(Τ) = e i t h e r / b o t h of the saturation densities p G ( T ) , p L ( T ) 
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Cubic Equations of State: 

An Interpretive Review 

MICHAEL M. ABBOTT 

Department of Chemical and Environmental Engineering, 
Rensselaer Polytechnic Institute, Troy, NY 12181 

All cubic equations of state proposed to date are special 
cases of a general five-parameter expression. The apparent 
flexibility of such an expression is partly illusory, however, 
because of the inherent limitations imposed by its density 
dependence. Historically, the greatest successes with cubic 
equations had been achieved with variants of the Redlich-
Kwong equation of state. Recent work, e.g., that of Peng 
and Robinson, has demonstrated the suitability of other 
cubic forms, and has inspired renewed efforts to identify 
the best cubic expression. One must approach such efforts 
with realistic expectations, and with an understanding of 
what cubic equations can and cannot do. 

The Cubic Equation of State 

/^\f the m a n y proposed forms of the ana lyt i c equat ion of state, the 
po lynomia ls i n vo lume are of par t i cu lar p r a c t i c a l importance ; e.g., 

this class inc ludes truncations of the v i r i a l equat ion i n density, the 
pre ferred w o r k i n g forms of the v i r i a l equat ion of state. Ef f ic ient root-
finding techniques are avai lable for the so lut ion of p o l y n o m i a l equations, 
a n d moreover the n u m b e r of roots is a lways k n o w n . 

T h e simplest useful p o l y n o m i a l equat ion of state is one that is cub i c 
i n mo lar vo lume , for such an expression is capable of y i e l d i n g the i d e a l 
gas equat ion i n the l i m i t as V —> oo, a n d of representing bo th l i q u i d -
a n d vapor - l ike vo lumes for sufficiently l o w temperatures. I f w e requ i re 
that the equat ion be expl i c i t i n pressure, t h e n algebraic arguments l e a d 
us to a five-parameter expression of the f o r m ( I ) 

P = RT(V2 + aV + β) 

1155 16th St. N. W. 
M/Qchinntnn Π Ρ ΟΩΛΟΜ 
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48 E Q U A T I O N S O F S T A T E 

Parameters α, β , λ, μ, a n d ν can i n p r i n c i p l e a l l be functions of t empera ­
ture Τ and , for mixtures , of composit ion. 

L i q u i d s are re lat ive ly incompressible . Therefore , i f our equat ion is 
to represent l i q u i d - l i k e vo lumes, it must generate a steep por t i on of iso­
therm for appropr iate ly smal l values of V . T h i s behavior read i ly is 
incorporated b y in t roduc t i on of a zero into the denominator of the 
equat ion at V = b, where & is a smal l , pos i t ive n u m b e r : 

y 3 + w2 + μν + ν Ε (ν - b) (ν2 + sv + c ) 

F i n a l l y , w e m a y e l iminate parameters a a n d β i n favor of two n e w 
quantit ies , Θ a n d η, v i a the definitions 

Θ ΞΞΞΞ RT{8 -a) 

? s ( j 8 - c ) / ( » - e ) 

C o m b i n i n g the above equations then y ie lds 

P _ _RT ®(Υ-η) m 

V - b (V -b)(V2 + 8V + €) K ' 

Parameters b, δ, c, Θ, a n d η depend general ly o n Τ a n d compos i t ion ; 
the ir n u m e r i c a l values of course depend u p o n the identit ies of the 
c h e m i c a l species i n the system. 

E q u a t i o n 1 can be considered a general izat ion of the v a n der W a a l s 
( V D W ) equat ion , to w h i c h i t reduces as the simplest n o n t r i v i a l spec ia l 
case. Scores of special izations of E q u a t i o n 1 have been proposed since 
v a n der W a a l s ' t ime ; a f ew of them are l i s ted i n T a b l e I a n d categor ized 
accord ing to the values (or types of funct ions) assumed for parameters 
Θ, η, δ, a n d c S igni f i cant ly , a l l of the m o d e r n equations have a tempera ­
ture-dependent Θ. A l s o , most c u b i c equations incorporate the constraint 
η = b, a n d i n add i t i on have zero values for certa in parameters a n d / o r 
specif ied relat ionships a m o n g some of the parameters b, η, δ, a n d c. 

T a b l e I . C lass i f i cat ion of Some C u b i c E q u a t i o n s o f State 

Equation Θ V S € 

v a n der W a a l s (1873) ο b 0 0 
Ber the lo t (1900) α/Τ b 0 0 
C l a u s i u s (1880) α/Τ b 2c c 2 

R e d l i c h - K w o n g (1949) a/Ti/2 b b 0 
W i l s o n " (1964) ®w(T) b b 0 
P e n g - R o b i n s o n (1976) Θ Ρ Κ ( Γ ) b 2b -b2 

L e e - E r b a r - E d m i s t e r (1973) ® L E E ( Τ) b 0 

"Similarly, Barner et al. (1966) and Soave (1972). 
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3. A B B O T T Cubic Equations of State 49 

The Virial Form of the Cubic Equation 

T h e pred i c t ive capabi l i t ies of an equat ion of state at l o w densities 
m a y be tested convenient ly b y c o m p a r i n g exper imenta l values of the 
v i r i a l coefficients against those i m p l i e d b y the ( e m p i r i c a l ) equat ion of 
state. A l t e rnat ive ly , real ist ic , l ow-dens i ty behavior m a y be b u i l t into an 
e m p i r i c a l equat ion of state b y direct incorporat ion of expressions for one 
or more of the v i r i a l coefficients. T h u s i t is useful to express E q u a t i o n 1 
i n the v i r i a l f o rm 

Z—1 + B/V + C/V2 + D/V* + . . . 

H e r e Β is the second v i r i a l coefficient, C is the t h i r d , etc. F o r a mixture 
conta in ing specified substances, the v i r i a l coefficients d e p e n d on Τ a n d 
composi t ion only ; moreover, the compos i t ion dependence of mixture 
v i r i a l coefficients is k n o w n . 

T h e Ζ - expl ic i t f o rm of E q u a t i o n 1 is 

V (&/RT) V (V — η) 
V - b (V -b)(V2 + SV + «) K > 

E x p a n d i n g the right side of E q u a t i o n 2 i n inverse powers of V a n d 
c o m p a r i n g the result w i t h the v i r i a l equat ion , w e find that 

B = b ~ W f ( 3 a ) 

c = b 2 - w + w + ( 3 b ) 

D = 6 3 - w + w { s + r>} ~~ir <δ2-£ + ^ <3c> 

etc. 

Since the v i r i a l coefficients depend on Τ a n d composi t ion only , the equa-
tion-of-state parameters can d e p e n d at most o n Τ a n d composi t ion , as 
already noted. T h e second v i r i a l coefficient Β is the on ly one for w h i c h 
a decent data base a n d re l iab le est imation procedures are avai lab le ; 
a c cord ing to E q u a t i o n 3a, values for Β (as i m p l i e d b y our equat ion of 
state) are determined complete ly b y specif ication of parameters b a n d Θ. 

Unconstrainedy Dimensionless Forms of the Cubic Equation 

A p p l i c a t i o n of E q u a t i o n 1 or 2 requires the ava i lab i l i ty of n u m e r i c a l 
values for the equation-of-state parameters. Res tr i c t ing ourselves for the 
moment to systems conta in ing a single component , a n d ant i c ipat ing the 
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E Q U A T I O N S O F S T A T E 

eventual use of corresponding-states concepts, w e introduce a set of 
dimensionless parameters v i a the definitions 

^ (RTC/Pc)b (4a) 

δ= (RTC/Pc)t (4b) 

V = (RTC/PC)^ (4c) 

€ Ξ Ξ [R2T2/P2)Î (4d) 

®= (R2T2/PC)$ (4e) 

H e r e T c a n d P c are the c r i t i ca l temperature a n d pressure. T h e d imens ion -
less parameters [designated b y a c ircumflex ( A ) ] d e p e n d at most o n 
reduced temperature T r a n d on the ident i ty of the substance considered. 

I f the two-parameter theorem of corresponding states a p p l i e d , these 
parameters w o u l d be independent of chemica l species. 

E q u a t i o n s 1 a n d 2 can be p u t into reduced f o r m b y u s i n g E q u a t i o n 
4 a n d the a d d i t i o n a l definitions 

Pr^P/Pc (5a) 

Tr = T/Tc (5b) 

Vτ ΞΞΞ V/Vc (5c) 

tc = PQVc/RTc (5d) 

Parameter f c is an apparent c r i t i c a l compress ib i l i ty factor. W e give i t a 
spec ia l s y m b o l to prec lude its general ident i f i cat ion w i t h the exper imenta l 
c r i t i c a l compress ib i l i ty factor Z c , to w h i c h , i n p r a c t i c a l appl icat ions of 
cub i c equations of state, i t is often assumed not equal . I n such cases, 
the reduced v o l u m e V r is defined a lways w i t h respect to a (poss ib ly 
hypothet i ca l ) c r i t i c a l vo lume V c def ined i n terms of P c , T c , a n d £ c v i a 
E q u a t i o n 5. 

C o m b i n i n g E q u a t i o n s 1 a n d 2 w i t h E q u a t i o n s 4 a n d 5 then y ie lds 
the equivalent expressions 

a n d 
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3. A B B O T T Cubic Equations of State 51 

T h e expressions for the v i r i a l coefficients m a y be w r i t t e n also i n d i m e n -
sionless f o rm. D e f i n i n g dimensionless v i r i a l coefficients b y 

%= BPcRTe (8a) 

d=CPc
2/R2Tc

2 (8b) 

Ù = DPC
3/R3TC

3 (8c) 

etc., w e c a n w r i t e E q u a t i o n 3 as 

(9a) 

^ (9b) 

(9c) 

Incorporation of the Classical Critical Constraints 

N u m e r i c a l values for the equation-of-state parameters m a y be estab­
l i shed i n m a n y ways , and , since no equat ion of state is perfect, different 
values are obta ined d e p e n d i n g u p o n the methods used. O n e class of 
methods, w h i c h w e c a n c a l l "brute- force" methods, involves the use of 
nonl inear regression techniques to determine b y analysis of exper imental 
data the best values of the parameters for representation of a par t i cu lar 
proper ty (or propert ies ) over a l i m i t e d range of temperature a n d pressure. 
T h e equations w h i c h result can be qui te precise for the ir in tended p u r ­
pose. A n o t h e r m u c h o lder approach is to impose a f e w selected mathe ­
m a t i c a l or n u m e r i c a l constraints on the equat ion of state a n d to determine 
n u m e r i c a l values for the parameters b y so lv ing the resu l t ing system of 
equations. These techniques, w h i c h w e c a n c a l l "a lgebra i c " methods, 
l ead to equations of state general ly less precise than those resu l t ing f r o m 
the brute-force approach , b u t also often less l i k e l y to generate absurd 
results outside the in tended range of app l i ca t i on of the equat ion . 

M a r t i n (2 ) discusses a n d appl ies some of the features of rea l - f lu id 
behavior w h i c h l e n d themselves to convenient expression as a lgebraic 
constraints for equation-of-state studies. T h e two constraints p r o b a b l y 
most often used are the c lassical condit ions 

( θ Ρ / θ ν ) Γ , „ = 0 

(3*P/dV*)T,ct = 0 

(10) 

(ID 
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52 E Q U A T I O N S O F S T A T E 

w h i c h assert that the c r i t i c a l i sotherm has a po int of hor i zonta l inf lect ion 
at the c r i t i c a l state ( c r ) . A requirement equivalent to E q u a t i o n s 10 a n d 
11 is that E q u a t i o n 6, w h e n expanded and spec ia l ized to the c r i t i c a l state 
( T r = P r = 1 ) , has three e q u a l roots; that is, i t must be of the f o r m 

(Vv ~ D 3 = V* - 3 F r
2 + 3 V r - 1 = 0 (12) 

T h u s w e obta in , after some algebraic manipulat ions , the three equations 

8C = 6 C + 1 - 3 £ c (13) 

+ - & c + 3 f c
2 (14) 

fr_fc'-& + l ) g (15) 
Θ 0 

Since for a pure mater ia l a l l parameters can i n p r i n c i p l e be funct ions of 
Τ Γ , I have used the subscript c to designate a va lue for a parameter 
evaluated at T r = 1. 

I f ζc is regarded as an e m p i r i c a l equation-of-state parameter , different 
i n general f r om the exper imental c r i t i c a l compress ib i l i ty factor Z c , then 
E q u a t i o n s 13, 14, a n d 15 constitute a system of three equations i n six 
unknowns . T h u s , three add i t i ona l constraints must be imposed just to 
make the system determinate for the single temperature T r = 1. I f £ c is 
ident i f ied w i t h Z c , then the n u m b e r of unknowns is r educed b y one, but 
w e are s t i l l left w i t h two degrees of f reedom. A s suggested b y the f o r m 
of E q u a t i o n s 13, 14, a n d ^ l S ^ w h e n one deals w i t h the more general case 
( £ C =7^ Zc ) , parameters bCy <s)c, a n d f c are best treated as independent 
variables ; that is, equation-of-state b u i l d i n g usua l ly proceeds most 
smoothly i f these parameters are the ones fixed b y the a dd i t i ona l 
constraints. 

A s noted earl ier i n this chapter , most of the cub i c equations of state 
proposed to n o w incorporate the constraint η = b; for such cases, E q u a ­
tions 13, 14, a n d 15 can be arranged to y i e l d the three expressions 

0 C ^ ( 6 C + l - f c ) 3 (16) 

îc = bc + l - 3 £ c (17) 

(Co - 1 ) 3 + S c ( 3 C c - 2^ c - 1) (18) 

H e r e w e have on ly two independent var iables , e.g. 1? c a n d f c . I f Cc is 
ident i f ied w i t h Z c , then on ly a single degree of f reedom remains, so that 
if , e.g. bc is specif ied, then n u m e r i c a l values immedia te ly f o l l ow for a l l of 
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3. A B B O T T Cubic Equations of State 53 

the r e m a i n i n g parameters at T r = 1. T h e generic c u b i c equat ion i n 
w h i c h η = b has been treated b y A b b o t t (3 ) for cases i n w h i c h b, δ, a n d 
c are constants, but for w h i c h Θ is a funct ion of T . 

Studies of the Critical Isotherm 

M a n y pract it ioners classify equations of state ac cord ing to the 
n u m b e r of parameters (or constants) they contain . Moreover , i t c o m ­
m o n l y is supposed that a four-parameter equat ion is inherent ly better 
than a three-parameter equat ion, that a five-parameter expression is better 
than one conta in ing four, etc. W h i l e i t is t rue that the judic ious in t roduc ­
t ion of an extra parameter or two often can improve dramat i ca l ly the 
per formance of a n equat ion of state for par t i cu lar appl icat ions , i t is 
equal ly true that one often q u i c k l y reaches a po int of d i m i n i s h i n g (or 
even negative) returns, par t i cu lar ly w i t h the s impler equations of state. 
A contro l l ing factor is the density dependence of the equat ion ; w i t h an 
equat ion of specified funct iona l f o rm i n density or vo lume , one can get 
only so far by adjust ing the temperature-dependent parameters. T h u s , 
the cub i c equat ion of state has cer ta in inherent l imitat ions w h i c h exist 
solely because i t is a cub i c equat ion . 

A f ew of the features a n d l imitat ions of the cub ic equat ion can be 
i l lustrated neat ly b y cons ider ing the c r i t i ca l i sotherm. Since Τ is fixed, 
we need not concern ourselves w i t h the temperature dependence of the 
parameters; moreover, since Τ = T c , w e can use the c r i t i c a l constraints 
treated i n the preced ing section. T h e example w h i c h fo l lows is insp i red 
b y a study reported b y J . J . M a r t i n ( 2 ) , a n d I shal l use the same data 
used b y M a r t i n : values of F r a n d V r for argon at T r = 1, read to w i t h i n 
about ± 1% f r om graphs p r e p a r e d b y Cos to ln i ck a n d Thodos ( 4 ) . 

W e adopt the c r i t i c a l der ivat ive constraints g iven b y E q u a t i o n s 10 
a n d 11; thus, the values of the equation-of-state parameters are not a l l 
independent , but are re lated b y E q u a t i o n s 13, 14, a n d 15. F u r t h e r , to 
ensure good behavior of the equat ion at l o w densities, w e require that 
the equat ion generate an acceptable va lue for the second v i r i a l coefficient 
Bc. S ince b y E q u a t i o n 9a 

BQ = bc - Θ ; , (19) 

a n d since % c is very near ly — 1 /3 for argon, this requirement adds 
another mathemat i ca l constraint to our set, v i z . , 

© c = £ c + 1/3 (20) 

E q u a t i o n s 13, 14, 15, a n d 20 thus reduce the degrees of f reedom to either 
one ( i f f c is identi f ied w i t h Z c ) , or two ( i f f c is treated as an a d d i t i o n a l 
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54 E Q U A T I O N S O F S T A T E 

p a r a m e t e r ) . F o r the former case, specif ication of bc fixes the values of a l l 
other parameters , a n d thus determines the entire isotherm. T h i s is s imi lar 
for the latter case, for specif ication of bQ a n d £c» 

T a b l e I I contains the results of six case studies, i n w h i c h the effects 
of v a r y i n g the magni tude of bc for two values of f c are i l lustrated . I n 
cases l a , l b , a n d Ic , f c is fixed at f c = Z c ( e x p ) = 0.291; I n cases H a , l i b , 
a n d H e , f c = 1 /3 , a va lue insp i red b y the p o p u l a r R e d l i c h - K w o n g 
( R K ) equat ion a n d b y some other m o d e r n cub i c equations of state. I n 
the calculat ions, V is an exper imental va lue , a n d V r is de termined f rom 
the equat ion 

VP 
Vr — 

T h u s , for f c = Z c ( e x p ) = 0.291, w e have 

F r = y r ( e x p ) 

but , for f c = 1 /3 , w e have 

Vr= -j^y VAexp) = 0.873 7 r ( e x p ) 

Cases l a , l b , a n d Ic i l lustrate the difficulties w h i c h can arise i f one 
incorporates exper imental values of Z c into a c u b i c equat ion of state. 
Ex ce l l en t representation of the c r i t i c a l i sotherm is obta ined u p to a 
reduced density of about 0.4, because of the real ist ic va lue for B c b u i l t 
into the equat ion . B e t w e e n pr = 0.4 a n d 1.0, the p r e d i c t e d pressures are 
a l i t t le l ow , but not unreasonably so. F o r supercr i t i ca l densities, however , 
the qua l i ty of the representation deteriorates bad lv , increasingly so the 
smaller one makes parameter fec. A large va lue of bc is not the^answer to 
the p r o b l e m ; as ind i ca ted b y the results of Case Ic , a va lue of bc = 0.150 
improves the predict ions u p to pT = 1.8, b u t y ie lds negative pressures 
for the t w o highest densities. T h e reason for this behavior is that for 
this case the l i m i t i n g reduced vo lume ( the va lue of V r for w h i c h P r oo ) 
is V r = £ c / £ c = 0.150/0.291 = 0.5155, a n u m b e r larger than the last two 
vo lume entries i n the table ; for V r < 0.5155, one lands on a phys i ca l l y 
meaningless b r a n c h of the isotherm. 

Cases H a , l i b , a n d l i e show the effects of t reat ing f c as an adjustable 
parameter , larger i n these cases than Z c ( e x p ) b y about 1 5 % . N u m e r i c a l 
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3. A B B O T T Cubic Equations of State 55 

Table II. Results of Parametric Studies of the 
Critical Isotherm of Argon 

Vr(calc) for Casea'b'° 

Yr(exp) Pr(exp) la lb Ic lia lib lie 

10 0.305 0.305 0.305 0.305 0.306 0.306 0.306 
5 0.538 0.538 0.537 0.537 0.542 0.542 0.542 
2.5 0.830 0.827 0.826 0.824 0.841 0.841 0.840 
1.667 0.970 0.954 0.954 0.952 0.969 0.969 0.969 
1.25 0.999 0.995 0.995 0.994 0.999 0.999 0.999 
1.0 1.000 1.0CO 1.000 1.000 1.003 1.003 1.003 
0.8333 1.00 1.004 1.005 1.006 1.054 1.057 1.061 
0.7145 1.10 1.033 1.040 1.052 1.230 1.247 1.280 
0.625 1.38 1.110 1.144 1.236 1.621 1.693 1.855 
0.5556 2.15 1.263 1.404 2.156 2.329 2.568 3.225 
0.50 4.00 1.543 2.096 ( - 3 . 5 4 1 ) 3.493 4.186 6.880 
0.4545 7.80 2.051 5.237 ( - 0 . 5 7 2 ) 5.297 7.189 23.55 

° For all cases, Bc = bc — 6C = —1/3. 
b For case la , J . = 0.100 | fc = Z c(exp) = 0.291 

Ib ,O c —0.125 > 
Ic, Vc = 0.150 ) V* = ^r(exp) 

0 For case H a , tc = 0.075 ) y — ι / Q 
l i b , R = 0.100 > ; e " 1

 T r , , 
I Ic ,£ e = 0.125 j F r = 0.873 F r(exp) 

effects of the change i n £ c can be seen b y c o m p a r i n g entries for Case l i b 
w i t h Case l a (tc = 0.100) or Case l i e w i t h Case l b (%Q = 0.125). T h e 
net effect on the representation of the isotherm is to produce pred i c t ed 
pressures greater than the exper imental values for r educed densities u p 
to about 0.4, but also to introduce a hor i zonta l shift i n the^ curve at 
supercr i t i ca l densities, thus y i e l d i n g for appropr iate values of bc ( i n this 
case, for bc somewhat less than 0.100) a " compromise fit" of the steep 
por t i on of the isotherm. T h i s , i n fact, is exactly w h a t one observes w i t h 
the R K equat ion , a n d it is one of the reasons for the success of that 
expression a n d its numerous progeny. T h e pr i ce one pays , of course, is 
a less-than-perfect p i c ture of the c r i t i c a l reg ion ( i n the present case the 
c r i t i c a l v o l u m e is 1 5 % too l a r g e ) , bu t a n analyt i c equat ion of state is 
incapable of precise descr ipt ion of c r i t i c a l phenomena anyhow. M o r e 
serious is the damage done w i t h respect to representation of saturated 
l i q u i d vo lumes, for unless b is considered a b izarre func t i on of T r , the 
effect of the large V c is felt i n the l i q u i d phase d o w n to the lowest 
r e d u c e d temperatures. 

Schematic i l lustrations of some of the effects just descr ibed are 
shown i n F i g u r e 1. 
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56 E Q U A T I O N S O F S T A T E 

a 

Vr(exp) 

b 

ι ·—· 
1 ? < / z c vr(exp) 

Figure 1. Schematic of the critical isotherm for Ar, illustrating Cases la 
and lib from Table II: ( ), experiment; ( ), calculations with the 
cubic equation. In Figure la, the critical points (c.p.'s) coincide at O . 
In Figure lb, the computed c.p. (Δ) is displaced horizontally from the 

experimental c.p. (O). 
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3. A B B O T T Cubic Equations of State 57 

A Priori Estimates of the Behavior of b and Θ 

W e m a y note two features of a l l successful cub i c equations: first the 
presence of the ub iqu i tous V D W repuls ive t e rm RT/(V — b), a n d 
second, the presence of a temperature-dependent parameter Θ ( Τ ) . I t is 
this second feature w h i c h dist inguishes the V D W equat ion ( for w h i c h Θ 
= constant = a) f r om v i r t u a l l y a l l of its of fspring, a n d i t is the deve lop­
ment of suitable expressions for Θ ( Γ ) w h i c h has resulted i n most of the 
significant m o d e r n advances i n cub i c equation-of-statery. 

T h e parameters b a n d Θ ( or their dimensionless counterparts b a n d 
Θ ) are thus of major importance ; parameter δ places a close t h i r d , f o l l o w e d 
i n order b y c a n d η (c = 0 a n d η = b are the most c o m m o n assignments 
for these quantit ies ) . S igni f icant ly , b a n d Θ are also susceptible to s imple 
e m p i r i c a l interpretat ion , a n d hence to r o u g h est imation. T h i s is i l lustrated 
schematica l ly i n F i g u r e 2, a p lo t of Ζ vs. P r ( for fixed T r ) . 

I n the l i m i t as P r - » 0, w e have the w e l l - k n o w n re lat ionship 

l i m 
Β 

(21) 

Figure 2. Schematic of an isotherm 
on a Ζ vs. P r diagram, illustrating the 
complementart^relati^iship between 
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58 E Q U A T I O N S O F S T A T E 

S i m i l a r l y , i n the l i m i t as P r -> oo, w e find, f r om E q u a t i o n s 6 a n d 7, 

l i m (ΑΙλ _ \im (ΛΛ = 1 _ (22) 
P r — \dPt)Tt P ^ « \ P t ) Tr

 K"> 

E q u a t i o n s 21 a n d 22 suggest a complementary re lat ionship between Β 
a n d £ i n terms of the l i m i t i n g slopes of an isotherm o n a Ζ vs. P r d i a g r a m . 
T h e connect ion between these slopes a n d ê is establ ished b y E q u a t i o n 
9a, w h i c h relates Θ to Β a n d b. 

Analys i s of high-pressure PVT data or of general ized charts b y 
E q u a t i o n 22 reveals that b is about 1/10, usua l ly a l i t t le less. U n f o r t u ­
nately , it is very diff icult to detect f r om such data trends of b w i t h either 
temperature or molecular complex i ty . If l i qu id -phase isotherms w e r e 
inf inite ly steep, then one w o u l d expect b to increase w i t h Tr a n d to 
decrease w i t h molecu lar complex i ty (as reflected, e.g., b y decreasing 
values of Z c , or b y increasing values of the acentric factor ω ) . H o w e v e r , 
rea l l i qu ids are compressible , a n d , moreover, the apparent dependence 
of S on T r and , say, ω is k n o w n to be inf luenced strongly b y the method 
a n d b y the data base used for determinat ion of n u m e r i c a l values of the 
equation-of-statejparameters. T h e best one can say is that for prac t i ca l l y 
any app l i ca t i on b is of the order 1/10, a n d that its temperature d e p e n d ­
ence is usual ly less important than that of Θ. 

T h e qual i tat ive behavior of Θ is ra t i ona l i zed most easily f rom E q u a ­
tions 9a a n d 19: 

A 

A 
F o r s imple fluids ( A r , K r , a n d X e ) B c is very near ly — 1 /3 , a n d , as stated 
above, Sc is about 1/10. T h u s , b y E q u a t i o n 19, 0 C for such substances 
should be about 0.43, or a l i t t le less. F o r m o r e A complex fluids, B c is 
negative but larger i n absolute va lue ; however , bc is p r o b a b l y s l ight ly 
smaller than for the s imple fluids. I g n o r i n g the possible compensat ing 
effect of fcc, w e conc lude that & c for most fluids shou ld be i n the range 
of about 0.40-0.60. Va lues outside of this range w i l l result usua l ly i n 
grossly inaccurate values of B c , w i t h correspondingly inaccurate repre ­
sentation of isotherms i n the low-dens i ty reg ion . 

E q u a t i o n 9a al lows us to s a y s o m e t h i n g about the probab le d e p e n d ­
ence of Θ on T r a n d on ω. Since Β varies w i t h T r approx imate ly as T r ~ 3 / 2 

to T r ~ 2 , a n d since b is p r o b a b l y no more than a weak funct ion of T r , then 
w e conc lude f rom E q u a t i o n 9a that Θ should decrease w i t h T r ; any other 
temperature dependence must g ive an imprecise p i c ture of B , a n d of the 
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3. A B B O T T Cubic Equations of State 59 

der ived properties w h i c h depend u p o n the temperature derivatives of Ρ 
or of Z . A t subcr i t i ca l temperature levels, where the Θ t e rm is the greatest 
contr ibutor to Ê, Β is k n o w n to increase i n absolute va lue w i t h increas ing 
ω. H e n c e w e conc lude f r o m E q u a t i o n 9a that Θ shou ld increase also 
w i t h ω, at least for l o w reduced temperatures. 

T h e observations just m a d e w i t h respect to b a n d Θ are necessarily 
qua l i ta t ive , but they can serve as useful guidel ines i n equation-of-state 
b u i l d i n g , a n d as cr i ter ia for comparison a n d assessment of cub i c equations 
of state. M o s t of the cub i c equations proposed to date, whatever the 
ac tua l basis for their development , conform more or less to these gu ide ­
l ines. 

Some Contemporary Specializations of the Cubic Equation 

A n y person w h o seriously has attempted to f o l l ow the vast l i terature 
o n the R K equat ion must be impressed ( i f not occasional ly appa l l ed ) at 
the effort expended i n attempts to make that expression do a l l of the 
things that a good equat ion of state must do. A rev i ew art ic le b y H o r v a t h 
(5 ) b y n o w b a d l y outdated , lists 112 citations, m a n y of t h e m dea l ing w i t h 
specific variants of the R K equat ion. Because of the ava i lab i l i ty of this 
large b o d y of documented experience, the R K equat ion therefore serves 
n i ce ly as a vehic le for a discussion of the techniques a p p l i e d b y specialists 
i n deve lop ing h igh-per formance cub i c equations of state. 

T h e o r ig ina l R K equat ion is (6 ) 

ρ _ R T a
 (9o\ 

V - b T1/2V(V + b) K } 

A s shown i n T a b l e I , E q u a t i o n 23 is recovered f r o m the general c u b i c 
equat ion v i a the assignments 

Θ = α / Τ 1 / 2 

τ? = δ = b 

c = 0 

H e r e parameters a a n d b are constants. I f E q u a t i o n 23 is subjected to the 
c lassical c r i t i ca l constraints, then E q u a t i o n s 16, 17, a n d 18 app ly . H o w ­
ever, δ = &, a n d w e find f rom E q u a t i o n 17 that f c = 1 /3 ; also, since c = 
0, w e find f rom E q u a t i o n 18 that î = ( 2 1 / 3 - l ) / 3 — 0.0866. F i n a l l y 
E q u a t i o n 16 y ie lds 0 C = ( 2 1 / 3 + l ) 3 / 2 7 — 0.4275. T h e magnitudes of % 
a n d 0 C , as w e l l as the dependence of Θ on T r , are reasonable. 

T h e remarkable success of the R K equat ion arises m a i n l y f r o m two 
factors, neither of them i m m e d i a t e l y obvious. T h e first relates to the 
second v i r i a l coefficient. F i g u r e 3 shows a p lot of the R K B , superposed 
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60 E Q U A T I O N S O F S T A T E 

Figure 3. Β vs. T r for Ar, Kr, and Xe: (O), data. Lines are computed 
from the Berthelot (B) equation, the Redlich-Kwong (RK) equation, and 

the van der Waals (VDW) equation. 

on Β data for A r , K r , a n d X e . T h e agreement is excellent, a n d guarantees 
good per formance for s imple fluids at l o w densities. A second attr ibute 
of the equat ion is its ab i l i t y to prov ide a reasonable ( i f imprec i se ) 
descr ipt ion of the h igh-dens i ty reg ion for s imple fluids at supercr i t i ca l 
pressures. T h i s is i l lus t ra ted i n T a b l e I I I , i n w h i c h are r eproduced R K 
calculat ions g iven b y M a r t i n ( 2 ) for the c r i t i c a l i so therm of argon. T h e 
effect i n operat ion here was descr ibed earl ier i n this chapter . A l t h o u g h 
the t rue c r i t i c a l i sotherm is dec ided ly not c u b i c i n vo lume , the result ( i n 
this case) of the large va lue of f c is to pos i t i on the ca l cu lated curve so 
that i t provides a " compromise fit" of the true isotherm. 

I t is dif f icult today to apprec iate the magn i tude of the advance that 
the R K equat ion represented at the t ime i t was deve loped . T o p u t this 
into perspect ive , I have i n c l u d e d i n F i g u r e 3 a n d T a b l e I I I curves a n d 
n u m e r i c a l values d e r i v e d f r om the equations of v a n der W a a l s a n d 
Berthe lot , t w o of the then-most -popular c u b i c equations of state. T h e 
results speak for themselves. 

I t soon became clear that the R K equat ion , despite its merits , was 
not rea l ly satisfactory for m a n y k inds of calculat ions. A major p r o b l e m 
w i t h the o r i g i n a l equat ion is that , i n its general ized f o r m , i t contains on ly 
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3. A B B O T T Cubic Equations of State 61 

Table III. The Critical Isotherm of Argon, as Calculated from the 
Redlich—Kwong, Berthelot, and van der Waals Equations 

Vr(calc) 

Redlich- van der Waals 
Yr(exp) Pr(exp) Kwong" and Berthelot" 

10 0.305 0.305 0.309 
5 0.538 0.540 0.552 
2.5 0.830 0.839 0.863 
1.667 0.970 0.968 0.984 
1.25 0.999 0.999 1.000 
1.0 1.000 1.003 1.042 
0.8333 1.00 1.060 1.337 
0.7145 1.10 1.267 2.301 
0.625 1.38 1.748 4.829 
0.5556 2.15 2.681 11.12 
0.50 4.00 4.336 28.85 
0.4545 7.80 7.157 113.6 

β For the R K equation, VT = 0.8737r(exp). 
>For the V D W and Berthelot equations, Vr = 0.776Fr(exp). 

t w o corresponding-states parameters : Tc a n d P c . T h u s , a l though the equa ­
t i o n performs re lat ive ly w e l l for the s imple fluids A r , K r , a n d X e ( for 
w h i c h ω = 0) , i t does not per f o rm w e l l for complex fluids w i t h nonzero 
acentric factor. A n early attempt at r e m o v i n g this di f f iculty was m a d e 
b y G . M . W i l s o n (7,8), w h o proposed a n e w expression for Θ: 

0w — 0.4275JÎ + (1.57 + 1.62ω) ( ~ - 1 | r r (24) 

E q u a t i o n 24 regenerates the c lassical value of 0 C = 0.4275 at T r = 1 a n d , 
since b is unchanged , the W i l s o n modi f i cat ion of the R K equat ion y ie lds 
a pure - component c r i t i c a l po in t for £ c = 1/3. T h e n u m e r i c a l values of 
the constants i n E q u a t i o n 24 were establ ished b y f o r c ing the equat ion of 
state to g ive reasonable values of the t e r m i n a l slope of the vapor-pressure 
curve , a quant i ty w h i c h correlates w i t h ω. A l t h o u g h E q u a t i o n 24 resul ts t 

i n a 6 w h i c h varies as T V 1 , n u m e r i c a l agreement w i t h exper imenta l 
values (at least for the s imple fluids) is sat is factory^n the range T r = 
0.7 to 1.5; outside this range, p red i c t ed values of Β are a lgebra ica l ly 
greater than those y i e l d e d b y the o r i g ina l equat ion . A n undes irable 
feature of E q u a t i o n 24 is that i t produces negative values for Θ at h i g h 
reduced temperatures. H o w e v e r , W i l s o n f o u n d that his modi f i cat ion gave 
satisfactory estimates of res idua l enthalpies a n d of b i n a r y v a p o r - l i q u i d 
e q u i l i b r i u m for several systems of p r a c t i c a l importance . 
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62 E Q U A T I O N S O F S T A T E 

B a r n e r et a l . ( 9 ) , i n an effort to p rov ide a s imple equat ion of state 
suitable for computat ion of vapor enthalpies, proposed another expres­
sion for Θ: 

Ô* - 04275 (1 t + ̂ 732J^/2) T*'m (25) 

E q u a t i o n 25 was deve loped f r om a n e m p i r i c a l representation of t h ^ 
second v i r i a l coefficient corre lat ion of P i t z e r a n d C u r l ( J ) ; parameter b 
was left unchanged at its c lassical va lue of 0.0866. Because of the sub­
stantial improvement i n the pred i c t i on of ê a n d its temperature derivatives 
for nons imple fluids, the B a r n e r modi f i cat ion of the R K equat ion gave 
i m p r o v e d estimates of enthalpy deviations for nonpo lar vapors a n d for 
vapor-phase mixtures of hydrocarbons . H o w e v e r , the n e w equat ion was 
unsui table for fugac i ty calculat ions. 

I n a significant departure f r om convent ional pract ice , C h u e h a n d 
Prausn i t z (11,12) proposed that the c r i t i c a l constraints on the R K equa ­
t i o n be re laxed, a n d that parameters b a n d ® c be treated as e m p i r i c a l 
constants, de termined separately for the l i q u i d phase a n d for the vapor 
phase of a g iven substance. T h e convent ional R K expression for Θ ( Γ ) 
was reta ined; the app l i ca t i on was to v a p o r - l i q u i d e q u i l i b r i u m calculat ions , 
i n w h i c h the vapor-phase vers ion of the equat ion was used for c o m p u t a ­
t i on of vapor-phase fugac i ty coefficients, but i n w h i c h the l i qu id -phase 
vers ion was used on ly for P o y n t i n g corrections. T h u s , they proposed that 

( S1 ( l iquid) 
\ by (vapor) 
( Θο1 ( l iquid) 
\ ê c

v (vapor) 

Best values for b a n d § c were de termined b y regression of p u r e - c o m ­
ponent vo lumetr i c data for saturated l i q u i d s a n d vapors. T h e procedure 
was a p p l i e d to 19 fluids, a n d the results are an interest ing ind i cator of 
the l imitat ions of the two-parameter , general ized vers ion o f^the R K 
equat ion i n the saturation region. C h u e h a n d Prausn i tz f o u n d b a n d © c 

to be different f r o m their c lassical values (but of the same orders of 
m a g n i t u d e ) , different for different substances, a n d different for the l i q u i d 
a n d vapor phases of a g iven substance. Moreover , trends emerged : bl 

tended to decrease w i t h increas ing ω, w h i l e £ v showed the opposite effect; 
s imi la r ly , <s)c

l t ended to decrease w i t h ω, w i t h ê c
v exh ib i t ing the opposite 

t rend . 
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3. A B B O T T Cubic Equations of State 63 

T h e n e w ideas exposed i n these studies ( a n d i n a f e w others l ike 
t h e m ) insp i red great act iv i ty i n the modi f i cat ion of the R K equat i on : 
parameters a a n d b were treated as functions of temperature ; various 
constraints on the equat ion were re laxed; n e w ones were added ; a n d 
m a n y extensions to mixture behavior were proposed. T h i s p e r i o d ( 1 9 6 7 -
1977) m a y be w e l l r emembered as the R e d l i c h - K w o n g Decade . I n the 
midst of a l l this , Soave (13) p u b l i s h e d a R K var iant w h i c h appeared to 
be a great improvement over other versions. N o t surpr is ing ly , the idea 
b e h i n d the n e w var ia t i on was a twist o n a n o lder one—the one explo i ted 
b y W i l s o n i n 1964. 

Soave reasoned, as h a d W i l s o n , that i f an equat ion of state is to be 
used for V L E calculat ions, then one should require that i t also represent 
pure-component V L E data ; that is , that vapor-pressure in format ion for 
pure substances should somehow be b u i l t into the equat ion . W i l s o n h a d 
done this ind i rec t ly , t h r o u g h the l i m i t i n g slope of the vapor-pressure 
curve ; Soave d i d i t more d i rec t ly , b y f o r c ing the equat ion to reproduce 
exper imental vapor pressures of p u r e A n o n p o l a r substances at T r = 0.7. 
Soave reta ined the c lassical va lue of &, b u t he represented his values of 
Θ b y a better-behaved func t i on : 

â 8 — 0.4275 [1 + (0.480 + 1.574ω - 0.776ω 2) (1 - Ττ
ί/2) ] 2 (26) 

Va lues of 1? for s imple fluids generated b y the Soave equat ion are 
prac t i ca l l y i dent i ca l w i t h those c o m p u t e d f r o m W i l s o n s equat ion u p to 
TT = 1. A t supercr i t i ca l temperatures, however^ they are i n m u c h better 
agreement w i t h experiment than are W i l s o n s B's. F o r ω = 0, E q u a t i o n 
26 produces a zero va lue of ^ at Tr = 9.51; above this temperature , Θ 
increases w i t h T r . T h i s anomalous behav ior at very h i g h T r leads to errors 
i n the representation of V L E for hydrogen - conta in ing systems; rev ised 
expressions for 0 S have been deve loped for hydrogen . [See A d l e r et a l . 
( 14) for a br ie f d iscussion of w o r k done at P e n n s y l v a n i a State U n i v e r s i t y 
i n eva luat ing a n d m o d i f y i n g the Soave equat ion for the p r e d i c t i o n of 
V L E . ] 

O f the R K variants w h i c h have rece ived extensive testing, Soave s 
equat ion appears to be one of the very best proposed to date. A s l o n g 
as one deals w i t h systems conta in ing hydrocarbons a n d certa in l i ght 
gases (e.g., N 2 , C 0 2 , a n d H 2 S ) , i t provides acceptable predict ions of gas 
densities, gas-phase enthalpy deviat ions, a n d V L E (15). I t does not 
y i e l d good estimates of l i q u i d densities, however , a n d i t is this short­
c o m i n g w h i c h p r o m p t e d the recent development of the last of the m o d e r n 
c u b i c equations to be treated i n this chapter . 

Soave's equat ion predicts l iqu id -phase mo lar volumes w h i c h are too 
large; the deviations are greatest for substances w i t h large ω (i .e. , w i t h 
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64 E Q U A T I O N S O F S T A T E 

s m a l l Z c ) . P e n g a n d R o b i n s o n (16) reasoned that this results f r o m the 
large va lue of £ c = 1 /3 imposed u p o n the R K equat ion b y the c r i t i c a l 
constraints, a n d they sought a s imple f o r m of the c u b i c equat ion , c o m ­
parab le i n accuracy w i t h Soave's equat ion , but w i t h a smal ler va lue of £ c . 
T h e expression they deve loped can be w r i t t e n as 

T h e P e n g - R o b i n s o n equat ion is recoverable f r o m E q u a t i o n 1 b y the 
assignments 

Parameter b is treated as a constant for a g iven mater ia l , b u t Θ is a 
func t i on of Γ, to be determined . ^ A p p l i c a t i o n of E q u a t i o n s 16, 17, a n d 
18 y ie lds the values f c — 0.30740, b — 0.07780, a n d ® c — 0.45725. 

A n expression for Θ was deve loped for E q u a t i o n 27 b y a procedure 
s imi lar to that f o l l o w e d b y Soave, a n d a corre lat ion of i dent i ca l func t i ona l 
f o r m was ob ta ined : 

0 P R = 0.45725 [1 + (0.37464 + 1.54226ω - 0.26992ω 2) (1 - Τ Γ
1 / 2 ) ] 2 (28) 

P e n g a n d R o b i n s o n report the results of comparisons of the ir equat ion 
w i t h Soave's. T h e y find that the two equations g ive s imi lar values for 
gas densities a n d gas-phase enthalpy deviations, but that the P e n g -
R o b i n s o n equat ion y ie lds i m p r o v e d corre lat ion of pure -component vapor 
pressures a n d better estimates of l i q u i d densities. 

Extensions to Mixtures 

A l t h o u g h equation-of-state b u i l d i n g normal ly proceeds b y consider­
i n g the propert ies of p u r e fluids, a c tua l app l i ca t i on is usua l ly to the 
est imation of properties of mixtures , or of species i n so lut ion. A complete 
catalog of approaches to mixtures adopted b y past a n d present invest i ­
gators w o u l d be inappropr iate here; good discussions are g iven b y R e i d 
et a l . ( 1 5 ) . W h a t fo l lows is a summary evaluat ion a n d p a r t i a l justi f ication 
of the methods w h i c h appear to be i n current favor, a n d w h i c h seem most 
l i k e l y to be used i n future appl icat ions of cub i c equations of state to 
mix ture calculat ions . 

®(T) 

V2 + 2bV - b2 

Θ = Θ ( Γ ) 

η = b 

δ = 26 
(27) 
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3. A B B O T T Cubic Equations of State 65 

T h e most d irect extension of a n equat ion of state to mixtures is 
t h r o u g h us ing m i x i n g rules for the parameters. These are recipes (usua l ly 
e m p i r i c a l ) w h i c h relate mixture parameters to (a ) composi t ion , ( b ) 
pure -component parameters, a n d (poss ib ly ) ( c ) a d d i t i o n a l parameters 
in tended to characterize interactions a m o n g un l ike molecu lar species. 
O n l y a f e w types of m i x i n g rules have ga ined w i d e acceptance for use 
w i t h c u b i c equations; they a l l m a y be cons idered spec ia l cases of the 
general quadrat i c m i x i n g ru le 

7 T m — ΣΣχίχρτα (29) 

H e r e , irm is the va lue of parameter π for a mixture , a n d the quant i ty 
TTij characterizes interactions between species i a n d /. I f / = i , then ττί;· =• 
ira ( == τΐ% ) , the parameter for pure i . O n c e a scheme is devised for assign­
ment of numbers to pure -component parameters , the va lue of π< is 
unambiguous . 

T h e dif f iculty i n the app l i ca t i on of E q u a t i o n 29 is i n the assignment 
of values to w h e n i ^ /. W h i l e such a parameter is sa id to represent 
the effects of un l ike -pa i r interactions, i t is often diff icult to give this idea 
a clear p h y s i c a l or mathemat i ca l statement. T h u s one usua l ly resorts to 
c ombinat i on rules, w h i c h relate 7 r i ; to the pure-component parameters a n d 
(poss ib ly ) to an e m p i r i c a l interact ion parameter , a n u m b e r ( b y opt imist i c 
def init ion ) usual ly either of order zero or of order un i ty . 

I f w e adopt an arithmetic -average c ombinat i on ru le 

7TtJ - V4 (in + ws) (30) 

then E q u a t i o n 29 reduces to a l inear m i x i n g r u l e : 

?rm = Σχΐ^ί (31) 

I f instead w e adopt a geometric-average combinat i on ru le 

( W % (32) 

then E q u a t i o n 29 reduces to the m i x i n g r u l e : 

7 r m = ( £ W ) 2 (33) 

E q u a t i o n s 31 a n d 33 bo th have the desirable feature of p r o d u c i n g mixture 
parameters f rom pure-component parameters alone. T h e y also have the 
unfortunate disadvantage ( w h e n , e.g., a p p l i e d to parameter Θ ) , of often 
y i e l d i n g less-than-adequate results, except w h e n used for systems con­
t a i n i n g s imi lar c h e m i c a l species. 
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66 E Q U A T I O N S O F S T A T E 

W h a t n o w seems to be convent ional pract i ce i n this area c a n be 
s u m m a r i z e d brief ly. V i r t u a l l y a l l investigators assume a l inear m i x i n g 
ru le for parameter b 

b m = ΣΧΑ (34) 

b u t re ta in the general quadrat i c m i x i n g ru le for Θ: 

®m= Σ Σ ^ Λ (35) 

T h i s approach i n fact has a reasonable basis, a basis suggested b y E q u a ­
t i o n 3a. I f the cub i c equat ion is to be use fu l at l o w densities, then the 
compos i t ion dependence of its parameters should be compat ib le w i t h that 
of the second v i r i a l coefficient, w h i c h is k n o w n to be quadrat i c i n the 
mole fractions. T h u s , i f bm is assumed l inear i n composi t ion , then © r o 

shou ld be quadrat i c i n compos i t ion . 
H a v i n g adopted E q u a t i o n 35 for 0 m , one s t i l l must p rov ide means for 

est imat ing Θ ί ; . N e i t h e r of the s imple combinat i on rules E q u a t i o n 30 or 
32 suffice; however , bo th of them serve as reasonable points of departure . 
M o d e r n pract i ce seems to favor us ing E q u a t i o n 32, modi f ied b y i n c l u d i n g 
a n interact ion parameter fc^: 

® « - d (36) 

T h e ca l cu lat ion of ® m thus reduces to est imat ing values of k{j for each 
p a i r of species. B y convent ion , = 0 i f i = /; i f i ^ j, then k^ is (usually) 
a sma l l number , w h i c h m a y be either posi t ive or negative. O n e possible 
di f f iculty w i t h E q u a t i o n 36 must be noted. Because of the square-root 
operat ion i n the combinat i on ru le , values for the pure-component ®'s 
must be so constrained as to a lways y i e l d posit ive values for the Θ# for 
a l l ant i c ipated ranges of Tr a n d ω. 

T h e result of a ca l cu la t i on can be qu i te sensitive to the values for 
the kij. A l t h o u g h these quantit ies can be correlated at t imes against 
combinat ions of properties for pure species i a n d / (e.g., c r i t i ca l -vo lume 
ra t i o s ) , they are best treated as p u r e l y e m p i r i c a l parameters , values of 
w h i c h are ( i d e a l l y ) " b a c k e d out" of good exper imental mixture data for 
the type of proper ty w h i c h is to be represented. T h u s , i f accurate 
ca l cu lat ion of low-to-moderate-pressure vo lumetr i c propert ies is r e q u i r e d , 
then the k{j c o u l d be est imated f r om avai lab le data o n mixture second 
v i r i a l coefficients for the constituent binaries . A l t e rnat ive ly , i f a p p l i c a t i o n 
to mul t i component V L E calculat ions is envis ioned, then the k{j w o u l d be 
best est imated f r o m avai lable V L E data on the constituent binaries . ( I t 
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3. A B B O T T Cubic Equations of State 67 

shou ld be noted that , b y assumption, no more t h a n b i n a r y data are 
needed to complete ly characterize a mul t i component system v i a the 
methods out l ined here.) 

M i x i n g rules for the r e m a i n i n g equation-of-state parameters (77, δ, 
a n d c) m a y be rat iona l i zed i n several ways . I f these parameters are zero, 
or i f they are specif ied functions of b (see some of the spec ia l cases l i s ted 
i n T a b l e I ) , then there is no dif f iculty. I f they are regarded as complete ly 
independent parameters, then E q u a t i o n s 3b a n d 3c offer some guidel ines . 
T h e t h i r d v i r i a l coefficient C is cub i c i n composi t ion ; i f b is l inear a n d Θ 
is quadrat i c i n composi t ion , then E q u a t i o n 3b suggests that η a n d δ be 
l inear functions of composi t ion . S i m i l a r examinat ion of E q u a t i o n 3c 
suggests that parameter c be at worst quadrat i c i n composit ion. I n fact, 
c o m m o n sense is p r o b a b l y the best guide here, for i f one assumes a 
general quadrat i c dependence of c on composi t ion , then he is faced w i t h 
the prospect of def ining ( a n d eva luat ing ! ) a w h o l e n e w class of interact ion 
parameters , e.g., where 

T h e accuracy inherent i n a cub i c equat ion of state c a n h a r d l y justi fy 
u s i n g two sets of interact ion parameters. T h u s the on ly reasonable 
procedure w i t h c is to use E q u a t i o n 29 i n conjunct ion w i t h either of the 
s imple combinat i on rules, E q u a t i o n 30 or 32, y i e l d i n g the alternat ive 
m i x i n g rules 

If c is observed to assume negative values ( a n d i t m a y w e l l , for i t is a 
" f ine - tuning" parameter , subject to no neat p h y s i c a l interpretat ion or 
spec ia l constra int ) , then the last equat ion is c lear ly inappropr iate . 

W e therefore arr ive at the f o l l o w i n g prov i s i ona l set of m i x i n g rules 
for η, δ, a n d c, w h i c h are useful i n the absence of any assumed re la t i on ­
ships among b, η, δ, a n d c: 

c y - (1 - l i ; - ) 

or 

(37) 

(38) 

(39) 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

03



68 E Q U A T I O N S O F S T A T E 

E q u a t i o n s 34 t h r o u g h 39 constitute a ra t i ona l set of m i x i n g rules , based 
i n par t u p o n the accumulated experience of m a n y investigators w i t h 
spec ia l cases of the cub i c equat ion . A l t h o u g h the rules are reasonable, 
a n d i n some cases (no tab ly for b) have even been accorded theoret ica l 
signif icance, they must be regarded i n fact as no more than use fu l 
empir i c i sms , for the cub i c equat ion itself is no more t h a n a use fu l (a lbe i t 
often surpr is ing ly p o w e r f u l ) approx imator of rea l - f lu id behavior . 

Conclusion 

V i r t u a l l y a l l m o d e r n efforts at dev i s ing better versions of the cub i c 
equat ion of state have been either d i rec t ly or i n d i r e c t l y insp i red b y the 
example of the R K equat ion . H e n c e , m a n y experts rout ine ly l a b e l any 
n e w cub i c equat ion as another var ia t i on on the R K equat ion . Some are, 
a n d some are not, b u t the att i tude is expressed often enough that one 
w e l l m i g h t ask i f there are possibi l i t ies for signif icant advances w i t h i n the 
cub i c equat ion f ramework . T h e answer is p r o b a b l y a qual i f ied " y e s " — 
qual i f i ed because one must approach such efforts w i t h a n apprec ia t i on of 
w h a t a c u b i c equat ion can a n d cannot do. 

T h e r e undoubted ly exists a best ( a n d as yet undiscovered) c u b i c 
equat ion of state, but best on ly i n a coarse statist ical sense. S u c h a n 
equat ion , constructed so as to avo id mani fest ly unreasonable predic t ions 
of a l l possible thermodynamic propert ies of interest, p r o b a b l y w o u l d 
not produce rea l ly adequate estimates of any single proper ty (except 
perhaps over very l i m i t e d ranges of the variables of state) . T h e search 
for this equat ion , i f successful, w o u l d y i e l d an expression of l i m i t e d 
usefulness as a cub i c equat ion . [It c o u l d , of course, p r o v i d e the basis 
for more precise, noncub i c expressions, obta ined e.g. b y c o u p l i n g the 
c u b i c equat ion w i t h dev iat ion functions (see, e.g., G r a y et a l . (17) a n d 
R e d l i c h ( 1 8 ) ) . ] 

T h e r e is , however , r oom for possible advancement i n the area of 
special -purpose cub i c equations, equations deve loped for use i n a p a r ­
t i cu lar k i n d of ca l cu lat ion over a we l l -de f ined range of variables . I f one 
relaxes the c r i t i c a l constraints, e.g., the cub i c equat ion gains considerable 
flexibility. T h u s C h a u d r o n et a l . (19) a n d Simonet a n d B e h a r (20) have 
deve loped unconstra ined modif ications of the R K equat ion , i n w h i c h b o t h 
Θ a n d b are treated as functions of Tr a n d ω; good results are c l a i m e d for 
representation of vo lumetr i c properties over w i d e ranges of condit ions. 

A l l equations of state have inherent advantages a n d l iab i l i t i es . I n 
m a n y i n d u s t r i a l appl icat ions , w h e r e repet i t ive calculat ions are the ru le 
a n d where one t y p i c a l l y deals w i t h systems conta in ing large numbers of 
c h e m i c a l species, a p r a c t i c a l balance must be struck between accuracy 
o n the one h a n d , a n d s i m p l i c i t y a n d genera l i zab i l i ty on the other. T h e 
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3. A B B O T T Cubic Equations of State 69 

cub i c equations, despite the ir shortcomings, meet this requirement , a n d 
w i l l cont inue to enjoy their current p o p u l a r i t y u n t i l appropr iate subst i ­
tutes are f ound . 

Glossary of Symbols 

B, C, D = v i r i a l coefficients 
b, Θ, η, δ, c = parameters i n E q u a t i o n 1 

£ c = apparent c r i t i c a l compress ib i l i ty factor 
kij = an interact ion parameter (see E q u a t i o n 36) 
Ρ = pressure 
7Γ = general s y m b o l for a n equation-of-state parameter 
R = gas constant 
p = molar density 
Τ = absolute temperature 
V = mo lar vo lume 
Xi = mole f ract ion of species i 
Ζ = compress ib i l i ty factor Ξ PV/RT 
ω = acentric factor 

Subscripts, Superscripts, etc. 

c, c r = c r i t i c a l state 
( ca l c ) = denotes a ca lcu lated va lue 
( exp ) = denotes a n exper imental va lue 

i, j = identifies species i , j 
1 = denotes the l i q u i d state 

m = denotes a mixture proper ty 
r r educed value of F , V , T , or ρ 
ν = denotes the vapor state 
Λ = dimensionless ( r educed ) quant i ty 
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Effective Molecular Diameters for Fluid 

Mixtures 

JAMES I. C. CHANG, FRANK S. S. HWU, and THOMAS W. LELAND 

Department of Chemical Engineering, Rice University, 
P.O. Box 1892, Houston, TX 77001 

A general method of predicting the effective molecular 
diameters and the thermodynamic properties for fluid mix­
tures based on the hard-sphere expansion conformai solution 
theory is developed. The method of Verlet and Wets pro­
duces effective hard-sphere diameters for use with this 
method for those fluids whose intermolecular potentials are 
known. For fluids with unknown potentials, a new method 
has been developed for obtaining the effective diameters 
from isochoric behavior of pure fluids. These methods have 
been extended to polar fluids by adding a new polar excess 
function, to account for polar contributions in a mixture. A 
new set of pseudo parameters has been developed for this 
purpose. The calculation of thermodynamic properties for 
several fluid mixtures including CH4-CO2 has been carried 
out successfully. 

Applications of Equations of State for Hard Spheres 

*~phe development of an accurate equat ion of state for mixtures of h a r d 
- ' - spheres ( I ) has l e d to significant improvements i n the computat i on 

of thermodynamic properties of mixtures , b o t h t h r o u g h the development 
of n e w equations of state (2 ) a n d f r o m i m p r o v e d conformai so lut ion 
techniques ( 3 ) . Propert ies p r e d i c t e d b y these methods, however , are 
extremely sensitive to the n u m e r i c a l values assigned to the molecu lar 

0-8412-0500-0/79/33-182-071$06.25/l 
© 1979 American Chemical Society 
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72 E Q U A T I O N S O F S T A T E 

diameters a n d this chapter reports a n e w procedure for the ir de termina ­
t i on i n actual rather than theoret ical fluids. T h e method is app l i cab le to 
mixtures w h i c h conta in b o t h po lar a n d nonpo lar components . 

It is important to rea l ize that the diameters needed for thermo­
d y n a m i c calculations do not necessarily represent a true m i n i m u m at ta in ­
able separation distance between molecules. T h e objective is rather to 
determine o p t i m a l or "effective" diameters w h i c h give best results w h e n 
used w i t h a par t i cu lar m e t h o d of dea l ing w i t h the contr ibutions of 
mo lecu lar attract ion. I n this chapter the effective diameters sought are 
to be used speci f ical ly w i t h the hard-sphere expansion ( H S E ) con formai 
so lut ion theory of M a n s o o r i a n d L e l a n d ( 3 ) . T h i s theory generates the 
proper pseudo parameters for a pure reference fluid to be used i n 
p r e d i c t i n g the excess of any dimensionless property of a mixture over 
the ca lcu lated va lue of this proper ty for a hard-sphere mixture . T h e 
value of this excess is obta ined f rom a k n o w n value of this type of excess 
for a pure reference fluid evaluated at temperature a n d density condit ions 
made dimensionless w i t h the pseudo parameters. F o r example, i f X M 
represents any dimensionless property for a mixture of η nonpo lar con­
stituents at mole fractions xu x2, . . . xn-i at temperature Τ a n d density 
P, then : 

ρ, Χι, Xo, . . · Xn - 1 ) = XlISM {pdZ\\, pd322, · · · %1) X2> · · · %n-l) 

+ XREp(fcr / c , Pd*) - X n s ( p 3 3 ) . (1) 

I n E q u a t i o n 1 X H S M is the va lue of X for a hard-sphere mixture of d i a m ­
eters du, d22 . . · etc., a n d X I I S is the va lue of X for a pure hard-sphere 
fluid w i t h d iameter d. T h e va lue of X H s is ca l cu lated f rom the C a r n a h a n -
Star l ing ( C S ) equat ion (4). X R E F represents the va lue of X as obta ined 
f rom a reduced equat ion of state for the pure reference fluid evaluated at 
Γ a n d ρ made dimensionless b y the pseudo parameters c a n d d3. 

Several important pr inc ip les concerning the determinat ion of effective 
diameters for real fluids can be established b y examin ing methods of 
ob ta in ing them for theoret ical fluids w i t h exactly k n o w n potentials . 

Effective Diameters for Perturbation Theories 

A theoret ical basis for the computat ion of effective hard-sphere 
diameters is n o w w e l l deve loped for the per turbat ion theory. Its n u m e r i ­
ca l evaluat ion requires exact knowledge of the intermolecu lar potent ia l 
so that the method is not immedia te ly app l i cab le to r ea l molecules for 
w h i c h this potent ia l is usual ly u n k n o w n . Desp i te this dif f iculty, the 
pr inc ip les i n v o l v e d are important i n des ign ing a procedure for rea l mole ­
cules w i t h the H S E theory. 
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4. C H A N G E T A L . Molecuhr Diameters for Fluid Mixtures 73 

T h e pseudo parameters of the H S E theory are d e r i v e d f r om a n 
equat ion of state expanded i n powers of 1/kT about a hard-sphere fluid, 
as is deve loped b y the per turbat ion theory. Consequent ly , i t is reasonable 
to expect that procedures for def ining o p t i m a l diameters for the p e r t u r b a ­
t i on theory should w o r k w e l l w i t h the H S E procedure . T h e first p o r t i o n 
of this chapter shows that this is indeed correct. T h e V e r l e t - W e i s ( V W ) 
(5 ) modi f i cat ion of the W e e k s , C h a n d l e r , a n d A n d e r s o n ( W C A ) (6 ) 
procedure was used here to determine diameters i n a mix ture of L e n -
n a r d - J o n e s ( L J ) ( 1 2 - 6 ) fluids. These diameters then were used i n the 
H S E procedure to pred i c t the mixture propert ies . 

T h e V W diameters are defined as : 

d = d B |\+ (^j 8vw] (2) 

T h e dB t e rm is the B a r k e r - H e n d e r s o n ( B H ) (7 ) d iameter : 

d B = f ° ° [ l - e ^ ] d r (3) 
J ο 

where u0 is the repuls ive por t i on of the intermolecular potent ia l 

a n d 

σ ι 1 - (174) b + 1.362 b2 - 0.8751 bs 

w h e r e : 

2σ 0 ( 1 - b ) 2 
(5) 

6 - | ( p d » ) I 1 -^(pd3) I (6) 

T h e so lut ion of these equations for d requires an i terat ion, usua l ly us ing 
the B H diameter as a first t r i a l . 

T h e B H diameter is des igned to inc lude temperature-dependent , 
soft-repulsion contr ibut ions i n the hard-sphere equat ion of state. T h e 
W C A procedure also does this a n d further modifies the d iameter to be 
the proper va lue w h e n us ing a hard-sphere d i s t r ibut i on funct ion i n 
per turbat i on terms due to attract ion. T h e V W procedure corrects the 
W C A result for some of the l imitat ions of the P e r c u s - V e v i c k ( P Y ) 
approx imat ion a n d expresses the result i n a s imple a lgebraic f orm. A 
table of dB and 8 V w values is g iven so no integrat ion is r equ i red . 
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74 E Q U A T I O N S O F S T A T E 

Use of Yerlet—Weis Diameters in the HSE Procedure 

T a b l e I , i n the c o l u m n headed H S E - V W , shows the results of us ing 
E q u a t i o n s 2 through 6 to define the diameters w i t h the H S E method to 
calculate the properties of an equ imolar mixture of L J fluids. T h e 
reference is a pure L J fluid. O t h e r co lumns show compar ison w i t h the 
machine -ca l cu lated results of Singer a n d Singer (8) i n c o l u m n M C . T h e 
v a n der W a a l s ( V D W ) one- f luid theory (9 ) a n d the V D W two - f lu id 
theory (10) are i n co lumns V D W - 1 a n d V D W - 2 . T h e G H B L c o l u m n 
gives the G r u n d k e , H e n d e r s o n , B a r k e r , L e o n a r d ( G H B L ) (11) p e r t u -
bat i on theory results w i t h each d iameter determined b y E q u a t i o n 3. 

T h e c o l u m n headed H S E uses an approx imat ion made or ig ina l ly b y 
M a n s o o r i a n d L e l a n d (3) that the d iameter used i n the h a r d sphere 
equations of state is ο0σ, the L J σ parameter for each molecule m u l t i p l i e d 
b y a un iversa l constant for conformai fluids. T h i s approx imat i on then 
requires that di} be rep laced b y σ ί ; i n the equations def in ing the H S E 
pseudo parameters , E q u a t i o n s 10 and 11. T h e results i n the H S E c o l u m n 
use c0 = 0.98, the va lue for L J fluids obta ined e m p i r i c a l l y b y M a n s o o r i 
a n d L e l a n d . T h i s procedure is correct on ly for a K i h a r a - t y p e potent ia l 
a n d i t is not consistent w i t h the L J fluids i n T a b l e I . F u r t h e r m o r e , this 
causes only the h i g h temperature l i m i t of the repuls ion effects to be 
i n c l u d e d i n the hard-sphere ca lculat ion . Soft repulsions are pred i c t ed b y 
the reference fluid. 

I n c o m p a r i n g the last two co lumns, one can see that the density-
dependent V W diameters, w h i l e perhaps not the o p t i m a l values for the 
H S E theory, are a n d better than the constant c0a va lue a n d a temperature 

T a b l e I . C a l c u l a t e d Propert ies 

Q j / «12 Property MC VdW-j 
vu/ σ ΐ 2 = 1.06 

0.810 0.305 0.334 
HE/mr 0.34 0.35 
VE - 1 . 2 9 - 1 . 3 9 

0.900 GE/mr 0.105 0.114 
HE/mr 0.15 0.15 
VE - 0 . 4 1 - 0 . 5 4 

1.000 G E / N f c 7 7 - 0 . 0 0 5 - 0 . 0 1 1 
H*/mT 0.03 
VE 0.02 - 0 . 1 8 

1.111 GE/mr - 0 . 0 3 0 - 0 . 0 4 4 
/ / • V N f c T - 0 . 0 5 - 0 . 0 8 9 
γε - 0 . 1 0 - 0 . 2 7 

1.235 GE/NkT 0.040 0.014 
HE/mT - 0 . 1 0 - 0 . 1 2 
VE/~NkT - 0 . 6 8 - 0 . 8 1 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 75 

a n d density dependence is definitely needed. These co lumns also show 
the importance of def ining a diameter w h i c h accounts for a l l the repuls ion 
effects i n the fluid. 

T a b l e I shows that the H S E theory is m u c h better than either of the 
V D W theories, w h i c h justifies the d irect computations of the hard-sphere 
contr ibut ions as opposed to the ir p red i c t i on b y the reference fluid as is 
the case w i t h the V D W theories. F u r t h e r m o r e , der ivat ion of the H S E 
pseudo parameters considers (1/kT)2 terms i n the expansion about h a r d -
sphere properties , whereas i n the V D W theories the expansion is t r u n ­
cated after the first order 1/kT t e rm and a l l of the repuls ion propert ies of 
the fluid are pred i c ted b y the reference fluid. T h e importance of i n c l u d i n g 
the second order (1/kT)2 terms is ind i ca ted b y the excellent results of 
the H S E - V W method for the enthalpy , i n that this proper ty is m u c h 
less dependent on the choice of the d iameter a n d the hard-sphere 
contr ibut ion . 

T h e G H B L per turbat ion procedure is r emarkab ly accurate a n d the 
H S E - V W method is only s l ight ly better i n its overa l l agreement w i t h the 
machine -ca l cu lated results. T h i s comparison is not complete ly v a l i d i n 
that the con formai solution theory uses p u r e component data w h i l e i n 
the per turbat ion theory each term is ca lcu lated f rom molecular parameters. 

The HSE Procedure for Mixtures of Polar and Nonpolar Molecules 

O n e of the advantages of the H S E procedure is that contr ibut ion 
f rom intermolecular attract ion can be pred i c t ed more accurately i f i t 
consists p r i m a r i l y of long-range interactions, w h i l e very short-range inter -

of an Equimolar L J Mixture 

VdW-2 GHBL HSE VW-HSE 

^22/&i2 = 1-06 
0.236 0.271 0.280 0.316 
0.24 0.27 0.28 0.34 

- 1 . 1 3 - 1 . 3 9 - 1 . 2 7 - 1 . 2 1 
0.073 0.095 0.110 0.119 
0.09 0.12 0.15 0.16 

- 0 . 4 7 - 0 . 4 8 - 0 . 4 7 - 0 . 3 9 
- 0 . 0 0 7 - 0 . 0 0 6 0.01 0.01 

- 0 . 0 1 4 0.02 0.043 
- 0 . 1 8 - 0 . 0 8 - 0 . 0 1 - 0 . 0 2 
- 0 . 0 0 6 - 0 . 0 3 3 - 0 . 0 4 - 0 . 0 1 8 
- 0 . 0 3 - 0 . 0 5 0 - 0 . 0 7 - 0 . 0 4 
- 0 . 2 1 - 0 . 1 2 - 0 . 2 6 - 0 . 0 6 

0.077 0.014 0.019 0.039 
- 0 . 0 7 3 - 0 . 0 7 - 0 . 0 6 7 

- 0 . 5 7 - 0 . 6 1 - 0 . 6 7 - 0 . 5 5 
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76 E Q U A T I O N S O F S T A T E 

act ion effects are removed a n d evaluated i n a separate computat ion . T h i s 
is the case for mixtures conta in ing polar molecules where the longer-range 
interactions are suitable for expansion i n spher ica l harmonics a n d their 
mul t ipo l e coefficients, the d ipo le and quadrapo le moments , are exper i ­
menta l ly accessible. T h i s is not the case for the shorter-range asymmetr i c 
interactions i n v o l v i n g the overlap coefficient a n d nonisotropic p o l a r i z a -
b i l i t y . T h e contr ibutions of these to the potent ia l are propor t i ona l to 
inverse separation distances to powers of f rom 12 to 24. These are 
comparable w i t h the 1 / r dependence of repuls ion potentials a n d the 
results are s impl i f ied a n d i m p r o v e d i f an effective d iameter can be f o u n d 
to inc lude these short-range asymmetr ic effects i n the hard-sphere 
ca lcu lat ion . 

F o r mixtures conta in ing po lar molecules the most effective route to 
thermodynamic properties is to determine first the m o l a l res idua l H e l m -
ho l tz free-energy funct ion A, w h e r e : 

T h i s occurs because the contr ibut ion f rom the asymmetr ic por t i on of 
the potentials is more convenient ly ca l cu lated for this property . O t h e r 
functions c a n be obta ined f rom it b y di f ferentiation. F o r example , the 
compress ib i l i ty factor is 

T h e o r i g i n a l der ivat ion of the H S E procedure (3) can easily be 
extended to inc lude po lar components b y cons ider ing that the excess 
over hard-sphere properties can be d i v i d e d into t w o portions for the 
mixture a n d for a pure reference fluid. T h e first inc ludes the contr ibut i on 
of the symmetr i c excess f r om a l l nonpo lar interactions p lus the l ead ing 
symmetr i c contr ibut ions i n a n expansion i n spher ica l harmonics for each 
interact ion i n v o l v i n g a po lar molecule . T h e second por t i on of the excess 
is the contr ibut ion of the asymmetr ic par t of a l l interact ion potentials . 

T h e expansion of potentials i n spher ica l harmonics a n d the resu l t ing 
contr ibut ion to thermodynamic propert ies were i n i t i a l l y presented b y 
Pop le (12) a n d more recently deve loped i n further studies (13,14). T h e 
equat ion p r o d u c e d for the excess over hard-sphere properties shows that 
the first-order per turbat ion coefficient (1/kT) involves on ly the symmetr i c 
por t i on of a l l potentials . T h e asymmetr ic contr ibut ions first appear i n the 
coefficient of the second-order (1/kT)2 t e rm w h e r e they are w e i g h t e d 

(7) 

(8) 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 77 

b y the d i s t r ibut ion functions for molecules w h i c h have on ly symmetr i c 
potentials . Consequent ly , the d i s t r ibut ion functions for the mixture s t i l l 
can be represented b y the mean density approx imat i on : 

T h i s assumption means, as i n the o r ig ina l der ivat ion , that coefficients 
of l ike powers of (1/kT) w h i c h invo lve p a i r interactions can be m a d e 
e q u a l i n the mixture a n d i n the reference b y the proper choice of the 
pseudo parameters. E q u a t i n g these coefficients of (1/kT) a n d (1/kT)2 

i n the symmetr i c potent ia l por t i on of each excess gives the same 
pseudo parameters as the o r i g i n a l theory, E q u a t i o n s 10 a n d 11. T h e 
asymmetr ic excess has no coefficients of (1/kT) a n d equat ing the coeffi­
cients of (1/kT)2 that arise f rom p a i r interactions results i n E q u a t i o n s 
12, 13, a n d 14. Some coefficients of (1/kT)2 terms i n b o t h the symmetr ic 
a n d i n the asymmetr ic excesses arise f r om three-body interactions. I n 
the symmetr ic excess these c a n be equated i n mixture a n d reference 
i n t r o d u c i n g three-body potent ia l parameters, m a k i n g a superposi t ion 
approx imat ion for the tr ip let d i s t r ibut ion funct ion , a n d equat ing t h e m 
i n mixture a n d reference. E r r o r s are not serious i f one s i m p l y assumes 
that the three-body effects i n mixture a n d reference are rough ly c o m ­
parable w i t h o u t a n e w parameter to force them to be equal . I n the 
asymmetr ic excess, however , there are three-body coefficients i n the 
mixture w h i c h have no counterpart i n the pure asymmetr ic excess. These 
cannot be accounted for i n the theory. 

T h e pseudo parameters are as fo l l ows : 

(r, T, p, x i , s 2 · . .Xn-i (9) 

(10) 

ΣΪ) Xi Xj ^ij^ d{j3 

(ID 

i 3 

T o obta in pseudo c r i t i c a l values V C P a n d T C P rep lace : 

di}
3 w i t h [ψ ί Γ Vci + <j>jr Vci] I 

c« withe, V Tci eir Tcj θβ 
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78 E Q U A T I O N S O F S T A T E 

where 0ir a n d φ ί Γ are shape factors w h i c h a l l o w fluid i to be p r e d i c t e d b y 
reference fluid r w h e n the two fluids are nonconformal . 

Q W Ç Ç * „ ( ^ ) ( 1 2 ) 

W ) ^ # E E I J I ; ^ J (13) 

μ* = ά 3 Σ Σ χ ί Χ ί ( ^ ^ (14) 

F r o m the pseudo c r i t i c a l parameters the excess res idua l H e l m h o l t z 
func t i on for this mix ture i s : 

Α™ = [Α ( P d 3 , ^ ) ~ A™(Pd*)~^ (15) 

od3 

T h e first bracketed t e rm is the symmetr i c excess w h i c h is p r e d i c t e d 
exactly as the excess i n E q u a t i o n 1. T h e second term is the asymmetr i c 
excess w h i c h is ca lcu lated d irect ly . T h e I e, Is, a n d Iio functions are 
integrals i n v o l v i n g hard-sphere d i s t r ibut i on functions of the type 

h = f " g n S { y ' p d 3 ) y 2 ' " d y 
(16) 

Padé approximants for_them i n convenient f o r m are g iven b y Ste l l et a l . 
(14). T h e jï, //.Q, a n d Q terms are the pseudo d ipo le , d i p o l e - q u a d r a p o l e , 
a n d quadrapo le moments, respectively. T h e y are c o m b i n e d as i n a pure 
component to give the asymmetr ic excess of the mixture . T h e final result 
for the mixture is 

\ k f = A^(P, x1,x2...,d1,d2...)+ AEX (17) 

where the A H S M t erm is the res idua l H e l m h o l t z free energy for the h a r d -
sphere mixture ca lcu lated f r om the M C S L equation. T h e ana ly t i ca l f o rm 
of this and the ca lculated results are presented b y M a n s o o r i et a l . (1). 
T h e A E X term is g iven b y E q u a t i o n 15. 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 79 

Optimal Diameters for the HSE Theory from PVT Data 

W e w i l l n o w discuss the p r o b l e m of de termin ing effective or o p t i m a l 
diameters for use w i t h the H S E theory for rea l fluids w h e n b o t h the f o rm 
of the intermolecular potent ia l a n d its parameters are u n k n o w n but 
accurate equations of state w h i c h represent the PVT behavior over a n 
extensive range are avai lable for the pure components. 

F o r nonpolar fluids a n d symmetr ic reference fluids for po lar sub­
stances w e w i l l assume that the u n k n o w n potent ia l funct ion for each m a y 
be mode led w i t h a symmetr i ca l potent ia l consist ing of a hard-sphere 
repuls ion potent ia l for spheres of d iameter d p lus an excess w h i c h depends 
on (r/d) a n d a single energy parameter , e, i n the f orm e f(r/d). I f the 
fluids are nonspher ica l , c is an average w h i c h m a y depend on temperature 
and to some extent on density. I f the u n k n o w n true potent ia l involves a 
soft repuls ion , d may depend on bo th temperature a n d density. 

It is convenient to relate this c a n d d to c r i t i ca l constants t h r o u g h 
new types of shape factors so that for any fluid i: 

where a f c a n d bk are proport ional i ty constants characterist ic of the refer­
ence fluid k. T h e dimensionless shape factors 6ik a n d yik express the 
dependence on temperature a n d density a n d establish conformal i ty w i t h 
the reference fluid. 

A l t h o u g h different numer i ca l l y a n d evaluated i n a different manner , 
these shape factors obey the same rules a n d operate i n the same fashion 
as those developed earlier for the V D W one-f luid theory (15,28,29). 
I n this manner the p r o b l e m of finding the o p t i m u m diameter for use w i t h 
a g iven reference fluid is solved b y finding the proper shape factors for 
use w i t h the reference fluid chosen. 

A l l fluids w h i c h can be mode led by an u n k n o w n potent ia l i n terms 
of c a n d d a ccord ing to these assumptions are conformai a n d their 
dimensionless equations of state can be represented i n terms of the 
reference fluid, k, i n the f o r m : 

= &k Oik (Tc)i (18) 

a n d 

b f c <pifc (Vc)i (19) 

(20) 

T h e f o rm of the φ funct ion is unspeci f ied but is the same for a l l of the 
conformai fluids. T h e funct ion for the reference then can be used to 
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80 E Q U A T I O N S O F S T A T E 

fu rn i sh properties of any other fluid as ind i ca ted i n E q u a t i o n 20. T h e 
va lue of ψ is a lways > 0. T h e Z H S (pd?) t e rm is the C S equat ion for 
h a r d spheres of d iameter dit 

U s i n g E q u a t i o n s 18 a n d 19, an equivalent f o rm of E q u a t i o n 20 m a y 
be expressed i n terms of k n o w n c r i t i ca l constants. 

Zi = Z™(pbkq>ikVCi) -<l,k^pcpikVCi (21) 

M i x t u r e properties are pred i c ted f rom E q u a t i o n 21 b y us ing the h a r d -
sphere equat ion for mixtures a n d us ing pseudo cr i t icals to evaluate \j/k 

f r om k n o w n values of it for the reference. 
Subst i tut ion of E q u a t i o n s 18 a n d 19 into E q u a t i o n s 10 a n d 11 converts 

the pseudo parameters to pseudo crit icals . T h e result i s : 

Γ Σ Σ Xi x>\ (φ* ν et + φ, Vcj) f y V eITeieJTEJ'\ 

V C P = k - L J J (22) 

Σ Σ Xi xj \ (<P< ^ + Φ, vcj) (Oj TCÎ Θ, TCJ) Ί 

T C P = 
Σ Σ Xi xj ~ (φ* VCi + cçj Vcj) èij2 (Θ, T C I 0έ TEJ) 

* j 

. i j * J 

(23) 

T h e χ terms are mole fractions a n d is the un l ike p a i r interact ion coeffi­
c ient obta ined b y M o l l e r u p a n d R o w l i n s o n (16,17,18) for the V D W 
one-f luid procedure . T h e par t i cu lar f o rm of the u n l i k e p a i r interactions 
was developed b y H s u ( 19) w h o tested several alternative formulat ions . 

Criteria for the Optimal Diameters 

F r o m the der ivat ion of the H S E method a n d the behavior of the 
V W diameters for a fluid w i t h a k n o w n potent ia l , i t is possible to 
enumerate cr i ter ia w h i c h the diameters should fu l f i l l for a fluid w i t h an 
u n k n o w n potent ia l . T h e diameters shou ld be chosen for each fluid 
so that : 

(1 ) the ψ funct ion for each fluid at a constant density is represented 
as closely as possible b y a quadrat i c f o r m : 

/ ~ _ /ai(p) , a2(p)\ 

ψ- y T -r T2 j 
(24) 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 81 

where a± (p) a n d a2 (p) are functions of density only ; 
(2 ) the αϊ (p) a n d a2 (p) coefficients i n E q u a t i o n 24 invo lve the 

effects of intermolecular attract ion only ; 
(3 ) the Z I I S t e rm i n E q u a t i o n 20 accounts for a l l repuls ion effects 

plus the effects caused b y attract ion w h i c h have h igher order temperature 
dependence than ( 1 / T ) 2 a n d cannot be accounted for i n E q u a t i o n 
24 ; a n d 

(4 ) at h i g h densities where three-body interactions beg in to make 
contr ibut ions to the ψ term of the order ( 1 / T ) 2 , as m u c h as possible of 
the contr ibut ion of these effects is removed f rom the a2(p)/T2 t e rm a n d 
i n c l u d e d i n the Z I I S term. 

These cr i ter ia are idea l condit ions w h i c h cannot be rea l i zed c om­
plete ly by a l ter ing the value of d. I n order to find the diameters w h i c h 
approach these cr i ter ia as closely as possible, i t is necessary to have an 
accurate representation of the constant density isochoric behavior of each 
pure component over as w i d e a temperature range as possible. 

Effective Diameters from a Pure Component Equation of State 

I n this study the B W R - S t a r l i n g ( B W R - S ) (20,21) equat ion of state 
was used, p r i m a r i l y because it has been fitted to a w i d e range of pure 
components. F o r some components there are other equations w h i c h 
represent isochoric behavior m u c h better. H o w e v e r , the effect of the 
H S E procedure for mixtures w h e n pure-component equations of state 
are k n o w n is to generate a more rigorous composi t ion dependence i n the 
reference-f luid equat ion of state. T h e B W R - S equat ion for mixtures has 
an e m p i r i c a l composi t ion dependence w h i c h works w e l l i n some cases, 
par t i cu lar ly for hydrocarbon mixtures, but not so w e l l for others, espe­
c ia l ly w h e n nonhydrocarbons are invo lved . W h e n the B W R - S equat ion 
is used for a l l pure component properties , it is interest ing to compare the 
theoret ical ly based composit ion dependence i n d u c e d by the H S E theory 
w i t h its e m p i r i c a l f orm i n the B W R - S mixture equation. 

F o r a pure component the B W R - S equat ion, or any e m p i r i c a l equa ­
t i on of state w h i c h has been fitted over the widest range of temperature 
a n d density condit ions , can be represented conceptual ly as fo l lows : 

z = Z(p) +[Z+(P,T) +Z-(P,T)] (25) 

where ζ is the compress ib i l i ty factor. T h e term i n brackets i n E q u a t i o n 
25 includes a l l the temperature dependence a n d is the negative va lue of 
the φ t erm i n E q u a t i o n 20. I f represented at a constant density b y an 
expansion i n powers of 1/T i t w o u l d need m a n y terms of h igher order 
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82 E Q U A T I O N S O F S T A T E 

than (1/T)2 i f the e m p i r i c a l equat ion of state was v a l i d over the wides t 
possible range of temperatures at this density. Consequent ly the ψ t e rm 
i n E q u a t i o n 25 is def ined as 

T h e oo subscript indicates that i n an expanded form i t w o u l d inc lude a l l 
orders of ( 1 / T ) i n represent ing the va lue of ψ over the widest possible 
temperature range. 

I f the equat ion of state i n E q u a t i o n 25 were generated b y an 
imag inary K i h a r a - t y p e potent ia l the Z(p) t e rm w o u l d represent the 
contr ibut ion of the h a r d core. Because the molecules w i t h this type of 
potent ia l also have a soft repuls ion at separation distances s l ight ly greater 
t h a n the h a r d core diameter , the Z(p) t erm does not inc lude a l l r epu ls ion 
effects. T h e soft repuls ive potent ia l contr ibut ions to the compress ib i l i ty 
factor are posit ive a n d temperature dependent . Since the φ t e rm inc ludes 
a l l of the temperature dependence of z, the soft repuls ive contr ibut ions 
are i n c l u d e d i n i t a n d are designated b y Z + ( p , T ) i n E q u a t i o n 26. T h e 
major source of temperature dependence i n the φ t e rm is caused b y 
contr ibut ions f rom the attract ive por t i on of the u n k n o w n intermolecular 
potent ia l . These contr ibut ions , designated as Z~(p, T) i n E q u a t i o n 26 are 
large a n d negative, causing the value of ψ*, to be a lways posit ive . 

It is important to po int out that a l though any e m p i r i c a l equat ion of 
state fitted to a w i d e range of PVT propert ies can give the va lue of ψχ 

a n d Z ( p ) , the t e rm Z + ( p , T ) has no re lat ion to a n d cannot be identi f ied 
as a sum of the posit ive temperature-dependent terms w h i c h appear i n 
the e m p i r i c a l equation. L i k e w i s e , Z" (p , T ) has no re lat ion to the c o m ­
b i n e d negative temperature dependent terms. 

If i t were possible to separate φ prec ise ly into the true Z + ( p , T) a n d 
Z" (p , T) contr ibut ions , the o p t i m u m diameter to meet the c r i t e r ia d is ­
cussed above should be g iven b y the solut ion of: 

where a is the f ract ion of Z'(p, T) o w i n g to the sum of a l l attractive terms 
of order ( 1 / T ) 3 a n d h igher p lus a l l three-body attract ion terms of the 
order ( 1 / T ) 2 i n an expansion of Z" (p , T ) i n powers of ( 1 / T ) . T h e 
diameter then is obta ined b y eva luat ing Zus(pd3) f r om E q u a t i o n 27 a n d 
equat ing the result to the C S equat ion so that 

= - [Z+(p, T) +z-(P} T)] (26) 

Z H S ( P D 3 ) -Z(P)+ Z+(p, T) + «Z-(p, T) (27) 

Z H S ( p d 8 ) = 1 + η + V2 - V3 

(1-v)3 

(28) 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 83 

where : 

v=jXPd* (29) 

a n d so lv ing for d. 
A method of approx imat ing the r ight side of E q u a t i o n 27 i n order 

to solve for d i n this w a y was developed i n this study. F r o m the equat ion 
of state only the Z ( p ) term is obtainable . F o r example, f rom the B W R - S 
equat ion : 

Z(p) = l + B o P + b p 2 (30) 

where B 0 a n d b 0 are the constants of the temperature- independent terms 
of the B W R - S equat ion . Spec ia l procedures must be used to estimate 
the other terms i n E q u a t i o n 27. T h e value of these terms can be deter­
m i n e d d irect ly i n two l i m i t i n g cases. T h e first of these is a h igh-dens i ty 
or high-pressure l i m i t a n d was studied by B i e n k o w s k i a n d C h a o ( 2 ) . 
As they have shown, i n this l i m i t : 

l i m [Z(p) +Z*iP,T)] »aZ'(p,T) (31) 
Ρ -> χ 

a n d i n this l i m i t Z" (p , T ) i n E q u a t i o n 25 is also neg l ig ib le i n comparison 
w i t h Z + ( /3, T ) . Consequent ly the solut ion for values of d f r om E q u a t i o n s 
27 t h r o u g h 29 should approach the diameters obta ined by B i e n k o w s k i 
a n d C h a o . Unfor tunate ly , condit ions of interest are very far f rom this 
l i m i t a n d i t appears that the o p t i m a l diameters do not approach the 
l i m i t i n g values monotonica l ly . 

T h e other l i m i t i n g case is at a high-temperature l i m i t where 

l i m [Z+iP,T) +aZ-(p,T)]=0. (32) 
l/T -> 0 

I n this case the r ight side of E q u a t i o n 27 becomes only Z(p), w h i c h is 
furn ished d irect ly b y the equat ion of state as i n E q u a t i o n 30. T h i s is 
ca l led the high-temperature l i m i t a n d at some temperature condit ions of 
interest, especial ly at l o w densities, the o p t i m a l diameters approach i t 
closely. These diameters are a lways smaller t h a n the high-densi ty l i m i t 
of B i e n k o w s k i a n d C h a o . 

These l imits are very near ly upper a n d l ower bounds for the o p t i m a l 
diameters a l though they do not closely approach the u p p e r b o u n d at any 
conceivable density of interest. A few cases at l o w density showed the 
o p t i m a l d iameter very s l ight ly be l ow the h i g h temperature l i m i t . T h e 
discrepancy is easily w i t h i n the exper imenta l uncerta inty , however . 
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84 E Q U A T I O N S O F S T A T E 

Determination of Optimal Diameters from Isochores 

W e must n o w consider a more general method for use w h e n these 
l i m i t i n g condit ions are not app l i cab le . D e t e r m i n i n g Z H S ( p d 3 ) w i t h the 
o p t i m a l d iameter at a g iven finite temperature a n d density is carr ied out 
b y cons ider ing a l i m i t e d temperature range a long a n isochore at the 
g iven density. T h i s temperature range is selected to locate the g iven 
temperature as near to the center of the range as possible. Isochores 
extrapolate smoothly into the two-phase region a n d i n the l i q u i d phase 
at l ower temperatures i n the range these extrapolations m a y even produce 
negative compress ib i l i ty factors w i t h o u t adverse effects on the solut ion 
for the diameters. Propert ies a long the isochore can be obta ined either 
f r om direct exper imental data or f rom an equat ion of state w h i c h repre­
sents isochoric behavior w e l l . I f such an equat ion of state is used , the 
temperature range selected must be shi fted to h igher values i f necessary 
to insure that (dP/dp)T as ca l cu lated b y the equat ion is posi t ive at each 
temperature va lue w i t h i n the range. 

T h e w i d t h of the range is selected idea l ly to determine at a g iven 
temperature a n d density , Γ a n d p, the first a n d second derivatives of the 
dimensionless property w i t h respect to inverse temperatures a n d to pred i c t 
the proper ty at each temperature i n the range w i t h an accuracy w i t h i n 
its exper imental error b y a quadrat i c funct ion . F o r example , i f the 
compress ib i l i ty factor is be ing evaluated, the values of ζ at ρ at each po in t 
i n the range about Τ are fit b y least squares to : 

ζ = α 0 ( Ρ ) + ? ψ - + ψ - (33) 

I n this w o r k a range was selected consist ing of e leven temperatures , 10° F 
apart , i n c l u d i n g the g iven temperature. I f (dP/dp)T is pos i t ive at each 
temperature , the range consists of five temperatures above a n d five t e m ­
peratures be l ow the g iven va lue ; otherwise, the range is shi f ted u p w a r d 
so that the lowest temperature i n the range is nearer to the g iven t empera ­
ture. I f (dP/dp)T is negative at the g iven temperature the m e t h o d is 
inoperable at the g iven condit ions. V a r y i n g the w i d t h of the range d i d 
not affect the results as l ong as the condit ions descr ibed for i t were met. 
A t every density s tud ied , E q u a t i o n 33 gave a n excellent reproduc t i on of 
ζ values a long the 100°F range as defined here. 

T h e va lue of ψ for the quadrat i c fit of the isochore i n this l i m i t e d 
range is defined as ψ2 to indicate that i t contains t w o inverse temperature 
terms. Consequent ly , f r om E q u a t i o n 33 : 

* * = - ( ^ + ψ ) (34) 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 85 

W e can find the temperature dependence that is not accounted for by the 
quadrat i c fit b y c o m p a r i n g ψ2 w i t h a n d assuming that ψΛ describes 
the m a x i m u m possible range of temperatures. T h e difference is de­
fined as 

δ = (ψ* - φ2) (35) 

since the H S E pseudo cr i t i ca l values for the excess over the hard-sphere 
behavior were der ived by cons ider ing on ly terms i n ( 1 / T ) a n d ( 1 / T ) 2 

i n its expansion. F u r t h e r m o r e , these terms invo lved only pa i rwise con ­
tr ibut ions f rom the attractive por t i on of the intermolecular potent ia l . 
Consequent ly , at condit ions where the coefficients a\ a n d a2 i n E q u a t i o n 
34 conta in predominat ly attractive contr ibut ions of this type, the aZ~(p, T) 
t e rm i n E q u a t i o n 27 contains no tr ip let potent ia l effects of order ( 1 / T ) 2 . 
Consequent ly , it is entirely i n c l u d e d among the interactions of order 
( 1 / T ) 3 i n the ψχ expression. I f an expansion of Z+(p, T ) i n powers of 
1 / T gives coefficients of ( 1 / T ) a n d ( 1 / T ) 2 w h i c h are neg l ig ib le i n c o m ­
par ison w i t h the attractive contr ibut ions to these terms, their presence 
w i l l not apprec iab ly affect the Γ pseudo attract ion parameter p r e d i c t e d 
b y the H S E theory. Consequent ly , the only soft-sphere contributions 
w h i c h need to be i n c l u d e d i n the hard-sphere t e rm b y adjust ing the 
d iameter are those i n terms of order ( 1 / T ) 3 a n d higher i n the term. 

I n this case, the difference between ψ» a n d ψ2 represents a l l terms of 
h igher order than 1 / T 3 w h i c h need to be c o m b i n e d into the hard-sphere 
result. T h i s difference defines the δ parameter i n E q u a t i o n 35. If a l l 
terms of order ( 1 / T ) 3 were zero, the best ZH S(pd!3) va lue at these 
condit ions w o u l d be the aQ l ead ing term i n E q u a t i o n 33 for the quadrat i c 
fit. W i t h corrections for the h igher order terms, the best Z H S (pd 3 ) va lue is 

Z H S ( , d 8 ) — ( a 0 - S ) (36) 

T h e negative s ign is the result of the contr ibut ion to ζ as g iven b y —φ as 
defined i n E q u a t i o n s 26 a n d 34. E q u a t i o n 36 m a y be regarded as the 
best approx imat ion to E q u a t i o n 27 under these condit ions. 

T h e l imits of v a l i d i t y of E q u a t i o n 36 are ind i ca ted b y the magni tude 
a n d s ign of the a2(p) t erm i n E q u a t i o n 34. T h e assumptions l ead ing to 
E q u a t i o n 36 become i n v a l i d at h i g h densities. A t the lowest densities 
b e l o w pVc ~ 0.6, δ ^ 0, a n d a0 ~ Z(p), the high-temperature l i m i t of 
the equat ion of state i n E q u a t i o n 30. T h e a2(p) i n E q u a t i o n 34 is smal l 
a n d negative. A s densities increase above pVc = 0.6 the absolute va lue 
of a2 begins to increase w h i l e i t is s t i l l negative. Presumab ly this means 
an attract ion contr ibut ion is be ing represented. Pos i t ive contr ibutions of 
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86 EQUATIONS O F S T A T E 

the soft repuls ion are apparent ly s t i l l neg l ig ib le a n d E q u a t i o n 36, w h i c h 
requires this , is s t i l l v a l i d . T h i s causes the va lue of δ i n E q u a t i o n 35 to 
be negative a n d Z H S i n E q u a t i o n 36 increases. 

A s density increases further the absolute va lue of a2 begins to 
decrease. A l t h o u g h i t s t i l l remains negative at this po int , the absolute 
va lue of δ is a m a x i m u m . T h e a2 t erm, w h i c h is b e c o m i n g less negative 
i n this way , is cons idered to be a l tered b y the onset of the posi t ive con­
tr ibutions of soft repuls ion w h i c h at these densities begins to affect the 
coefficient of ( 1 / T ) 2 . T h i s max imums i n |δ| a n d \a2\ occur at a r educed 
density of about 1.6 

T h e reduced density of 1.6 is considered to be the upper l i m i t of 
the v a l i d i t y of E q u a t i o n 36. A t densities h igher t h a n this |δ| a n d \a2\ 
decrease r a p i d l y a n d a2 itself eventual ly becomes posit ive , interpreted as 
its dominat i on b y posit ive soft-repulsion effects. D iameters f r om E q u a t i o n 
36 give poor results i n this region. There is no w a y that these soft effects 
can be separated f rom attract ion effects a n d the o p t i m a l d iameter can­
not be ca lculated . 

T h e diameters can be pred i c t ed once more at very h i g h densities 
where a2 has become very large a n d posit ive , i n d i c a t i n g dominance of 
the second-order term b y soft -repulsion effects. It is also very l i k e l y that 
three body contr ibutions to this term are no longer negl ig ib le . T h e 
o p t i m a l diameters then are obta ined b y p l a c i n g a l l of the second-order 
( 1 / T ) 2 t erm i n the hard-sphere equat ion since it is n o w repuls ion d o m i ­
nated. T h e temperature range used for the quadrat i c fit is r educed f rom 
100° to 50°F w i t h the g iven temperature near the center of this shorter 
range. T h e objective is n o w to obta in an accurate representation of each 
ζ va lue i n the range by a least-squares fit of the l inear re la t i on : 

T h e ai term is a lways negative at read i ly accessible densities. Since none 
of the negative 1 / T dependence should appear i n the hard-sphere equa­
t i on a n d E q u a t i o n 37 represents the ζ values accurately i n the shorter 
range, the best Z H S result i s : 

E q u a t i o n 38 then is solved for the diameter . T h i s l inear fit method gives 
excellent results for the o p t i m a l d iameter at r educed densities of about 
2.4 a n d higher . 

T h e reduced density reg ion between 1.6 a n d 2.4 is thus an indeter -
minant region. A s a first approx imat ion , the best Z H S ( p d 3 ) values i n this 
reg ion were assumed to be g iven b y a spline-fit interpo lat ion between 

z = a/ + ^f (37) 

Z H S ( p d 3 ) = O o ' (38) 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 87 

points at pR > 2.4 a n d those at pR < 1.6. F o r l i q u i d s at l o w temperatures 
the indeterminant reg ion is l engthened because the l i q u i d no longer c a n 
be extrapolated to r e d u c e d densities near 1.6 because of the stabi l i ty l i m i t . 
L o w density values at pR < 0.6 are s t i l l obta inable b y equat ing Z H S ( p d 3 ) 
to the h igh- temperature l i m i t of the equat ion of state. 

T h e behavior of the quadrat i c a n d l inear fit methods is shown i n 
F i g u r e 1. T h e interpretat ion of the a2 coefficient behavior i n terms of 
soft -repulsion effects i n the quadrat i c fit az(p) assumes that the data fitted 

6 . 0 | 1 1 -j Γ 

/ >v c 

Figure 1. Computation of ZHS from BWR-S equation (CHk at T / T c = 1.0) 
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88 E Q U A T I O N S O F S T A T E 

to the isochores gives a v a l i d second der ivat ive w i t h respect to 1 /Γ . T h i s 
m a y not be the case for values generated b y the B W R - S equat ion . 
Regardless of this , the quadrat i c fit method be l ow pR = 1.6 a n d the l inear 
fit method at pR > 2.4 give excellent results for the o p t i m a l diameters. 
T h i s was checked b y increas ing a n d decreasing Z H S ( p d 3 ) about the 
pred i c t ed value a n d not ing the effect on the pred i c ted mixture propert ies . 
T h e weakest p red i c t i on for Z H S ( p d 3 ) is i n the spline-fit reg ion . A t y p i c a l 
result of this test on the pred i c t ed va lue is shown i n T a b l e II. 

Table II. Effect of Z H S on Calculated ζ in 
the Incalculable Region for 2 H S e 

( α 0 - 8 ) = 3 . 4 8 - > 

ZHS % Error 

2.73 5.31 
3.39 1.77 

3.68" 0.29 
3.74 ' 0 
3.94 - 0 . 9 9 
4.21 - 2 . 2 3 

α 50% C H 4 ; 50% C 3 H 8 . Τ = 160°F; Ρ = 5000 psia. 
* By spline fit between Z „ s at pR > 2.4 and Z H S at pR < 1.6. 
c Predicted by interpolation to 0% error. 

Application of the Method 

A l t h o u g h only compress ib i l i ty factor calculat ions are used as an 
example i n the explanat ion of the method , other properties can be 
pred i c ted equal ly w e l l . Because of the temperature a n d density depend ­
ence of the diameters a n d shape factors needed to relate them to c r i t i c a l 
constants it is best to determine separate values of t h e m for each c o m ­
ponent. Three basic dimensionless properties should be determined . 
These are the ones best suited to the use of the H S E method w i t h an 
equat ion of state i n terms of temperature a n d density. These are the 
compress ib i l i ty factor, z; the in terna l energy dev ia t i on ( U * — U)/RT; 
a n d a dimensionless fugac i ty rat io , l n ( f / p R T ) . A l l other des ired proper ­
ties can be obta ined f r om them. T h e l n ( f / p R T ) a n d ζ are ca l cu la ted 
s imi lar ly . T h e computat i on scheme is out l ined as s h o w n i n T a b l e III. 

Table III. Shape Factors and Diameters for Nonconformal 
Fluids with Unknown Potentials Example 

for Compressibility Factor 

1. Calculate di and d r from: 

Z™{pr°) = Z i
H S ( p i ° ) 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

04



4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 89 

T a b l e I I I . C o n t i n u e d 

obtained f rom pure-component equations of state b y 
method reported i n this chapter (22). 

Cond i t i ons at w h i c h shape factors are evaluated (28) : 

Pr 
p m V C P , ο p m V C P and pi° = 

(Vc)^i (Vc)r 

pm = mixture density 

Solve for φ έ at t r i a l V C P . 

T o force con formal i ty betwen Component i and Reference r: 

1 + V + V2 

Î 
Solve for η 

dr 

Solve for d: 

1/3 1/3 

N p r ° 
and di = 

2. Calculate 0 i r : 

to force con formal i ty between Component i and Reference r: 

Ζ , ί ρ Λ Γ , 0 ) 
Î 

f rom equation of 
state or k n o w n 
values for pure 
po lar fluid 

Zr(pr°, Tr°) 

τ 
f rom equat ion 
of state for 
the pure 
nonpolar 
reference 
fluid 

+ 
Z E X A 

î 
asymmetr i c 
excess 
ca lcu lated 
below 

3 d? I« (Pl
0di3) ] (kT-ψ} 

Ti° = temperature at which ^ must be evaluated i n a mixture (28). 
U s i n g prev ious ly ca lculated dh solve for Ti° : 

C a l c u l a t e 0ir at t r i a l T C P value from T{° : 

(TJidir and Tr° = 
Tu 

(Te)r 
T C p v * c / » " * r — * r 

N o w calculate new T C P and V C P and repeat u n t i l they are constant. 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

04



90 E Q U A T I O N S O F S T A T E 

F o r (U* — U)/RT no hard-sphere property calculations are made a n d 
the a0 t erm of the quadrat i c fit a long the compress ib i l i ty factor isochores 
can be equated to Z H S ( p d 3 ) . T h i s is then solved for the diameter used 
i n the pseudo parameter computations. 

C a l c u l a t e d results for methane a n d propane obta ined b y H w u (22) 
w i t h an ethane reference are presented i n T a b l e I V . T h e B W R - S equa ­
t i on is used for a l l pure components. T h e agreement is general ly excellent. 

T a b l e I V . C o m p r e s s i b i l i t y F a c t o r s — D e n s i t y " 

P Exp" Cale. HSE Exp" Cale. HSE 

(psia) (lb-mol/ff?) (lb-mol/ft3) 
ζ ζ 

200 0.0322 0.0321 0.9351 0.9369 
400 0.0692 0.0691 0.8692 0.8696 
800 0.1648 0.1666 0.7313 0.7228 

1000 0.2252 0.2333 0.6670 0.6448 
3000 0.6760 0.6778 0.6676 0.6645 
5000 0.7955 0.7955 0.9451 0.9446 
7000 0.8636 0.8631 1.2189 1.2191 
9000 0.9091 0.9101 1.4886 1.4866 

*Sage and Lacey {23). 

T h e poorer results at 1000 psia apparent ly are due to a weakness i n the 
B W R - S reference equat ion at this point . I t coincides w i t h the m i n i m u m 
of the curve of ζ vs. P . _ 

T a b l e V shows the computations b y H w u for Η * — Η i n a m e t h a n e -
propane mixture i n comparison w i t h the predict ions of M o l l e r u p (16,17, 
18) us ing the V D W one-f luid theory w i t h shape factors. T h e i m p r o v e ­
ment of the H S E method is very sl ight. T h e theoret ical advantages of 
the H S E method for enthalpy calculations m a y be offset here b y u s i n g 
a general ly poorer reference equat ion of state than that used b y M o l l e r u p . 

T a b l e V I presents p r e l i m i n a r y calculat ions b y C h a n g (24) for a 
p o l a r - n o n p o l a r mixture . T h e highest pressures m a y be i n v a l i d because 
they were made before the method for evaluat ing the o p t i m a l diameters 
was developed. These computations use the high-temperature l i m i t of 
the B W R - S equat ion for Z H S ( p d 3 ) to obta in the diameter . It was h o p e d 
that comparison w i t h the B W R - S equat ion w o u l d show a more dist inct 
advantage of the theoret ical composi t ion dependence of the H S E method . 
I n fact, the two methods give about the same results. P r o b a b l y no 
conc lus ion about this can be d r a w n f rom the compar ison because the 
constants determined by H o p k e a n d L i n (25) for the B W R - S equat ion 
were obta ined b y fitting the equat ion to this b inary . T h e results are g iven 
i n the c o l u m n headed B W R S E . T h e test of the i m p r o v e d compos i t ion 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 91 

T a b l e V . E n t h a l p y C a l c u l a t i o n s of ( H — H * ) 

τ Ρ Expt." M-Rc HSE 
(Of) ( psia) (Btu/lb) (Btu/lb) (Btu/lb) 

100 250 - 2 0 . 4 - 1 8 . 5 - 1 9 . 3 
1250 - 1 4 2 . 4 - 1 4 2 . 4 - 1 4 4 . 0 
1750 - 1 4 3 . 6 - 1 4 3 . 1 - 1 4 4 . 4 

50 750 - 1 5 7 . 1 - 1 5 4 . 9 - 1 5 6 . 8 
1250 - 1 5 6 . 1 - 1 5 4 . 8 - 1 5 6 . 3 
1750 - 1 5 5 . 5 - 1 5 4 . 3 - 1 5 6 . 0 

0 750 - 1 6 9 . 3 - 1 6 7 . 1 - 1 6 8 . 3 
1250 - 1 6 8 . 5 - 1 6 6 . 2 - 1 6 7 . 4 
1750 - 1 6 7 . 1 - 1 6 5 . 1 - 1 6 6 . 5 

- 5 0 750 - 1 8 0 . 7 - 1 7 8 . 6 - 1 7 8 . 4 
1250 - 1 7 9 . 3 - 1 7 7 . 2 - 1 7 7 . 1 
1750 - 1 7 8 . 0 - 1 7 5 . 8 - 1 7 6 . 0 

e23.4% C H 4 , 76.6% C 3 H 8 . 
5 Yesavage-Powers (24). 
e Mollerup-Rowlinson (16,17,18). 

T a b l e V I . C a l c u l a t e d T h e r m o d y n a m i c Propert ies f o r 
Methane—Carbon D i o x i d e M i x t u r e at 100°F 

P Ζ Ζ Ζ (A - A * ; (A - A * 

Expt. 
R T R T 

Expt. 
R T R T 

(psia) (23) BWR-SE HSE BWR-SE HSE 

Xj = 0.2035 ° 

200 0.9512 0.9489 0.9500 - 0 . 0 5 0 7 - 0 . 0 5 0 3 
600 0.8347 0.8400 0.8443 - 0 . 1 6 7 0 - 0 . 1 6 5 3 
800 0.7830 0.7787 0.7836 - 0 . 2 3 5 7 - 0 . 2 3 3 1 

1000 0.7160 0.7121 0.7165 - 0 . 3 1 5 0 - 0 . 3 1 1 6 
2000 0.4438 0.4458 0.4518 - 0 . 8 1 8 4 - 0 . 8 0 8 0 
3000 0.4958 0.4942 0.5033 - 0 . 9 8 3 1 - 0 . 9 6 1 3 
4000 0.5921 0.5910 0.5992 - 1 . 0 3 3 6 - 1 . 0 1 5 3 
5000 0.6947 0.6941 0.6999 - 1 . 0 5 6 1 - 1 . 0 3 8 9 
7000 0.8982 0.9005 0.9087 - 1 . 0 7 2 2 - 1 . 0 5 5 6 
9000 1.1012 1.1025 1.1058 - 1 . 0 7 2 4 - 1 . 0 5 5 7 

X / = 04055 

200 0.9606 0.9491 0.9595 - 0 . 0 4 6 9 - 0 . 0 4 0 8 
600 0.8584 0.8748 0.8771 - 0 . 1 3 0 9 - 0 . 1 3 0 3 
800 0.8360 0.8305 0.8336 - 0 . 1 8 0 7 - 0 . 1 7 9 1 

1000 0.7921 0.7855 0.7873 - 0 . 2 3 0 8 - 0 . 2 3 3 6 
2000 0.6100 0.6056 0.6067 - 0 . 5 2 6 8 - 0 . 5 3 0 2 
3000 0.6055 0.6031 0.6067 - 0 . 6 9 2 8 - 0 . 6 8 7 0 
5000 0.7755 0.7678 0.7748 - 0 . 7 8 3 8 - 0 . 7 7 4 7 

β The χι = mole fraction methane. 
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92 E Q U A T I O N S O F S T A T E 

dependence w i l l have to awai t calculations w h e n a t h i r d component is 
a d d e d , m a k i n g a mixture not i n c l u d e d i n the fitting of the constants. It is 
encouraging that a theoret ical ly based method for a mixture of a nonpo lar 
symmetr i c potent ia l fluid, methane, a n d a strong quadrapo le fluid, C 0 2 , 
produces such good results. T h e nonpolar reference fluid was methane. 

Conclusions 

I n summary the results show that i t is indeed possible to extend the 
H S E method successfully to mixtures conta in ing po lar molecules. M e t h ­
ods have been deve loped to obta in effective diameters a n d shape factors 
w h i c h are o p t i m a l for use w i t h the H S E theory. A l t h o u g h the de termina ­
t i on of diameters for fluids w i t h u n k n o w n potent ia l functions w i t h these 
methods is not possible at a l l densities, enough calculations can be m a d e 
to a l l ow a corre lat ion b y fitting the results to the V W equations for the 
o p t i m a l d iameter w i t h the per turbat ion theory. T h e success of the V W 
diameters for the H S E theory was conf irmed. 

T h e results obta ined encourage future study a n d i l lustrate the p o w e r 
of conformai solut ion methods. It is reasonable to expect that the excellent 
accuracy obta ined b y M o l l e r u p (16,17,18) w i t h the V D W one-f luid 
theory for natura l gas mixtures can be expected w i t h the H S E theory 
for po lar mixtures a n d other systems i n w h i c h there are large d i s s i m i l a r i ­
ties between the components a n d the reference fluid. 

Nomenclature 

English Letters 

au a2 = coefficients of 1 / T a n d ( 1 / T ) 2 i n an expansion of an 
equat ion of state 

a f c = universal proport iona l i ty constant between c a n d T c for a l l 
fluids con formai w i t h fluid k 

A = dimensionless res idual H e l m h o l t z free energy func t i on 
A = m o l a l H e l m h o l t z free energy at a g iven Τ a n d Ρ 

A * = m o l a l H e l m h o l t z free energy at Τ a n d Ρ i f the fluid obeyed 
the perfect gas l a w 

b f c = universa l proport iona l i ty constant between σ 3 a n d V c for a l l 
fluids conformai w i t h fluid k 

b 0 , B 0 = constants i n the B W R Star l ing equat ion of state 
d = effective hard-sphere d iameter 

d3 = pseudo parameter used to f o r m the r e d u c e d density i n p r e ­
d i c t i n g the mo lecu lar at tract ion cont r ibut i on to a mix ture 
property 

f = fugacity 
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4. C H A N G E T A L . Molecular Diameters for Fluid Mixtures 93 

g i ;
M = rad ia l d i s t r ibut ion funct ion for an if p a i r i n a mixture w i t h 

other constituents 
gREF = r a d i a l d i s t r ibut ion func t i on for a p a i r i n a pure reference 

fluid 
gHs _ r a d i a i d i s t r ibut ion func t i on for a p a i r of h a r d spheres i n a 

hard-sphere fluid 
H = m o l a l enthalpy 
k = Bol tzmann 's constant 

Ν = Avogadro 's n u m b e r 
Ρ = pressure 
Q = quadrapo le moment 

r = separation distance between a p a i r of molecu lar centers 
R = gas constant 
Τ = temperature 

T c = c r i t i ca l temperature 
u = intermolecular p a i r potent ia l 

T7 = m o l a l internal energy 
V = vo lume 

V c = c r i t i ca l vo lume 
x{ = mole fract ion of constituent i i n a mixture 
X = any dimensionless thermodynamic property of a fluid 
ζ = compress ib i l i ty factor 
Ζ = compress ib i l i ty factor of a hard-sphere fluid 

Z + = contr ibut ion of soft repuls ion to an equat ion of state 
expressed i n terms of the compress ib i l i ty factor 

Z " = contr ibut ion of intermolecular attract ion to an equat ion of 
state expressed i n terms of the compress ib i l i ty factor 

Greek Letters 

a = f ract ion of the attractive contr ibut ion to expanded equations 
of state due to terms of order ( 1 / T ) 3 a n d h igher a n d three-
body interactions of order ( 1 / T ) 2 and h igher 

/? = l / k T 
δ = parameter used i n ob ta in ing the effective hard-sphere 

d iameter f rom isochores 
8 V W = parameter i n the V e r l e i t - W e i s equat ion for the effective 

hard-sphere d iameter 
c = L e n n a r d - J o n e s parameter for the a lgebraic m i n i m u m i n the 

pa i r potent ia l 
7 = pseudo parameter used to f o r m the r educed temperature i n 

p r e d i c t i n g the mo lecu lar at tract ion c ont r ibut i on to mix ture 
propert ies . 

μ, = d ipo le moment 
π = 3.141516 
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94 E Q U A T I O N S O F S T A T E 

η = dimensionless density i n the C a r n a h a n - S t a r l i n g equat ion 
φί;· = shape factor coefficient of V c i to make f lu id i c on formai w i t h 

fluid / 
ρ = density 

P r = reduced density, Ρ Vc 

σ = L e n n a r d - J o n e s parameter for the finite separation distance 
at w h i c h the intermolecu lar potent ia l is zero 

$ij = shape factor coefficient of Tci to make fluid i conformai w i t h 
a reference fluid /. ( F o r a c o m m o n reference the second 
subscript is sometimes omit ted . ) 

$ij = coefficient of the Berthelot c o m b i n i n g rule for u n l i k e ij 
pair interact ion potentials 

φ = temperature dependent por t ion of a dimensionless equat ion 
of state 
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A Predictive Method for PVT and Phase 

Behavior of Liquids Containing Supercritical 

Components 

PAUL M. MATHIAS and JOHN P. O'CONNELL 

Department of Chemical Engineering, University of Florida, 
Gainesville, FL 32611 

Concentration derivatives of fugacities are given in terms of 
statistical-mechanical direct-correlation function integrals 
which are insensitive to the detailed nature of the inter-
molecular forces in dense fluids. From this, a simple method 
is given for the properties of liquids containing supercritical 
components using only two pure-component parameters and 
a binary parameter for each pair. With good solvent density 
data, Henry's constants and easily estimated binary param­
eter values, we describe high-pressure vapor-liquid equi­
librium in such systems as hydrogen-benzene and nitrogen-
ammonia. Also, using a reference-solvent Henrys constant, 
values can be found for different pure and mixed solvents. 
These can be used for high-pressure vapor-liquid equilib­
rium, e.g., for hydrogen in coal oils knowing only hydrogen 
in quinoline and pure solvent densities. 

Modern chemica l processing demands m u c h better estimates of p h y s i ­
c a l properties than i n previous eras because the costs of excessive 

des ign are n o w often too great. H igh -pressure systems are of par t i cu lar 
concern, a n d they are becoming more prevalent as i n coa l gasif ication 
a n d l ique fac t i on a n d i n F i s c h e r - T r o p s c h syntheses. A w e a k l i n k i n est i ­
mat i on techniques for these systems is the v a p o r - l i q u i d e q u i l i b r i u m 
d is t r ibut ion of components at temperatures w e l l above the c r i t i c a l t e m ­
perature of one or more of the species present a n d b e l o w the c r i t i c a l 
temperature of the others. 

0-8412-0500-0/79/33-182-097$05.00/l 
© 1979 American Chemical Society 
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98 E Q U A T I O N S O F S T A T E 

Prausn i tz (1,2) has discussed this p r o b l e m extensively, bu t the 
most successful techniques, w h i c h are based on either c losed equations 
of state, such as discussed i n this sympos ium, or o n d i lu te l i q u i d so lut ion 
reference states such as i n Prausn i tz a n d C h u e h ( 3 ) , are l i m i t e d to 
systems conta in ing nonpo lar species or d i lute quantit ies of w e a k l y po lar 
substances. T h e purpose of this chapter is to describe a nove l method 
for ca l cu la t ing the properties of l i q u i d s conta in ing supercr i t i ca l c o m ­
ponents w h i c h requires re lat ive ly f ew data a n d is of general app l i cab i l i t y . 
U s e d w i t h a vapor equat ion of state, the v a p o r - l i q u i d e q u i l i b r i u m for 
these systems can be pred i c ted to a h i g h degree of accuracy even t h o u g h 
the l i q u i d m a y be 30 m o l % or more of the supercr i t i ca l species a n d the 
pressure more than 1000 bar. 

General Expression 

T h e basis of the method lies i n the molecu lar theory w h i c h relates 
integrals of the s tat i s t i ca l -mechanica l d irect corre lat ion func t i on to 
derivatives of the total pressure a n d the fugacity of each species w i t h 
respect to the concentrat ion of the species of the system (4,5,6). I n 
equat ion f o rm these are 

^(τ;Τ)£)άν^-0^(Τ)Ε)/Ρ (1) 

a n d 

dP/RTl N 

dPj \ T t P k ^ = Σ Χ Λ Ι - C , ) (2) 

where P i = xiP, xt is the mole f ract ion , is the fugaci ty , a n d c y is the 
direct correlat ion funct ion . T h e essence of our method is to express the 
direct correlat ion funct ion integrals , C y , i n terms of reduced temperature 
a n d density, integrate E q u a t i o n 2 f rom a suitable reference state T , P r , 
pr, x r to the final state Γ, P f , x* to solve for the final density , p f , a n d then 
integrate E q u a t i o n 1 for a l l species i n the system to ob ta in the final state 
fugaci ty , f r o m the reference state fugac i ty (fi/Xi)r. U s i n g a single 
d u m m y integrat ing var iab le , t, the equations become 

In p = In x{ + In (? , /* , ) ' + In (pVpr) -

£ [ Σ W - p%r) T)/P ] D T ( 3 ) 
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5. M A T H i A S A N D O ' C O N N E L L Phase Behavior of Liquids 99 

a n d 

^ - 1 w - A w { - - / ; [ Σ ^.4> ] *} ( « 
where , i n the integrals 

P = P ' + (6) 

T o complete the ca lcu lat ion , the m o d e l for the C i ; ( w h i c h is a func ­
t i on of T , p, a n d χ through Τ, T i ; , a n d ̂  defined b e l o w ) needs to be 
specif ied, the choice of reference state made , a n d the i n p u t parameter 
a n d property values need to be g iven. E a c h of these sha l l be descr ibed 
b e l o w for the representative cases w h i c h w e have examined. 

Direct Correlation Function Integrals 

W e use a per turbat ion theory as the basis for a corresponding-states 
expression for the correlat ion funct ion integrals , the major por t i on b e i n g 
that f r o m r i g i d spheres a n d a m i n o r contr ibut ion f rom an a d d e d second 
v i r i a l coefficient term. ( T h i s concept h a d been chosen prev ious ly b y 
B i e n k o w s k i et a l . (7 ) i n another context w h i l e app l i ca t i on of the p r i n c i p l e 
of corresponding states for the correlat ion funct ion integrals h a d been 
examined b y G u b b i n s a n d O ' C o n n e l l ( 8 ) . ) 

Ου(Τ,Τφρ) - C V ' & f l - 2 P V i ; » [ - i î iL - yÇ- (£?)] 

(7) 

Speci f ical ly , w e have used the C a r n a h a n - S t a r l i n g E q u a t i o n (9) for r i g i d 
spheres. E q u a t i o n s 1 a n d 9-18 of Ref . 9 were used to ob ta in E q u a t i o n 
8 here. 

- = (σ, + σ , ) 8 / (1 - ίβ) + [3σ*Μ (σ, + σ , ) 2 + σ (σ,] 
Ç0 

+ 3fj (σ#,,)*(σ, + σ}) + fo W l / ( 1 - h)2 

+ 9(σ,σ&) » / (1 - &) 4 + & (σ,σ,) V (1 - ξ3)3 (8) 
Χ {9£ 2(σ, + σι) + 6 W ; + [6 + & ( —15 + 9 & ) ] / & 

- (σ, + σι) &[6 + £ , ( - 1 5 + 1%) ] / & 2 

+ + 21 + &(26 - 14&) ) ] / & 3 ( 1 - f»)} 
+ 6 ί 2 ( σ ί σ ; · ) 2 In (1 - & ) { £ , - (σ, + σ,)& + & 2σ<σ,/&}/&* 
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100 E Q U A T I O N S O F S T A T E 

where 

0 <=i 

A l s o , 

Ρ ιττ « Λ . Λ η β 1.134 0.4759 0.0416 0.00209 
BU/VV = 0.4996 - - g p ^ ^ ^ ^ 3 -

T 7 * < 3.2 (10a) 

= 0.3301 - - ^ 5 ^ 3 2 ( 1 0 b ) 

where 

a n d 

w i t h 

V{j* = [7^1/3 + 7 / ι / 3 ] 3 / 8 ( H ) 

T^T/KTSTjV'Hl -K{j)] (12) 

£ . * 8 = = 2 / 3 Τ Γ σ ί Ζ * (13) Γ ^ + <rj Ί 
L 2 J 

σ ί 3 = {b{ + a 2 exp [ — a 4 ( ^ + <*i?i) 2] — « 3 exp [— α 5()Τ 

+ α ! 7 \ - α 6 ) 2 ] + a 9 e x p [ - a 1 0 ( f < - a i 3 ) 2 - α10αη(ρί- a12)2} (14) 

^ ^ ( Τ , ) * . Ti> 0.73 (15a) 

= a 1 4 exp [ -ais^i] Γ* < 0.73 (15b) 

i=l ; = 1 

Γ, ^ T i ; i - ; (16b) 

T a b l e I lists the values of the parameters αλ-α^ 
T h u s , to the degree that the corresponding-states theory for the 

direct corre lat ion func t i on integrals is accurate, the results are app l i cab le 
to any system. I n pract i ce , w e have f o u n d that w h e n the species are at 
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5. M A T H I A S A N D o'cONNELL Phase Behavior of Liquids 101 

Table I. Constants for Equation 14 

αλ = 0.54008832 
α 2 = 1.2669802 
α 3 = 0.05132355 
α 4 == 2.9107424 
α 5 = 2.5167259 

α 6 = 2 . 1 5 9 5 9 5 5 
α 7 =0 .64269552 
α 8 =0 .17565885 
α 9 =0 .18874824 
α 1 0 = 17.952388 

α η — 0.48197123 
α 1 2 = 0.76696099 
α 1 3 = 0.76631363 
α 1 4 = 0.80965780 
α 1 5 = 0.24062803 

s imi lar reduced densities a n d temperatures, the integrations of E q u a t i o n s 
1 a n d 2 are too sensitive to s l ight errors i n the correlat ion to y i e l d 
accurate predict ions of fugacit ies (a "small -di f ference-of - large-numbers" 
p r o b l e m ) . H o w e v e r , for l i qu ids w i t h supercr i t i ca l species (as w e l l as 
certa in others w e are examin ing where the " n a t u r a l " reference state is 
inf inite d i l u t i o n instead of pure component ) the reduced states are 
separated sufficiently that good results are obtained. 

Parameter Determination 

T h e form of E q u a t i o n s 10b, 14, a n d 15a, b were obta ined b y fitting 
the isothermal compress ib i l i ty data for the pure nob le gases over a l l 
avai lab le ranges of r educed temperature a n d density to the re lat ion 

_ 1 - 0 ( P * 3 ) + 2 p V * [ - A ( Γ / Γ * ) _ - f - (17) 

w i t h V * = V c i n E q u a t i o n s 14-17. 

T h e n , the i sothermal compress ib i l i ty data on other pure substances, 
general ly for V/Vc < Vi, were used to ob ta in the ir T * a n d V * values. 
T a b l e I I reports the results for the systems here. M o r e extensive tables 
are reported elsewhere ( 5 , 6 ) . I n general , the fitting is most sensitive to 
the va lue of V * , so w h e n f ew data are avai lable , T * can be est imated as 
the c r i t i c a l temperature a n d a one-parameter fit is used. A consequence 
of this is that the b i n a r y parameter , K12, w i l l compensate for any erroneous 

Table II. Characteristic Parameters for Pure Fluids 

Substance Τ* (K) V* (cm3/g mol) 

H y d r o g e n 38.6 53.2 
C a r b o n monoxide 132.9 93.1 
N i t r o g e n 126.3 90.9 
Benzene 571.9 256.9 
A m m o n i a 360.2 65.1 
Ni trobenzene 608.2 327.0 
T e t r a l i n 693.0 454.2 
Quino l ine 800.0 380.0 
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102 E Q U A T I O N S O F S T A T E 

choice of Γ*, a n d w i l l m i n i m i z e its effect on the results. N o t e that i n a l l 
cases the density of the solvent component must be avai lable . I f the 
density is est imated w h e n T* a n d V * are f ound , the same m e t h o d also 
shou ld be used i n the p h a s e - e q u i l i b r i u m calculat ions. 

Reference State Properties 

I n E q u a t i o n 3 it is necessary to have reference-state values for 
component density, χφτ, a n d fugaci ty (fi/Xi)T. F o r pure-solvent c o m ­
ponents these are the pure saturated l i q u i d density, ρ (

0 , a n d the fugac i ty 
of the saturated vapor , / i 0 s a t , ( w h i c h equals that of the saturated l i q u i d ) 
respect ively , bo th at the temperature of interest. F o r m i x e d solvents, the 
density also requires vo lume of m i x i n g data for the solvents, a n d the 
solvent fugacities are f ound f rom the v a p o r - l i q u i d e q u i l i b r i u m data o n 
the solute-free mixture . 

F o r the solute components, two b inary cases c ommonly are en ­
countered. O n e is where data on the system are avai lab le either at l o w 
or h i g h pressures at the temperature of interest. H e r e , the va lue of 
(fiAi) r for the solute is H e n r y ' s constant, H i ; === l i m ( t / ^ P / X i ) . A t l o w 

xj -*> 1 

pressures, the l i m i t m a y be reached i n the experiment. A t h i g h pressures, 
w e have fitted the values of H i ; a n d K 0 to the v a p o r - l i q u i d e q u i l i b r i u m 
data , ob ta in ing parameters for the equat ion 

In HtJ = AtJ + ΒυΤ + DijT2 (18) 

T h e n u m b e r of parameters depends on the n u m b e r of temperatures for 
w h i c h the data are avai lable . H o w e v e r , i f data are not avai lable for the 
par t i cu lar solute-solvent ( i - / ) pa i r w e can make use of H e n r y ' s constant, 
Hik, for the solute i n another solvent, k. T h i s va lue is used i n a suitable 
transformation of E q u a t i o n 3: 

In (H{j/Hik) _ In - f i Ç - Γ - Pk°Cik)/P]dt (19) 

where 

P = Pk°+ (Pj° -Pk°)t (20) 

Unfor tunate ly , u n l i k e the integrals of E q u a t i o n s 3 a n d 4, E q u a t i o n 19 is 
sensitive to the values of K y a n d Κ**; a n d w e re commend that at least one 
exper imenta l va lue of Ηϋ be used to determine K i ; w i t h E q u a t i o n s 19 
a n d 20. F o r a solute i n a m i x e d solvent, w e determine Henry ' s constant, 
Him, f r om a selected reference solvent, k 
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5. M A T H I A S A N D O ' C O N N E L L Phase Behavior of Liquids 103 

In (U/Xi)r = In Him — In Hik + In { P * / P k ° ) -

(21) 

where N 8 is the n u m b e r of solvents, 8y is the K r o n e c k e r de l ta (8,* = 1 
for / — k, 8jk = 0 for / ^ fc), a n d 

(22) 

Xj—[pj°(l-t)ojk + prXjrt]/p (23) 

It is recommended that component k be the dominant solvent component 
or one of s imi lar chemica l const itut ion. A s before, the results are sensitive 
to the values of the K y except i n the case of hydrogen. 

Results 

F i g u r e 1 shows comparisons of the calculat ions a n d experiment (10) 
of the pressure-composit ion relations at various temperatures for hydrogen 
w i t h benzene. H e r e w e have chosen K 1 2 = 0.17 and fitted the data to 
obta in parameters i n E q u a t i o n 18. F i g u r e 2 shows a comparison of the 
densities for these solutions. F i g u r e 3 shows Ρ — χ data for ni trogen i n 
a m m o n i a ca lculated i n the same w a y (11). Dev iat ions f r o m Henry ' s L a w 
(dashed l ines) are significant, bu t i f only the P o y n t i n g C o r r e c t i o n h a d 
been used (1,2), the mole fractions w o u l d have been too l o w at a g iven 
pressure, par t i cu lar ly at the h igher temperature . 

F i g u r e 4 shows results w h e n the reference state uses data o n another 
system. T h e Ρ — χ behavior for hydrogen a n d tetra l in (12) is obta ined 
us ing estimated densities, pure component a n d b inary parameters, a n d 
Henry ' s constant for hydrogen i n qu ino l ine . T h e last was f ound f r o m 
corre lat ing the high-pressure data of C h a o (12). 

F i n a l l y , F i g u r e 5 shows values of the var ia t i on of H e n r y ' s constant 
for carbon monoxide i n the m i x e d solvent n i trobenzene-benzene at 298 K . 
T h e b i n a r y parameters were chosen so that correct values were obta ined 
for H i 2 w h e n us ing H 1 3 a n d for H i 3 w h e n u s i n g H12 i n the integrations 
of E q u a t i o n 19. 

T h e above results are only some of m a n y so far invest igated. F u r t h e r 
explorat ion of the theory is be ing done a n d more complete comparisons 
w i l l be f or thcoming (5, 6 ) . 
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5. M A T H i A s A N D O ' C O N N E L L Phase Behavior of Liquids 105 

150 -

ιοοΛ » « J 
0.0 0.05 0.10 

X H , MOLE FRACTION HYDROGEN 
12 

Figure 2. Molar volumes of hydrogen-benzene systems: data of 
Connolly (10). ( ), Calculated [K12 = 0.17]. 

τ 1 r 

MOLE FRACTION NITROGEN 
Figure 3. Solubility of nitrogen in ammonia: (Φ, O), data of Wiebe et al. 
(11); C λ K J 2 = 0.0; and ( ideal solution. (·), 273 Κ and (O), 

333 K. 
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106 E Q U A T I O N S O F S T A T E 

MOLE FRACTION HYDROGEN 

Figure 4. Solubility of hydrogen (1) in tetralin (3) using Henrys constant 
in quinoline, U12 (12). Klt = KJS = 0. (O), 462.8 Κ; (Ύ), 541.9 K ; ( · ) , 

621.8 K ; (A), 662.3 K ; T2
C = 794 K ; and Ts

c = 716 K . 

3000 ι 1 1 1 1 

a t m 

X 2 

Figure 5. Henry's constant for carbon monoxide (1 ) in nitrobenzene (2) 
-benzene (3): ( ), calculated; ( ), ideal solution; and (Φ), data 

from international critical tables. Τ = 298 Κ. 
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5. M A T H i A s A N D O ' C O N N E L L Phase Behdvior of Liquids 107 

Glossary of Symbols 

Ay, Btj, Dtj = temperature parameters for Henry ' s constants 
B„ = second v i r i a l coefficient, m 3 / m o l , E q u a t i o n s 7, 10, a n d 13 

= p a i r d irect correlat ion funct ion 
Ci] = spac ia l integral of c i ; t imes density, E q u a t i o n 1 

fi = component fugac i ty , K P a 
= Henry ' s constant of solute i i n solvent /', K P a 

Κι 2 = b inary parameter , E q u a t i o n 12 
Ν = n u m b e r of components 
Ρ = total pressure, K P a 
r = separation of molecular centers, meters 

R = universa l gas constant, K J / m o l - K 
t = d u m m y integrat ing var iab le , E q u a t i o n s 3-6 a n d 19-23 
Τ = absolute temperature, Κ 

= characterist ic temperature, Κ 
= Γ / Γ ι * 

% = E q u a t i o n 12 
ν* = characterist ic vo lume , m 3 / m o l 

= E q u a t i o n 11 
= l i q u i d - m o l e f ract ion 

yt = vapor-mole fract ion 
Pi = concentrat ion of component i , m o l / m 3 

σι = molecular diameter of species i , À 
= E q u a t i o n 9 

κτ = d l n / o / d P ) T a . == isothermal compress ib i l i ty , K P a " 1 

*i = f i / y i P === vapor fugac i ty coefficient 
=- K r o n e c k e r delta = 1 for j = k; = 0 for j k 

P = molar density, m o l / m 3 

Superscr ipts 

c = c r i t i c a l po int 
f = final state 

hs = h a r d sphere 
r = reference state 
ο = pure component 

~ = reduced value 

Subscr ipts 

s = solvents only 
= vector of values 
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A New, Generalized Equation of State Valid 

Within the Critical Region 

MOHAMMED S. NEHZAT1, KENNETH R. HALL, 
and PHILIP T. EUBANK2 

Chemical Engineering Department, Texas A&M University, 
College Station, TX 77843 

An isochoric equation of state, applicable to pure com-
ponents, is proposed based upon values of pressure and 
temperature taken at the vapor-liquid coexistence curve. Its 
validity, especially in the critical region, depends upon cor­
relation of the two leading terms: the isochoric slope and the 
isochoric curvature. The proposed equation of state utilizes 
power law behavior for the difference between vapor and 
liquid isochoric slopes issuing from the same point on the 
coexistence cruve, and rectilinear behavior for the mean 
values. The curvature is a skewed sinusoidal curve as a 
function of density which approaches zero at zero density 
and twice the critical density and becomes zero slightly 
below the critical density. Values of properties for ethylene 
and water calculated from this equation of state compare 
favorably with data. 

' " p h e c r i t i c a l reg ion provides a severe test for the a p p l i c a b i l i t y of any 
equat ion of state, a n d often just as severe a test for the pat ience of 

the correlator. T h e reason is the almost patho log i ca l behavior of fluids 
as they approach their c r i t i ca l points . M a n y thermodynamic properties 
either become zero or else d iverge to inf ini ty at the c r i t i c a l po int . 

T h i s study is another rather successful attempt to correlate the fluid 
properties i n the c r i t i ca l region. W e have chosen an isochoric equat ion 
of state w i t h constant curvature to represent these propert ies a n d w e 

1 Present address: Division of Energy, Arya-Mehr University of Technology, 
Isfahan, Iran. 

* Author to whom correspondence should be addressed. 

0-8412-0500-0/79/33-182-109$05.00/l 
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110 EQUATIONS O F S T A T E 

have imposed some of the ideas f rom the scal ing hypothesis. Because 
this is a correlat ion, w e have a l l o w e d data to influence the mode l . W h e n 
the data d i d not prov ide conclusive guidance , w e chose to make the 
corre lat ion internal ly consistent. 

W e selected ethylene a n d water as test substances for the correlat ion. 
These two compounds are impor tant c o m m e r c i a l substances a n d they are 
also interest ing f rom a scientific v iewpoint . I n add i t i on , the c r i t i ca l reg ion 
correlations for these compounds were i n rather poor agreement w i t h the 
data . 

Previous Work 

A n d r e w s ( J ) first d iscovered the c r i t i c a l po int of a fluid i n 1869. 
Short ly thereafter i n 1873, V a n der W a a l s (2) presented his dissertation, 
" O n the C o n t i n u i t y of the Gas a n d L i q u i d State." T h i s a n d later w o r k 
i n the f o l l o w i n g twenty years p r o v i d e d the c lassical theory of the c r i t i c a l 
region for fluids. H o w e v e r , Verschaffelt i n the early 1900's f o u n d the 
c r i t i c a l exponents β a n d δ to be about 0.35 a n d 4.26, respectively, c o m ­
pared w i t h the c lassical values of 1 /2 a n d 3. T h e surface tension expo­
nent also was f ound to be near 1.25 instead of the c lassical va lue of 3 / 2 . 
A n excellent deta i led h istor ica l rev iew of this p e r i o d has been g iven b y 
L e v e l t Sengers ( 3 ) . 

I n 1965, W i d o m (4) proposed a nonclassical m o d e l for the c r i t i c a l 
reg ion , the scal ing hypothesis. T h i s m o d e l was remarkab ly successful a n d 
spawned a tremendous n u m b e r of papers b o t h a p p l y i n g a n d ref ining the 
mode l . Books b y Stanley (5 ) a n d M a (6) together w i t h the comprehen­
sive rev iew b y L e v e l t Sengers, Greer , a n d Sengers (7 ) p rov ide the neces­
sary background mater ia l . T h e c r i t i ca l reg ion descr ipt ion b y the sca l ing 
m o d e l was so successful that no serious challenges arose for 10 years. 

Because of its mathemat i ca l complex i ty a n d lack of s imple t rac tab i l i ty 
i n terms of measured thermodynamic properties (i.e., the heat of v a p o r i ­
z a t i o n ) , scaled equations of state are p o p u l a r w i t h f ew exper imental 
thermodynamic is ts a n d p r a c t i c i n g engineers. W h i l e some quest ion its 
correctness, most s imply do not understand this field dominated b y 
theoret ical physicists a n d mathematic ians . Desp i te the efforts of the 
E q u a t i o n of State Section of the N B S i n W a s h i n g t o n to popu lar i ze the 
subject through useful appl icat ions , f e w engineers c a n use any of the 
results save such p r i n t e d thermodynamic property tables as those for 
steam ( S ) . A n o t h e r compl i ca t i on is the necessity to b l e n d the scaled 
equat ion of state w i t h a second, ana ly t i ca l equat ion of state v a l i d outside 
the c r i t i c a l reg ion ( 9 ) ; w i t h i n the c r i t i ca l region, the ana ly t i ca l terms 
are referred to as the " b a c k g r o u n d . " 
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6. ΝΕΗΖΑτ E T A L . A New, Generalized Equation of State 111 

T h e r m o d y n a m i c a l l y consistent, nonanalyt i ca l , e m p i r i c a l equations of 
state i n d u c e d f rom exper imental measurements c a n a v o i d the above 
difficulties. Since 1965, at least t w o laboratories act ively were deve lop ing 
isochoric equations of state (Refs . 10,11). These workers h a d the benefit 
of the scal ing w o r k a n d i n c l u d e d nonclassical behavior i n the c r i t i c a l 
reg ion for the ir equations. T h e equat ion presented i n this chapter arose 
f rom u t i l i z i n g the same basic strategy. 

I n 1976, H a l l a n d E u b a n k ( 12,13) p u b l i s h e d two papers w h i c h have 
direct bear ing u p o n the present equat ion of state. I n the first paper , 
they noted the rect i l inear behavior for the m e a n of the vapor a n d l i q u i d 
isochoric slopes i ssuing f rom the same po int o n the vapor pressure curve 
near the c r i t i ca l po int a n d the p o w e r l a w behavior for the difference i n 
these slopes. T h e second paper presented an e m p i r i c a l descr ipt ion of 
the c r i t i c a l reg ion w h i c h general ly agreed w i t h the scal ing m o d e l but 
di f fered i n one signif icant w a y — t h e curvature of the vapor pressure curve . 

Equation of State 

T h e basic funct ion of an isochoric equat ion of state is to describe 
isochores as they issue f rom the vapor pressure curve . F i g u r e 1 i l lustrates 

Temperature 
Figure 1. Coexistence curve with isochores and the isochonc slope, ψ0. 
At points A and Β the curvature of the isochores is zero as well as along 
the locus indicated by the dotted line (the locus of the isochonc heat 

capacity extrema). 
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112 EQUATIONS O F S T A T E 

the general ly regular behavior of these curves o n a P - T d iagram. T h e 
basic f o rmulat i on is a T a y l o r s series expansion about the vapor pressure: 

p=Pff+(lf)J { t - t ° î +i(fï)J w - t ^ + • • • 

(1) 

where Ρ is pressure, Τ is temperature, ρ is density, a n d subscr ipt σ denotes 
a saturation va lue (e.g., Ρσ is the vapor pressure ) . I n the near - c r i t i ca l 
reg ion , w h i c h w e arb i t rar i l y shal l define as w i t h i n |1 — TR\ ̂  0.01 a n d 
|1 ~~ pie I ^ 0.3, E q u a t i o n 1 represents the isochores adequate ly w h e n 
truncated after the second-order term. F i n a l l y , w e w r i t e the equat ion of 
state i n reduced f o r m for increased n u m e r i c a l t rac tab i l i ty : 

ρ _ = Ρ σ T o / a p \ Ι ( τ - τ σ ) Tc
2 /d2P\ ι ( τ - τ σ ) 2 

P c P c
 + P\dTj ρ\σ Tc

 + 2 P C \dT2) ρ\σ Τ2 

(2) 

or w i t h the usual definitions of r e d u c e d var iab les : 

P " = P - + ( ! £ ) „ L < r - τ . . ύ +1 l (T - r„.,. 

= Ρ σ , Λ + ΨΣ(ΤΚ - Τσ,κ) + I ΦΣ{ΤΕ - T V , * ) 2 (3) 

i n w h i c h Ψ σ a n d Φ σ represent the reduced first a n d second derivatives , 
respectively . 

C l e a r l y , u t i l i za t i on of E q u a t i o n 3 requires expressions for the satura­
t i on propert ies : Ρ σ , Φ σ , Φσ, a n d Τ σ . For tunate ly , i n the c r i t i c a l reg ion , 
these expressions are re lat ive ly s imple . T a k i n g the properties i n order, 
the vapor pressure equat ion is the first var iab le to consider. W e have 
chosen an expression proposed b y W a l t o n et a l . (14) w h i c h is a n integra ­
t i on of the t runcated scal ing equat ion : 

^ ^ - C l r - e ( l + C2r") (4) 

i n w h i c h τ = 1 — Γ σ β a n d θ a n d η are c r i t i c a l exponents. Integrat ion 
of E q u a t i o n 4 u l t imate ly y ie lds : 

(5) 
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6. N E H Z A T E T A L . A New, Generalized Equation of State 113 

where k 7 a n d k 8 are functions of C i , c 2 , 0, a n d η ( w e designate t h e m k 7 

a n d k 8 to m a i n t a i n consistency w i t h earl ier p u b l i c a t i o n s ) , a n d # c is the 
value of Φ σ at the c r i t i c a l po int . E q u a t i o n 5 is an excellent representation 
for the vapor pressure i n the c r i t i c a l reg ion p r o d u c i n g m a x i m u m dev ia ­
tions on the order of 1 0 p p m . F i g u r e 2 i l lustrates this assertion for 
ethylene. 

-16 -14 -12 

Temperature °C 

Figure 2. Relative deviations of the calculated vapor pressure for ethyl­
ene from the observed values of Douslin and Harrison (17) in parts per 

million 
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114 EQUATIONS O F S T A T E 

T h e isochoric slopes, Φ σ , obey a reasonably s imple re lat ionship i n 
the cr i t i ca l r eg ion : 

Ψσ — * c + k 5 r zp k 6 r x (6) 

i n w h i c h the minus s ign denotes vapor values a n d the p lus sign denotes 
l i q u i d values for the last term. E q u a t i o n 6 results f r om observations 
made b y H a l l a n d E u b a n k (12) r egard ing rect i l inear behavior for the 
mean isochoric slopes a n d p o w e r l a w behavior for the difference i n 
isochoric slopes. F igures 3 a n d 4 demonstrate these observations for 
ethylene. 

T h e second der ivat ive term, Φσ, w h i c h w e w i l l refer to as " curva ture " 
for shorthand notat ion, has rather exotic behavior . F i g u r e 5 is a q u a l i t a ­
t ive sketch of the funct ion p lo t ted against density. A n e m p i r i c a l re la t i on ­
ship w h i c h can pred i c t such behavior is 

Φ σ = Φ0(1 - £ 4) + krf (1 - έ 2 ) exp ( W 2 ) , (7) 

where £ = ( ρ σ — P c ) / P c . T h i s expression is s imi lar to the last t e r m i n the 
B W R equat ion. F i g u r e 6 i l lustrates the fit of E q u a t i o n 7 to ethylene data. 

T h e saturation temperature, Γ σ , is an i m p l i c i t funct ion of the satura­
t ion density : 

(pa/Pc) — 1 + k i r qp k 2 r * (8) 

where β is a c r i t i ca l exponent a n d the minus s ign aga in denotes a vapor 
value w h i l e the p lus s ign denotes a l i q u i d value . T h i s completes the 
equat ion of state w h i c h requires values for T c , P c , pc, Φ0, θ, η, λ, β, k 1 ? 

k 2 , k 5 , k G , k 7 , k 8 , k 9 , a n d k i 0 , (five c r i t i ca l parameters, four c r i t i c a l expo­
nents, a n d eight adjustable constants) . A c t u a l l y , relationships exist 
a m o n g 0, λ, a n d β w h i c h e l iminate one of t h e m f rom the parameter l ist . 
It is also l ike ly that the c r i t i c a l exponents are universa l . 

Comparison with Data 

W e have chosen ethylene a n d water as substances to correlate w i t h 
our equat ion of state. T h e reasons for p i c k i n g these substances are their 
considerable prac t i ca l a n d theoret ica l importance , a n d because of the 
apparent ly poor state of correlat ion i n the c r i t i c a l reg ion for ethylene i n 
the I U P A C tables (15) a n d for water i n the steam tables (16). Tab les I 
a n d I I present the results of the correlat ion. T h e agreement between 
observed a n d ca lcu lated pressures is excellent. T h e m a x i m u m percentage 
errors are 0 .005% for ethylene a n d 0 .09% for water . Tables I I I a n d I V 
present the values of the various parameters used i n the correlat ion. F o r 
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118 EQUATIONS O F S T A T E 

Table I. Comparison of Calculated Pressures with Those 
of Douslin and Harrison (27) 

^observed ^calculated 
T68(K) MPa MPa e(%) 

ρ = 5.0 g mol/dm3 

280.15 4.79381 4.79383 +0.0004 
281.15 4.86833 4.86824 - 0 . 0 0 1 8 
282.15 4.94195 4.94195 0.0000 
282.35 4.95656 4.95661 +0.0010 
283.15 5.01491 5.01496 +0.0010 

Ρ = 6.0 g mol/dm3 

282.15 5.01181 5.01184 +0.0006 
282.25 5.02118 5.02107 - 0 . 0 0 2 2 
282.35 5.03051 5.03028 - 0 . 0 0 4 6 
283.15 5.10345 5.10353 +0.0016 

pc = 7.635 g mol/dm3 

282.35 5.04197 5.04197 0.0000 
283.15 5.13277 5.13298 +0.0042 

Ρ = 8.0 g mol/dm3 

282.35 5.04200 5.04201 +0.0002 
283.15 5.13594 5.13593 - 0 . 0 0 0 2 

ρ = 9.0 g mol/dm3 

282.15 5.02198 5.02207 +0.0018 
282.25 5.03540 5.03547 +0.0014 
282.35 5.04902 5.04889 - 0 . 0 0 2 6 
283.15 5.15732 5.15731 - 0 . 0 0 0 2 

ρ = 10.0 g mol/dm3 

281.15 4.92924 4.92922 - 0 . 0 0 0 4 
282.15 5.09211 5.09228 +0.0034 
282.35 5.12506 5.12519 - 0 . 0 0 2 6 
283.15 5.25792 5.25792 +0.0020 

Table II. Comparison of Calculated Pressures with 
Those of Rivkin et al. (18) 

^observed ^calculated 

T68(°CJ bar bar c (%) 

ν = cm3 g'1 

374.127 221.04 221.05 +0 .01 
374.997 223.62 223.56 - 0 . 0 3 
377.007 229.55 229.47 - 0 . 0 3 
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6. N E H Z A T E T A L . A New, Generalized Equation of State 119 

T a b l e I I . C o n t i n u e d 

^observed ^calculated 

T68(°C) bar bar e(%) 

379.017 235.56 235.51 - 0 . 0 2 
382.027 244.73 244.80 +0 .03 
384.897 253.45 253.59 +0 .05 

ν = 3.0128 cm3 g'1 

375.237 224.07 224.02 - 0 . 0 2 
376.107 226.47 226.41 - 0 . 0 3 
377.067 229.14 229.05 - 0 . 0 4 
379.067 234.67 234.63 - 0 . 0 2 
380.977 240.05 240.03 - 0 . 0 1 
383.007 245.72 245.85 +0 .05 

ν = 3.2707 cm3 g'1 

374.147 221.01 221.05 +0 .02 
375.317 224.12 224.14 +0.01 
376.017 225.96 225.99 +0 .01 
377.037 228.64 228.55 - 0 . 0 4 
379.177 234.28 234.43 +0 .06 
381.127 239.47 239.69 +0 .09 
383.027 244.36 244.55 +0 .08 

v= 3.4 171 cm3 g-1 

375.067 223.40 223.41 +0 .01 
376.117 226.09 226.11 +0 .01 
377.057 228.49 228.54 +0 .02 
379.007 233.47 233.59 +0 .05 
381.007 238.53 238.73 +0 .08 
383.167 244.01 244.16 +0 .06 

ν = 3.6558 cm3 g'1 

375.077 223.27 223.25 - 0 . 0 1 
376.007 225.54 225.52 - 0 . 0 1 
377.997 230.34 230.38 +0 .02 
380.997 237.51 237.67 +0 .06 
385.007 247.11 247.30 +0 .08 

ν = 3.8619 cm3 g~* 

374.907 222.65 222.61 - 0 . 0 1 
376.037 225.24 225.24 + 0 . 0 0 
377.977 229.71 229.72 +0 .01 
381.007 236.71 236.61 +0 .04 
384.967 246.08 246.01 - 0 . 0 3 
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120 EQUATIONS O F S T A T E 

Table III. Ethylene Parameters and Standard Deviations 

Parameter Value Standard Deviation 

Tc 282.3502 Κ 0.000 Κ 
Pc 5.04197 M P a 0.00014 M P a 
Pc 7.635 g m o l / d m 3 0.001 g m o l / d n v 
β 0.3523 0.0042 
λ 0.5304 0.0031 
θ 0.2082 0.0O06 
V 1.5476 0.2142 
*c 6.3696 0.0022 
<*>c 11.1017 0.3184 
k i 0.7649 0.0007 
k 2 1.8902 0.0073 
k 5 69.4549 0.4112 
k e 34.9071 0.0147 
k 7 9.5355 0.0116 
k 8 - 6 . 4 2 7 5 0.7123 
ko 282.9170 1.7139 
kio - 1 0 . 4 3 1 8 0.4656 

Table IV. Water Parameters and Their Standard Deviations 

Parameter Value Standard Deviation 

Tc ( I P T S - 6 8 ) 647.2262 Κ 0.0231 Κ 
220.867 bar 0.0113 bar 

Pc 0.32165 g / c m 3 0.00124 g / c m 3 

β 0.3561 0.0062 
λ 0.5288 0.0062 
Θ 0.2308 0.0019 
V 

*c 7.8579 0.0003 
*c 6.3115 0.0983 
k i 2.2051 0.0910 
k 2 2.3471 0.0142 
k 5 75.529 0.0198 
k e 41.7893 0.1019 
k 7 13.5956 0.0801 
k 8 0 — 
k 9 50.2477 0.6467 

the water correlat ion, the expression of Φ σ was considerably s impler t h a n 
E q u a t i o n 7 because the c r i t i c a l range essentially covered only the l inear 
reg ion of F i g u r e 6. Therefore , for water w e used 

Φ σ — Φ0 + k 9£ 

w h i c h is adequate as seen f r o m F i g u r e 7. 

(9) 
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6. N E H Z A T E T A L . A New, Generalized Equation of State 121 

-3 
M o l a r d e n s i t y , gmol dm 

Figure 6. The reduced curvatures of isochores at the coexistence curve 
of ethylene vs. the molar density. CP indicates the critical point while 
the dotted curves show the trend of Φσ as predicted by the revised scaling 

theory. 
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122 EQUATIONS O F S T A T E 

Figure 7. Reduced curvature of steam isochores at the coexistence curve 
vs. the density in the critical region based on the data of Rivkin et al. (IS) 
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6. N E H Z A T E T A L . A New, Generalized Equation of State 123 

Conclusions 

A re lat ive ly s imple , isochoric equat ion of state can describe the 
c r i t i c a l reg ion for fluids such as ethylene a n d water us ing five c r i t i c a l 
parameters , four c r i t i ca l exponents, a n d eight adjustable constants. A g r e e ­
ment between observed a n d ca lculated pressures is excellent a n d the 
current values are m u c h better than those i n standard reference tables. 
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Glossary of Symbols 

C i , c 2 = dimensionless constants i n E q u a t i o n 4 
k i , k 2 , k 5 - k 1 0 = dimensionless constants i n E q u a t i o n s 5, 6 ,7 , a n d 8 

Ρ = pressure, bar or M P a . 
Τ = temperature, Κ or ° C 
V = specific vo lume , c m 3 g" 1 

Greek Letters 

β = c r i t i ca l exponent of the orthobaric density difference 
η = second order c r i t i ca l exponent of the vapor pressure 

curvature 
θ = p r i m a r y c r i t i c a l exponent of the vapor pressure curvature 
λ = c r i t i ca l exponent of the difference of isochoric slopes 

i ssu ing f rom the vapor pressure curve 
£ = the dimensionless density, ( P — p c ) / p c 

ρ = density, g m o l / d m 3 

τ = the dimensionless temperature, (Tc — T)/Tc 

Φ = reduced isochoric second der ivat ive , (d2PR/dTR
2)PR\a 

ψ = reduced isochoric first der ivat ive , (dPR/dTR)PR\a 

Subscripts 

c = c r i t i ca l po int 
R = va lue d i v i d e d b y its c r i t i ca l va lue 
σ = va lue at the coexistence curve 
ρ = va lue a long an isochore 
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7 

Three-Parameter, Corresponding-States 

Conformal Solution Mixing Rules for Mixtures 

of Heavy and Light Hydrocarbons 

T. J. LEE, L. L. LEE, and Κ. E. STARLING 

School of Chemical Engineering and Materials Science, 
University of Oklahoma, Norman, OK 73019 

The conformal solution method is used as the basis for 
developing mixing rules for the characteristic parameters 
appearing in a three-parameter, corresponding-states corre­
lation of thermodynamic properties. A logical extension of 
the van der Waals one-fluid mixing rules from two to three 
parameters is shown to yield poor predictions of vapor-
liquid equilibrium for mixtures of paraffin hydrocarbons 
with highly dissimilar molecular sizes. Therefore, semi-
empirical rules were developed with improved predictive 
capability. The average absolute deviations of predicted 
methane K-values from experimental binary mixture data 
for methane with heavier normal paraffin hydrocarbons 
ranging from ethane through normal decane were 11.0% 
and 4.6%, respectively, using the modified van der Waals 
one-fluid mixing rules and the semiempirical mixing rules. 

Us i n g conformai so lut ion theory models for the p r e d i c t i o n of mixture 
thermodynamic behavior is becoming increasingly popu lar for 

i n d u s t r i a l calculations. T h e attractiveness of the con formai so lut ion 
approach stems large ly f rom the fact that i t is faster computat iona l ly 
t h a n p u r e l y theoret ical methods a n d yet has a sufficiently good basis i n 
theory to a l l ow extension to complex molecu lar interactions (e.g., m u l t i -
po le , d ispers ion, a n d steric effects), w h i c h w o u l d be diff icult us ing p u r e l y 
e m p i r i c a l methods. 

T h e f o rmulat ion of conformai so lut ion theory w h i c h has rece ived the 
widest use to date is the so-cal led V D W one- f luid theory ( I ) . Str i c t ly , 
the V D W one-f luid theory appl ies to mixtures of s imi lar size molecules 

0-8412-0500-0/79/33-182-125$05.00/l 
© 1979 American Chemical Society 
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126 EQUATIONS O F S T A T E 

for w h i c h a l l p a i r potentials can be expressed i n the f o r m = c y 

Φ^α/σα). Un fo r tunate ly , for m a n y i n d u s t r i a l mixtures mo lecu lar size 
differences can be large a n d or ientat ion effects make important c o n t r i b u ­
tions to the p a i r potentials . T h u s , aside f r o m the approximations inherent 
to conformai so lut ion theory, factors w h i c h adversely affect the accuracy 
of the V D W one-f luid theory for the complex molecu lar systems encoun­
tered indust r ia l l y inc lude u s i n g the t w o parameter (c^ a n d σ{ί) p a i r 
potent ia l a n d r e q u i r i n g of s imi lar molecu lar sizes for the mixture c o m ­
ponents. 

Efforts are i n progress at the U n i v e r s i t y of O k l a h o m a to develop a 
mul t iparameter , corresponding-states f ramework for correlat ion of thermo­
d y n a m i c propert ies , t a k i n g into account the various or ientat ion c o n t r i b u ­
tions to p a i r interactions (e.g., d i p o l e - d i p o l e , q u a d r u p o l e - q u a d r u p o l e , 
d i p o l e - q u a d r u p o l e , a n d h igher mul t ipo l e effects as w e l l as d ispers ion a n d 
steric effects). P r e l i m i n a r y research (2 ) i n this d i rec t i on has i n v o l v e d 
l u m p i n g the co l lect ive effects of or ientat ion contr ibut ions into a single 
t e rm i n the p a i r potent ia l a n d the resultant expressions for the thermo­
d y n a m i c properties f r om the P o p l e per turbat i on theory ( 3 ) . T h i s 
approach leads to the three-parameter , corresponding-states corre lat ion 
f ramework reported i n recent w o r k (2 ) a n d used here in . T h e three 
character izat ion parameters i n this corre lat ion f ramework are the charac ­
terist ic mo lecu lar s i ze / separat i on parameter , σ, the characterist ic mo lec ­
u lar energy parameter , c, a n d the characterist ic or ientat ion parameter , γ. 
W i t h i n this three-parameter, corresponding-states f ramework i t is possible 
to der ive , a long the lines of the m e t h o d used b y S m i t h ( 4 ) , a three-
parameter , con formai solut ion mode l , w h i c h is presented i n Sect ion 2. 
I n the der ivat ion of the three-parameter con formai so lut ion m o d e l , cer ta in 
parameters ( exponents ) i n the m i x i n g rules for the three character izat ion 
parameters are arb i trary . U s i n g the V D W one- f luid m i x i n g rules for the 
energy a n d separation parameters , a long w i t h a m i x i n g ru le for the 
or ientat ion parameter d e r i v e d a long the l ines of the V D W one- f luid theory 
y ie lds the so-cal led modi f ied V D W one- f luid m i x i n g rules i n Sect ion 3. 
T h e methodology for the thermodynamic properties calculat ions presented 
here in is presented i n Sect ion 4. I t is shown i n Sect ion 5 that us ing the 
modi f i ed V D W one-f luid m i x i n g rules y ie lds accurate predic t ions of 
mixture t h e r m o d y n a m i c behavior for mixtures of molecules w i t h d is ­
s imi lar i t ies as great as methane a n d propane , but that the accuracy of 
p r e d i c t i o n decays for larger molecu lar d iss imi lar i t ies . I n Sect ion 6, the 
exponents i n the modi f ied V D W one- f luid m i x i n g rules are v a r i e d e m p i r i ­
ca l l y ; the resultant m i x i n g rules, re ferred to here in as semiempir i ca l 
m i x i n g rules, y i e l d s ignif icantly i m p r o v e d predict ions for mixtures w i t h 
components as d i ss imi lar as methane a n d n o r m a l decane. T h e i m p l i c a ­
tions of these results are discussed i n Sect ion 7. 
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7. L E E E T A L . Conformai Solution Mixing Rules 127 

Anisotropic Fluid Conformai Solution Model 

T h e method used here for cons ider ing conformai so lut ion models 
for fluids w i t h molecular anisotropics is based on the method used b y 
S m i t h (4) for treat ing isotropic one- f luid conformai so lut ion methods as 
a class of per turbat ion methods. T h e objective of the m e t h o d is to c losely 
approx imate the properties of a mixture b y ca l cu la t ing the properties of 
a hypothet i ca l pure reference fluid. T h e character izat ion parameters ( i n 
this case, intermolecular potent ia l parameters) of the reference fluid are 
chosen to be functions of compos i t ion (i.e., mole fract ions) a n d the 
character izat ion parameters for the various possible molecular p a i r inter ­
actions ( l i k e - l i k e a n d u n l i k e - u n l i k e ) . I n p r i n c i p l e , a l l molecu lar aniso­
tropics ( d i p o l e - d i p o l e , q u a d r u p o l e - q u a d r u p o l e , d i p o l e - q u a d r u p o l e , a n d 
h igher mul t ipo le interactions, as w e l l as over lap a n d dispersion interac ­
tions ) can be i n c l u d e d i n the method . H e r e , the various molecu lar aniso­
tropics are l u m p e d into a single t e rm, so that the intermolecular potent ia l 
energy uy ( r i 2 , ωι, ω 2 ) be tween Mo lecu les 1 a n d 2 of Species i a n d / can be 
w r i t t e n i n the f o r m 

Uu(r i2 , ωχ, ω2) = €ij φ° (—) + SijCij ψρ ωι, ω 2 ) (1) 
\σϋ/ \ σ ϋ / 

I n E q u a t i o n 1, r12 is the vector d isplacement of the molecu lar centers of 
Mo lecu les 1 a n d 2, r12 is the scaler separation, r i 2 = |r12|, a n d ωχ a n d ω 2 

are the E u l e r angles descr ib ing the orientations of Mo lecu les 1 a n d 2. 
T h e first term on the r i g h t - h a n d side of E q u a t i o n 1 i n v o l v i n g φΌ is 
recognized as an isotropic potent ia l f o rm, so that the t e r m i n v o l v i n g φρ 

describes anisotropic effects. T h e character izat ion parameters σ ί ; , eijy a n d 
Sijy respect ively , are characterist ic distance, energy, a n d anisotropic 
strength parameters for the interact ion between molecules of Species i 
a n d /. 

T h e extension of the isotropic mixture conformai so lut ion m e t h o d of 
S m i t h (4) to the case of anisotropic molecu lar systems can be m a d e 
easily i n the f o l l o w i n g manner . T h e quantit ies aih bih a n d c t i are def ined 
b y the relations a i ; = δ ^ / σ ^ 1 1 1 . = δ ί / W , c { ; = 8 ν % ν σ ^ , w h e r e 
the exponents k, 1, m , p , q , r , u , v , a n d w are left unspeci f ied at this po in t 
i n the development. T h e conf igurat ional H e l m h o l t z free energy A for a n 
anisotropic mixture then can be expanded about the conf igurat ional 
H e l m h o l t z free energy of a hypothet i ca l p u r e reference fluid, AXy w i t h 
character izat ion parameters δ*, eXy a n d σχ ( or aXy bx> cx), 

A = A * + ^ Σ Σ ^ ζ , Κ · - ax) + - ^ Σ Σ ^ ^ ϋ - bx) oax ι j aux i j 

+ - ^ ^ Σ Σ ^ ί Μ ^ υ — °χ) + higher order terms (2) ocx χ j 
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128 EQUATIONS O F S T A T E 

where χ* is the mole f ract ion of the i t h component i n the mixture . T h e 
f o l l o w i n g m i x i n g rules a n n u l the first order terms i n the expansion i n 
E q u a t i o n 2, 

— E Z ^ W ^ (3) 
i i 

8 x p ^ W = ( 4 ) 

« Λ ν = Z E z i W « ù X w (5) 
i i 

T h e app l i ca t i on of the conformai so lut ion method i n i n d u s t r i a l ca l cu la ­
tions requires the use of the approx imat ion A = Ax to a v o i d the lengthy 
computat i on r e q u i r e d to calculate the h igher order terms i n E q u a t i o n 2. 
T h u s , a p r a c t i c a l strategy for choosing the exponents k, 1, m , p , q , r , u , v , 
a n d w i n E q u a t i o n s 3, 4, a n d 5 w o u l d be through m i n i m i z a t i o n of the 
difference A — Ax (ac tua l ly , data for a l l avai lable mixture t h e r m o d y n a m i c 
propert ies can be used s imultaneously to determine the exponents b y 
regress ion) . H o w e v e r , most appl icat ions of the conformai so lut ion method 
have i n v o l v e d the use of exponents based on molecu lar theory a n d so 
this a p p r o a c h was used i n the i n i t i a l phases of the present work . 

Modified van der Waals One-Fluid Mixing Rules 

T h e w e l l k n o w n V D W one- f luid m i x i n g rules for the character izat ion 
parameters σχ a n d c x for isotropic fluids are 

σ/ — Σ Σ ^ ϋ 3 (6) 
i 3 

€Χσχ
3 — Σ Σ ^ ν ( 7 ) 

i 3 

T h u s , the V D W one-f luid rules correspond to the use of the f o l l o w i n g 
values of the exponents i n E q u a t i o n s 3 a n d 4, k = 0,1 = 0, m = 3, ρ = 
0, q — 1, r = 3. S m i t h (5 ) has discussed the fact that for hard-sphere 
mixtures , E q u a t i o n 6 is the most reasonable theoret ica l choice for 
spec i fy ing σχ ( a l t h o u g h other m i x i n g rules have been u s e d ) . A l s o , 
S m i t h ( 5 ) has s h o w n for hard-sphere b i n a r y mixtures that u s i n g the 
ar i thmet i c m e a n ru le , σ12 = 1 / 2 ( σ η + ^22), the second-order terms i n 
E q u a t i o n 2 for the H e l m h o l t z free energy p r o b a b l y can be neglected on ly 
w h e n σιι a n d σ22 differ b y less t h a n about 1 0 % . F o r isotropic fluids, the 
per turbat i on expansion of the H e l m h o l t z free energy about that of a 
hard-sphere system leads to E q u a t i o n 7 w h e n the m e a n density approx i ­
m a t i o n is used for the hard-sphere p a i r d i s t r i b u t i o n f u n c t i o n ( 5 ) . 
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7. L E E E T A L . Conformai Solution Mixing Rules 129 

A l t h o u g h the V D W one-f luid m i x i n g rules y i e l d reasonably accurate 
predict ions of mixture behavior for molecules w h i c h are not greatly 
d iss imi lar , the cases of evaluat ion of the u n l i k e interact ion parameters, 
σ{;· a n d c 0 , where i ^ f r om the data m a y be compensatory i n a n 
e m p i r i c a l w a y . 

F o r the der ivat ion of a m i x i n g ru le for the anisotropic strength 
parameter , δ*, consider the Pop le expansion (3 ) of the H e l m h o l t z free 
energy, A , about the free energy, A 0 , of a n isotropic fluid reference system 

A = A0 + Αχ + A2 + . . . (8) 

w h e r e A^ are the i t h order terms i n the expansion. T h e isotropic reference 
system p a i r potent ia l is defined as the u n w e i g h t e d average of the aniso­
tropic p a i r potent ia l i n E q u a t i o n 1, that is, 

- • G O -
( % ( r i 2 , ωι ,ω 2 ) )ω (9) 

where the brackets ( ) ω denote the angle average. T h u s , Αχ = 0 a n d 
E q u a t i o n 8 is a per turbat ion expansion for A i f h igher -order terms are 
smal l . F o r smal l anisotropics, t runcat ion at A 2 is accurate, w h i l e for 
large anisotropies the use of the Padé approx imant used b y Ste l l ( 6 ) 

A — A0 + 
(1-Aa/A2) 

yie lds good results. H e r e i n the t runcat ion at A 2 w i l l be used. T h e second-
order t e rm A 2 is g iven b y the re lat ion 

A2 — ^ E E ^ W f d r i d r 2 < (Φαν)2 > »Qii° (10) 

where ρ is the molecule n u m b e r density, Γ is absolute temperature, k is 
Bo l tzmann 's constant, r i a n d r 2 are the pos i t ion vectors of Mo lecu les 1 
and2 , a n d g y ° is the isotropic p a i r d i s t r ibut i on funct ion . F o r the case i n 
w h i c h φ { / can be w r i t t e n as the product func t i on 

^ ) l > ( « i , « 2 ) ( I D 

A 2 becomes 

A 2 = - η ^ Σ Σ ^ Α ν ^ 8 / à r u ' r u ' V t f a s ' i D * ) . (12) 
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130 EQUATIONS O F S T A T E 

w h e r e r12* — r12/a12. F o r example , i f the p e r t u r b a t i o n c o n t r i b u t i o n to 
the p a i r po tent ia l were the over lap po tent ia l for l inear molecules , the 
p e r t u r b a t i o n c o n t r i b u t i o n c o u l d be approx imated b y the f o l l o w i n g expres­
s ion, o w i n g to P o p l e ( 3 ) , 

*w4>if> — (jr^J12 [3 cos 2 0! - 3 cos 2 θ2 - 2] (13) 

so that F{j = ( σ < ; · Α 1 2 ) 1 2 a n d D = [3 cos 2 0 X - 3 cos 2 θ2 - 2 ] , where 
0 i a n d 0 2 are the po la r angles of or ientat ion of Mo lecu les 1 a n d 2. T o 
ob ta in the expression for δ^ the f o l l o w i n g approx imat ion is in t roduced , 

g i j ° ( ^ ' j ^ ' ™ ' * 1 ' * · - ) - f o ° ( r * ^ T # ) ( 1 4 ) 

w h e r e r * = r/aXy ρ* = ρσ χ
3 , Τ * = kT/ex. T h e approx imat i on i n E q u a ­

t i on 14 is s imi lar to, b u t more stringent t h a n , the m e a n density a p p r o x i ­
mat i on . W i t h the assumption i n E q u a t i o n 14, A2 becomes 

A,= ~ ^ f f i T Z ^ W ^ ' / d r V " * * 0 . ° (15) 

It is then l og i ca l to choose the f o l l o w i n g m i x i n g ru le for the anisotropic 
strength parameter (over lap parameter i n the specific example ) δ*, 

— Σ Σ ^ Α Λ ί Α ϋ 8 (16) 
i 3 

T h i s m i x i n g ru le corresponds to the use of the f o l l o w i n g values of the 
exponents i n E q u a t i o n 5, u = 2, ν = 2, w = 3. T h e reduced H e l m h o l t z 
free energy, A * = A/NkT, where Ν is the n u m b e r of molecules then 
takes the f o r m 

A* - A G * - δ , 2 ΤΓ (D2) p*JJ(T*)2 (17) 

where ρ* — ρσχ\ Γ* = kT/tx> a n d Jx is the in tegra l 

J.—f dr*r*2F2gx° (18) 

N o t e that A * is of the f o r m 

A* = A0* + sx
2f*(T*,P*) (19) 

T h i s result is i d e n t i c a l to the expression w h i c h is obta ined f r o m the 
per turbat i on expansion of A for a p u r e fluid. T h u s , re ferr ing to E q u a t i o n 
2, the first-order con formai so lut ion re la t i on for anisotropic fluids is 

^ * ( Γ , ρ, { σ „ } , {8<,}, {xk}) - Α.(Τ; p\ K) (20) 
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7. L E E E T A L . Conformai Solution Mixing Rules 131 

where { σ ί ; } , {c i ;}, a n d { δ { ; } denote the sets of character izat ion parameters 
for the mixture constituent b i n a r y pairs , {xk} denotes the set of mo le 
fractions of the mixture components, a n d 

AX*(T*} Λ 8.) - Α0*(Τ; Ρ · ) + bx
2f*(T*, Ρ*) (21) 

w i t h the modi f i ed V D W m i x i n g rules for σχ> €X, a n d δ* g i ven i n E q u a t i o n s 
6, 7, a n d 16. 

T h e equation-of-state expression for the absolute pressure Ρ is ob ­
ta ined f r o m E q u a t i o n 19 us ing the thermodynamic re la t ion 

Y dp* / ν, τ pkT 

the resultant expression for the compress ib i l i ty factor Ζ = P/pkT is 

(22) 

Ζ = Z0 + 8.*Zi (23) 

where η 

\ Op / Ν, Τ 
(24) 

' ' - φ ) , . , - Λ Μ = ^ ) 1 . ( 2 5 ) 

Calculation of Thermodynamic Properties 

F o r the ca l cu lat ion of thermodynamic propert ies , E q u a t i o n 23 was 
used i n an e m p i r i c a l manner . O n l y data for nonpo lar n o r m a l paraffin 
h y d r o c a r b o n systems were used i n the correlat ion deve lopment so that 
as a n approx imat ion , the P i t z e r acentric factor, ω, c o u l d be taken as a n 
estimate of the col lect ive strength of molecu lar anisotropics (i .e. , δ 2 = 
ω ) . Because the use of the resultant corre lat ion for po lar systems was 
ant i c ipated , the parameter y (γ = δ 2 ) , re ferred to here in as the or ientat ion 
parameter , was used instead of the acentr ic factor (γ ^ ω for other 
fluids). T h e equat ion of state i n E q u a t i o n 23 then takes the f o r m 

Ζ(Τ·, Λ γ) = Ζ AT*, ρ*) + γΖΛΤ*, ρ*) (26) 

where Ζ is the compress ib i l i ty factor a n d Z 0 a n d Z i are functions of the 
reduced temperature T * = kT/e a n d reduced density ρ* = ρσ 3 . 

T h e equation-of-state f o rm used here in is the modi f i ed B e n e d i c t -
W e b b - R u b i n ( M B W R ) equat ion as g iven b y H a n a n d Star l ing ( 7 ) . I t 
is re formulated into the f o r m of E q u a t i o n 26 b y expressing the constants 
ap pear i n g l inear ly i n the equat ion into t w o parts—one isotropic p a r t a n d 
one anisotropic part , 

Bi = ai + ybi (27) 
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132 EQUATIONS O F S T A T E 

αΛ b e i n g the isotropic part a n d bi b e i n g the anisotropic part , where as 
noted above, γ ~ δ 2 is an or ientat ion parameter account ing for the n o n -
spher ic i ty of the molecu le -pa ir potentials u n d e r considerat ion. Therefore , 
the M B W R equat ion corresponding to E q u a t i o n 26 assumes the f o r m 

Ζ _ l + f[Bx - B2T*'X - B3T*~3 + B9T*-* - B i i T * " 5 ] 

+ P*2[B5 - BQT*~i - B10T*-2] + ρ** [B7T*-X + B12T*'2] 

+ Bsp*2T*~* [ (1 + B 4 P * 2 ) exp ( - V 2 ) ] (28) 

where fo4 i n E q u a t i o n 27 is zero to insure l inear i ty of Ζ i n γ, ρ* is the 
r educed density, ρ* = ρσ3, a n d T * is the r educed temperature , T * =* 
kT/e. T h e characterist ic mo lecu lar distance parameter , σ, a n d energy 
parameter , c, were est imated f r o m the c r i t i c a l constants u s i n g the relations 

, 0.3189 
Pc 

_ kTc 

c — 1.2593 

where k is the B o l t z m a n n constant. Pert inent relations for other thermo­
d y n a m i c properties have been presented elsewhere ( 2 ) . E q u a t i o n s 29 
a n d 30 are based on the relat ionships of the L e n n a r d - J o n e s ( 12 -6 ) 
potent ia l parameters for argon to the argon c r i t i ca l constants. T h e use of 
E q u a t i o n s 29 a n d 30 i n the M B W R equat ion of state g iven i n E q u a t i o n s 
27 a n d 28 works w e l l for pure n o r m a l paraffin hydrocarbons . T h e u n i ­
versa l constants α έ a n d bi, i = 1, . . . 12 (fo 4 = 0) were de termined b y 
s imultaneously u s i n g density, vapor pressure, a n d enthalpy departure 
data for methane through n o r m a l decane i n mul t ip roper ty analysis . 
A v e r a g e absolute deviations of p red i c ted f r o m exper imenta l propert ies 
were 1.00% for density, 1.13 B t u / l b for enthalpy a n d 0 .85% for v a p o r 

(29) 

(30) 

Table I . Generalization Parameters of Pure Materials to Be 
Used with Generalized Equation of State 

Critical Critical Orientation 
Temp. Density Molecular Parameter 
(°F) (lb-mol/cu ft) Weight (y) 

M e t h a n e - 1 1 6 . 4 3 0.6274 16.042 0.01289 
E t h a n e 90.03 0.4218 30.068 0.09623 
Propane 206.13 0.3121 44.094 0.1538 
n - B u t a n e 305.67 0.2448 58.12 0.1991 
n -Pentane 385.42 0.2007 72.146 0.2530 
n - H e x a n e 453.45 0.1696 86.172 0.3054 
n - H e p t a n e 512.85 0.1465 100.198 0.3499 
n-Octane 563.79 0.1284 114.224 0.4004 
n - N o n a n e 610.50 0.1150 128.24 0.4463 
n -Decane 651.90 0.1037 142.276 0.4880 
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7. L E E E T A L . Conformai Solution Mixing Rules 133 

pressure. T h u s , the mult iparameter , corresponding-states corre lat ion 
f ramework p r o v i d e d b y the per turbat ion equat ion f o r m i n E q u a t i o n 26 
a n d the resultant general ized M B W R equat ion i n E q u a t i o n 28 y ie lds good 
results for the pure n o r m a l paraffin hydrocarbons . Va lues of the c r i t i c a l 
constants a n d or ientat ion parameters used i n this w o r k are g iven i n T a b l e 
I , w h i l e the values of the constants a n d h i i n E q u a t i o n 27 are g iven 
i n T a b l e I I . 

Table II. Generalized Parameters Used in the M B W R Equation 

ParameteT B , = a, + y b i 

i a i b , 

1 1.45907 0.32872 
2 4.98813 - 2 . 6 4 3 9 9 
3 2.20704 11.3293 
4 4.86121 
5 4.59311 2.79979 
6 5.06707 10.3901 
7 11.4871 10.3730 
8 9.22469 20.5388 
9 0.094624 2.76010 

10 1.48858 - 3 . 1 1 3 4 9 
11 0.015273 0.18915 
12 3.51486 0.94260 

Use of the Modified van der Waals One-Fluid Rules 

T h e modi f i ed V D W one- f luid m i x i n g rules for σχ, ex a n d Sx i n 
E q u a t i o n s 6, 7, a n d 16 were used to determine the ab i l i t y of this f o r m u l a ­
t i o n of the conformai so lut ion m o d e l for p r e d i c t i n g mixture behavior . 
T h e f o l l o w i n g relations w e r e used for uih e i ; > a n d δί;· where i ^ /, 

<?ij = £i; (σασχ) 1 / 2 (31 ) 

< y = £ y ( < i i ^ ) 1 / 2 (32) 
Ύα = Φα(Ύ< + Ύί)1/2 (33) 

where a n d φί} are b i n a r y interact ion parameters to be determined 

f r o m b i n a r y mixture thermodynamic property data. T h e r e was l i t t le loss 
i n accuracy of pred i c t i on w h e n φ ί ; was fixed at u n i t y ; therefore ψ0· = 1 
was used for the calculations discussed here in . V a l u e s of the parameters 
in a n d f i ; de termined f r om avai lable b inary density, enthalpy , a n d v a p o r -
l i q u i d e q u i l i b r i u m data for methane w i t h heavier hydrocarbons are g iven 
i n T a b l e I I I . T a b l e I V presents a summary of the deviations of p red i c t ed 
densities a n d methane K-values ( e q u i l i b r i u m ratio of v a p o r - t o - l i q u i d 
mo le fractions ) . Dev ia t i ons of p red i c t ed heavy component K-va lues f r om 
exper imental data were not used to evaluate the accuracy of p r e d i c t i o n 
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134 EQUATIONS O F S T A T E 

Table III. Binary Interaction Parameters for Methane (First 
Component) with Heavier Hydrocarbons 

Second Data Modified VDW Semiempirical 
Component Ref. One-Fluid Rules Exponent Rules 

ζ 12 ζ 11 

E t h a n e 8 0.999079 0.996810 0.999925 0.979586 
P r o p a n e 8 1.02116 0.974404 1.01188 0.936840 
n - B u t a n e 9 1.03946 0.958079 1.02559 0.899345 
n -Pentane 10 1.05214 0.936798 1.03220 0.860984 
n - H e x a n e 11 1.07738 0.920368 1.05049 0.832570 
n - H e p t a n e 12 1.08744 0.921744 1.06234 0.816646 
rc-Nonane 18 1.09674 0.937876 1.07753 0.799090 
n -Decane U 1.11940 0.978290 1.08519 0.790355 

because the vapor-phase mole f ract ion of the heavy component often is 
so smal l that the measurement error is extremely large on a percentage 
basis. T h e t rend w h i c h can be noted i n T a b l e I V occurs because proper ­
ties are pred i c ted w i t h reasonable accuracy for the methane-ethane a n d 
methane -propane systems, but there is a decay i n the accuracy of p r e d i c ­
t i on for the mixtures of methane w i t h n o r m a l butane a n d heavier c o m ­
ponents. T h i s t rend w o u l d be ant i c ipated b y v i r tue of the approximations 
made here in to develop the mul t iparameter , corresponding-states -con-
f o r m a l solut ion formulas. T h e major approximations of concern are (1 ) 
the second-order t runcat ion of the Pop le expansion; (2 ) the l u m p i n g of 
the col lect ive effects of molecu lar anisotropics into a single t e rm, charac ­
ter i zed b y a single or ientat ion parameter , γ; (3 ) the first-order t runcat i on 
of the conformai-so lut ion expansion of the H e l m h o l t z free energy; a n d 
(4 ) the choices made for the exponents i n the m i x i n g rules for the 
reference system character izat ion parameters σχ, ex, a n d δχ. Because of 
the success of the f o rmulat ion for p r e d i c t i n g pure - f lu id propert ies , even 

Table IV. Summary of Deviations of Predicted Binary Mixture 
Densities and Methane JC-Values from Experimental Data 

Second 
Component 

with 

Average Absolute Deviations, % 

Modified VDW 
One-Fluid Rules 

Semiempirical 
Exponent Rules 

Methane Densities Densities K-values K-values 

E t h a n e 2.20 1.14 1.96 1.00 
P r o p a n e 0.94 1.14 1.06 0.90 
n - B u t a n e 2.65 8.10 2.17 4.04 
n -Pentane 2.12 9.61 1.54 4.62 
n - H e x a n e — 17.9 — 7.31 
n - H e p t a n e 3.57 13.6 3.31 11.2 
n - N o n a n e 1.41 16.1 2.73 2.15 
n -Decane 4.34 20.5 5.68 5.55 
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7. L E E E T A L . Conformai Solution Mixing Rules 135 

as heavy as n o r m a l decane, the first two approximations appear adequate 
for prac t i ca l , industr ia l l y or iented correlations such as that used here in . 
A l t h o u g h the t h i r d approx imat ion has been shown to be poor for b i n a r y 
mixtures of hard-sphere molecules w i t h large size differences, the use of 
second-order conformai so lut ion method introduces a dd i t i ona l c o m p u t a ­
t i o n a l requirements w h i c h w o u l d s low prac t i ca l calculat ions, especial ly 
mul t i component v a p o r - l i q u i d e q u i l i b r i u m predict ions . F o r these reasons, 
the f our th approx imat ion was focused on a n d a first alternative to the 
modi f ied V D W one-f luid rules used above was considered. 

Semiempirical Exponent Mixing Rules 

T o determine i f a significant l eve l of improvement i n p r e d i c t e d 
mixture properties over the V D W one-f luid m i x i n g rules is possible, the 
n ine exponents i n the general m i x i n g rules for σχ, cx, a n d Sx i n E q u a t i o n s 
3, 4, a n d 5 c o u l d be determined empir i ca l l y . H o w e v e r , a l l contact w i t h 
the V D W one-f luid formulas m i g h t be lost b y such an approach . T h e r e ­
fore, the exponents k, 1, a n d ρ were fixed at zero a n d nonl inear regression 
was per formed to determine the r e m a i n i n g exponents, s tart ing the n o n ­
l inear regression w i t h the V D W one-f luid values for the r e m a i n i n g 
exponents, i.e. m = 3, q = 1, r = 3, u = 2, ν = 2, a n d w = 3. V a p o r -
l i q u i d e q u i l i b r i u m data for the eight b i n a r y systems i n T a b l e I V were 
used to determine the rev ised exponent values. T h e o p t i m a l values of 
the exponents are m = 4.5255, q = 1.0, r — 4.4271, u = 2.0, ν = 0.0, 
a n d w = 3.4959. R o u n d i n g off these exponents y ie lds the f o l l o w i n g 
semiempir i ca l m i x i n g rules, 

4.5 
σχ 

ε σ 4 5 

txu x 

i 3 

= E Z ^ W " 5 (35) 
i 3 

KW-5 = Σ Σ ^ ν · 5 (36) 
i I 

Table V . Summary of Deviations of Predicted Vapor-Liquid-Phase 
Compositions with Experimental Data (8) for the 

System Methane—Ethane—Propane 
(Subscripts 1, 2, and 3, Respectively) 

N o . D a t a P o i n t s : 33 
Temperature R a n g e : —176 76°F 
Pressure Range : 32-800 ps ia 

Mixing Average Absolute Deviations in Mole Fractions (%) 

Rules Xi x2 x3 yt y2 y s 

2.92 3.34 3.77 1.09 7.16 13.67 
2.72 3.67 4.01 1.29 8.61 16.77 

β Modified V D W one-fluid mixing rules. 
* Semiempirical mixing rules. 
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136 EQUATIONS O F S T A T E 

Table V I . Comparison of Predicted and Experimental (15) 
Methane—Ethane—Propane-ft-Butane ( Subscripts 

Τ (°F) Ρ (psia) x 2 

- 6 0 204 E x p t . 
C a l c . " 
C a l c ' 

0.16 
0.145 
0.152 

0.188 
0.188 
0.189 

- 6 0 288 E x p t . 
C a l c . " 
C a l c . ' 

0.234 
0.212 
0.221 

0.178 
0.178 
0.178 

* Modified V D W one-fluid mixing rules. 

T h e b i n a r y interact ion parameters for use w i t h the semiempir i ca l m i x i n g 
rules are g iven i n T a b l e I I I . Summaries of deviations of p r e d i c t e d 
propert ies f r om exper imental values u s i n g these semiempi r i ca l m i x i n g 
rules are g iven for b inary systems i n T a b l e I V . T h e improvement i n 
v a p o r - l i q u i d predict ions is significant. T h e average absolute dev iat ion 
of p r e d i c t e d methane K-va lues f r om exper imental data for the semi -
e m p i r i c a l m i x i n g rules is 4 .6% compared w i t h 1 1 . 0 % for the modi f ied 

Table VII. Comparison of Predicted and Experimental (16) 
Methane—Ethane—Propane—ii-Pentane—#-Hexane—ff-Decane 

X l X$ X j Χ4 X5 

Τ — 609 .67°R e ; Ρ = 100 ps ia 
E x p t . 0.0266 0.0025 0.0019 0.2023 0.2004 
C a l c * 0.0206 0.0059 0.0031 0.2040 0.1983 
C a l c . 0 0.0225 0.0086 0.0038 0.2076 0.1973 

Τ = 609.67°R; Ρ — 3000 ps ia 
E x p t . 0.5753 0.0409 0.0272 0.0509 0.0616 
C a l c . 5 0.5547 0.0490 0.0297 0.0526 0.0626 
C a l c . 0 0.5264 0.0561 0.0328 0.0561 0.0664 

T = 7 0 9 . ° R ; P = 100 ps ia 
E x p t . 0.0177 0.0016 0.0014 0.1694 0.1785 
C a l c * 0.0122 0.0033 0.0022 0.1800 0.1869 
C a l c . c 0.0161 0.0053 0.0029 0.1900 0.1882 

r = 7 0 9 . 7 o R ; P = 1000 ps ia 
E x p t . 0.2157 0.0232 0.0182 0.1265 0.1428 
C a l c ' 0.1603 0.0302 0.0212 0.1359 0.1511 
C a l c . 0 0.1934 0.0366 0.0230 0.1323 0.1443 

Τ — 709 .7°R; Ρ = 2 0 0 0 ps ia 
E x p t . 0.4122 0.0342 0.0235 0.0947 0.0993 
C a l c . ' 0.3123 0.0428 0.0286 0.1138 0.1170 
C a l c . 0 0.3539 0.0481 0.0297 0.1084 0.1094 
β °R stands for degrees Rankine. 
6 Modified V D W one-fluid mixing rules. 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

07



7. L E E E T A L . Conformai Solution Mixing Rules 137 

Vapor -Liquid Equilibrium Mole Fractions for the System 
1, 2, 3, and 4, Respectively) 

x 4 y« y* 
0.583 0.069 0.852 0.08 0.063 0.005 
0.594 0.072 0.880 0.077 0.041 0.0008 
0.586 0.071 0.884 0.074 0.040 0.0007 

0.527 0.061 0.874 0.060 0.059 0.007 
0.543 0.066 0.910 0.057 0.032 0.006 
0.535 0.065 0.913 0.055 0.031 0.006 
h Semiempirical mixing rules. 

V D W one- f lu id rules. Compar isons of p r e d i c t e d a n d exper imental v a p o r -
l i q u i d e q u i l i b r i u m for ternary a n d mul t i component systems are g iven i n 
Tab les V , V I , a n d V I I , for b o t h the semiempir i ca l a n d V D W one- f luid 
m i x i n g rules. I n these calculat ions, the u n l i k e interact ion parameters for 
interactions of ethane a n d heavier components w i t h each other were taken 
to be un i ty . T h i s is a reasonable approx imat ion for the u n l i k e interact ion 
parameters for the heavier components; for the interact ion of ethane a n d 

Vapor—Liquid Equilibrium Mole Fractions for the System 
(Subscripts 1, 2, 3, 4, 5, and 6, Respectively) 

x« y j y* y« Ji 7s y« 

0.5703 
0.5680 
0.5599 

0.8712 
0.8802 
0.8910 

0.0216 
0.0182 
0.0155 

0.0062 
0.0049 
0.0042 

0.0701 
0.0670 
0.0612 

0.0269 
0.0275 
0.0260 

0.004 
0.0019 
0.0018 

0.2441 
0.2511 
0.2620 

0.8585 
0.9148 
0.9272 

0.0414 
0.0315 
0.0246 

0.0183 
0.0142 
0.0116 

0.0179 
0.0121 
0.0104 

0.0172 
0.0110 
0.00955 

0.0466 
0.0162 
0.0165 

0.6314 
0.6152 
0.5972 

0.5986 
0.6374 
0.6566 

0.0231 
0.0223 
0.0207 

0.0090 
0.0085 
0.0079 

0.2103 
0.2008 
0.1896 

0.1207 
0.1080 
0.1034 

0.0382 
0.0227 
0.0216 

0.4737 
0.5010 
0.4701 

0.8797 
0.9011 
0.9148 

0.0383 
0.0311 
0.0247 

0.0165 
0.0136 
0.0112 

0.0337 
0.0291 
0.0259 

0.0211 
0.0189 
0.0173 

0.0105 
0.00598 
0.00592 

0.3362 
0.3853 
0.3501 

0.8510 
0.9011 
0.9146 

0.0415 
0.0336 
0.0273 

0.0192 
0.0152 
0.0127 

0.0363 
0.0246 
0.0216 

0.0262 
0.0168 
0.0150 

0.0259 
0.0084 
0.0085 

0 Semiempirical mixing rules. 
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138 EQUATIONS O F S T A T E 

perhaps propane w i t h heavier components , the determinat ion of u n l i k e 
interact ion parameters f r o m b i n a r y data should y i e l d i m p r o v e d results. 
F r o m inspect ion of Tables I V , V , V I , a n d V I I , i t is obvious that for 
systems conta in ing components heavier t h a n propane , v a p o r - l i q u i d e q u i ­
l i b r i u m predict ions are more accurate us ing the semiempir i ca l m i x i n g 
rules rather t h a n the V D W one-f luid m i x i n g rules. T h u s , f r o m the po in t 
of v i e w of p rac t i ca l indus t r ia l computat ions , the semiempir i ca l m i x i n g 
rules are recommended . 

It is diff icult to ascertain the reasons for the magni tude of i m p r o v e ­
ment i n v a p o r - l i q u i d predict ions us ing the semiempir i ca l m i x i n g rules 
instead of the modi f ied V D W one-f luid rules. T h e semiempi r i ca l rules 
p r o b a b l y offset the t runcat ion error i n the approx imat ion A = Ax to some 
extent. It certa in ly is interest ing that the or ientat ion parameter yx = δ*2 

is independent of the set of characterist ic energy parameters , {c y}, for 
the mixture . T h i s poss ibly indicates for n o r m a l paraffin hydrocarbons 
( a n d perhaps s imi lar nonpolar fluids) that contr ibut ions of mo lecu lar 
attract ion a n d or ientat ion effects are essentially independent , b u t that 
steric a n d size effects are dependent. 

Conclusion 

I n this study the modi f ied V D W conformai so lut ion method based 
o n the three-parameter, corresponding-states corre lat ion of pure fluid 
thermodynamic properties y ie lds accurate mixture property predict ions 
i f the components are not greatly d iss imi lar . H o w e v e r , there is a progres­
sive decay i n pred i c t i on accuracy as molecu lar diss imilarit ies increase. 
T h i s study f o u n d that i f the V D W one-f luid m i x i n g ru le exponents are 
modi f ied e m p i r i c a l l y (i.e., to noninteger v a l u e s ) , the resu l t ing semi -
e m p i r i c a l m i x i n g rules y i e l d significant improvement i n v a p o r - l i q u i d 
e q u i l i b r i u m predict ions for mixtures of molecules as d iss imi lar as methane 
a n d n o r m a l decane. 

T h e study presented here in has a n u m b e r of impl i cat ions . F i r s t , this 
study impl ies that i t is possible to obta in accurate predict ions of the 
thermodynamic behavior of mixtures w i t h i n a mul t iparameter , corre­
sponding-states f ramework us ing empi r i ca l l y de termined exponents for 
the character izat ion parameters of the reference system i n a first-order 
t runcat ion of the conformai so lut ion m e t h o d expression for the H e l m h o l t z 
free energy. T h i s result is important to the cont inu ing effort to develop 
a h i g h l y accurate mult iparameter , corresponding-states f ramework for 
corre lat ion of fluid properties , a n d to the indus t r ia l use of such a corre la ­
t i on . Second, this study demonstrates that there is a need to study 
separately rather than co l lect ive ly (as here in ) the errors i n t r o d u c e d b y 
the various major approximations in t roduced into the corre lat ion m e t h -
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7. L E E E T A L . Conformai Solution Mixing Rules 139 

odology. These approximations in c lude : (1 ) the choice for the f o r m of 
the p a i r potent ia l ; (2 ) the method for est imation of the pure - f lu id p a i r 
po tent ia l parameters ; (3 ) the order a n d method (e.g., use of the Padé 
approx imant ) of t runcat ion of the Pop le expansion of the thermodynamic 
propert ies ; (4 ) the order of t runcat ion of the expansion of mix ture 
propert ies about the properties of the pure - f lu id reference system i n the 
conformai so lut ion methodology ; ( 5 ) the method for choosing the m i x i n g 
rules for the reference system character izat ion parameters as functions 
of composi t ion a n d the pa i r parameters for the molecular interactions of 
the components ; a n d (6 ) the method for determinat ion of the u n l i k e p a i r 
parameters. 

W i t h a better unders tanding of the errors in t roduced b y these 
approximations , the development of a more t ru ly comprehensive corre la ­
t i on , capable of descr ib ing fluid systems w i t h w i d e ranges of charcater-
istics over w i d e ranges of condit ions, should be possible. 

Glossary of Symbols 

A = H e l m h o l t z free energy 
A 0 = reference system H e l m h o l t z free energy 
A i = the i t h order term i n per turbat ion of A 
Ax = H e l m h o l t z free energy of a hypothet i ca l pure 

reference fluid 
A * = reduced H e l m h o l t z free energy = A/NkT 

ai = constant i n expression for Biy i = 1 , . . . 12 
ax, bxy cx = parameters i n E q u a t i o n 2 

a%j = $ij CTijm 

Bi = coefficients of M B W R equat ion, B i = at + ybiy 

i = 1, . . . 12 
bi = constant i n expression for B i , i = 1 , . . . 12 

utJ Otj ttj ul} 

^ij VlJ "y 

D = angle dependent par t of an isotropic potent ia l 
i n E q u a t i o n 11 

Fy = distance dependent part of an isotropic po tent ia l 
i n E q u a t i o n 11 

.f* = funct ion (see E q u a t i o n 21) 
gij° = r a d i a l d i s t r ibut ion funct ion of the reference sys­

tem w i t h p a i r po tent ia l [7^·° 
gx° = r a d i a l d i s t r ibut ion func t i on of a hypothet i ca l pure 

reference fluid w i t h p a i r potent ia l [7*,° 
Jx = integra l def ined i n E q u a t i o n 18 
k = B o l t z m a n n constant 
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140 EQUATIONS O F S T A T E 

k, 1, m , p , q , r , u , v , w = exponents i n E q u a t i o n s 3 ,4 , a n d 5 
Ν = n u m b e r of molecules i n system 
Ρ = absolute pressure 

P c = c r i t i c a l pressure 
Γχ = pos i t ion vector of M o l e c u l e 1 

f i 2 = distance between molecu lar centers 
r * r educed distance, r * = τ/σα 

Τ = absolute temperature 
T c = c r i t i c a l temperature 

T * = r e d u c e d temperature , Γ* = kT/t, 
Uij = intermolecular p a i r potent ia l 

Uij° = spher ica l ly symmetr i c par t of the interact ion 
potent ia l 

Xi = mole f ract ion of C o m p o n e n t i 
Ζ = compress ib i l i ty factor of fluid 
Zq= reference fluid compress ib i l i ty factor 

Z i = per turbat ion contr ibut i on to compress ib i l i ty 
factor 

G r e e k Symbols 

y = or ientat ion parameter 
yu = or ientat ion parameter for C o m p o n e n t i 
yij = interact ion or ientat ion parameter species for 

i a n d / 
yx = or ientat ion parameter obta ined f r o m conformai 

so lut ion theory m i x i n g ru le 
δ == over lap potent ia l parameter 

δ^ — u n l i k e interact ion overlap potent ia l parameter 
Sj, =· mixture reference over lap parameter 

c = characterist ic molecu lar energy parameter 
ea = c for C o m p o n e n t i 
€ij = interact ion parameter for character ist ic mo lecu lar 

energy parameter c between species i a n d / 
€ a = mixture reference systems energy parameter 
Ci; = un l ike -pa i r separation parameter coefficient for 

Species i a n d / 
0 i = po lar angles of or ientat ion for M o l e c u l e 1 
(y = un l ike -pa i r energy parameter coefficient for i a n d 

/ species 
ρ = molecule n u m b e r density 

p* = r educed n u m b e r density ρ* = ρσ/ 
pc = c r i t i c a l density 
σ = characterist ic molecu lar distance parameter 
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7. L E E E T A L . Conformai Solution Mixing Rules 141 

σα = σ for C o m p o n e n t i 
aij = interact ion parameter for characterist ic molecu lar 

distance parameter , σ be tween substance i a n d / 
aw = mixture reference system molecu lar distance 

parameter 
φ° = isotropic part of po tent ia l 
ψρ = anisotropic par t of po tent ia l 

ω = acentric factor 
ωι = or ientat ion of M o l e c u l e i 

Superscript 

* = reduced f o rm 
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8 

Second Virial Cross-Coefficients: Correlation 
and Prediction of kij 

CONSTANTINE TSONOPOULOS 

Exxon Research and Engineering Company, Florham Park, NJ 07932 

The prediction of the second virial cross-coefficient Bij 
depends most sensitively on the mixing rule for the charac­
teristic critical constant Tcij (Equation 5). The characteristic 
binary constant, kij, can be determined by fitting Bij and 
other data. The prediction of Bij, therefore, requires knowl­
edge of kij. The kij values are available for binaries of 
inorganic gases and hydrocarbons with up to 8 carbon atoms. 
Extensions in the data base and correlations for kij's are 
presented here in two areas. First, recent Bij data for binaries 
involving C10-C30 hydrocarbons are reduced to kij's, which 
are shown to be both meaningful and satisfactory in the 
calculation of Bij over the entire carbon-number range. A 
similar approach is taken in the second area investigated, 
binaries involving polar compounds. New kij data are used 
to establish trends and develop preliminary kij correlations 
so that Bij and, more importantly, fugacity coefficients can 
be predicted reliably. 

I n the analysis a n d correlat ion of v a p o r - l i q u i d e q u i l i b r i u m ( V L E ) data 
i t is essential, especial ly at superatmospheric pressures, to take into 

account the effect of vapor-phase nonideal i ty . T h i s is expressed b y the 
fugac i ty coefficient w h i c h , as l ong as the density of the mixture is not 
greater than one f our th of its c r i t i c a l va lue , can be ca l cu lated r e l i a b l y 
w i t h the f o l l o w i n g equat ion ( for a b i n a r y m i x t u r e ) : 

2 
In φι = -ψ- (yi Bu + y j — In zm (1) 

* m 

where φ{, yiy a n d Bu are the fugac i ty coefficient, vapor mole f ract ion , a n d 
second v i r i a l coefficient of C o m p o n e n t i, w h i l e vm a n d zm are the mo lar 

0-8412-0500-0/79/33-182-143$05.00/l 
© 1979 American Chemical Society 
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144 EQUATIONS O F S T A T E 

vo lume a n d compress ib i l i ty factor of the vapor mixture . I t is the p r e d i c ­
t i o n of By, the second v i r i a l cross-coefficient, that w i l l p r i m a r i l y c on ­
cern us. 

Bu w i l l be pred i c ted w i t h an e m p i r i c a l correlat ion that was proposed 
i n 1974 ( J ) . T h e or ig ina l correlat ion was deve loped p r i m a r i l y for 
oxygenated po lar compounds , but i t has been extended to haloalkanes 
(2 ) a n d water pol lutants ( 3 ) . Refs. 1, 2, a n d 3 can be consulted for 
details on the development of the corre lat ion a n d the results. 

Nonpolar Mixtures 

F o r nonpolar compounds a n d mixtures , the corre lat ion is a modi f i ed 
f o rm of the P i t z e r - C u r l re lat ionship (see Réf. I ) : 

BP* _ f ( 0 ) ( Γ ε ) + e f c i ) ( Γ β ) ( 2 ) 
RT„ 

f<o> (r n ) = 0.1445 - 0 . 3 3 0 / r R - 0 . 1 3 8 5 / 7 V -

0 . 0 1 2 1 / 7 V - O.00O6O7/7V 

f<» ( Γ Ε ) = 0.0637 + 0 . 3 3 1 / 7 V - 0 . 4 2 3 / 7 V - 0 . 0 0 8 / r R
8 (4) 

T h e same equations are used for Bij9 but w i t h characterist ic p a r a m ­
eters PCij, TCij, a n d ω ί ; i n p lace of the pure -component constants. T h e 
former are re lated to the latter through the f o l l o w i n g m i x i n g ru les : 

r C i ; . = ( r C i r C j ) ^ ( i - M (5) 

Ρ _ 4 r c < , ( P e < y e t / r q + p . , y r C i ) ... 

u — OMm + oi) (7) 

T h e most sensitive m i x i n g ru le is E q u a t i o n 5. A characterist ic con­
stant for each b inary , kih expresses the dev iat ion f r o m the geometric 
m e a n for Tc.p w h i c h applies ( that is, k^ = 0 ) only w h e n i a n d / are very 
s imi lar i n size a n d chemica l nature. Otherwise , i n the absence of any 
strong specific chemica l interact ion between i a n d /, ky should be pos i t ive 
a n d thus Tc.. w o u l d be less than the geometric mean. 

A n extensive tabulat ion of fc</s for nonpo lar systems was reported b y 
C h u e h a n d Prausn i tz i n 1967 (4) and , w i t h a f e w addit ions , i n 1968 ( 5 ) . 
T h e kys presented b y C h u e h a n d Prausn i tz are p r i m a r i l y for binaries of 
hydrocarbons w i t h u p to 8 carbon a toms—along w i t h a f ew naphthalene 
systems. There are also data for binaries of C 0 2 , H 2 S , N 2 , A r , etc. M o s t 
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8. T S O N O P O U L O S Second Virial Cross-Coefficients 145 

of them were obta ined f rom exper imental in format ion on the second 
v i r i a l coefficient or the saturated l i q u i d vo lume of b inary systems, a l though 
the resul t ing k^s then were used by C h u e h a n d Prausn i tz i n the ir ca l cu la ­
tions w i t h a modi f ied f o rm of the R e d l i c h - K w o n g ( R K ) equat ion of state. 
W h a t this says ( a n d it is a n important po in t ) is that once the va lue of 
kij is de termined for an i/j b inary , by fitting ( re l iab le ) B{j or other mixture 
data , i t can be used i n the pred i c t i on of any other mixture property . T h a t 
is, under i d e a l condit ions , k{j is a true constant that can be used w i t h any 
equat ion of state or corre lat ion that uses TCij. 

A n o t h e r benefit d r a w n f rom us ing k{j to correct for the dev iat ion of 
TC{. f r om the geometric mean is that i t also can be used to pred i c t ĉ , the 
characterist ic energy parameter for a b inary molecular interact ion . Since 
c is propor t i ona l to T c , i t fo l lows that 

c i ; -= ( € i € i ) 1 / 2 (1 -hj) (8) 

T h e more theoret ical ly or iented investigators p r o b a b l y consider the k{j 

i n E q u a t i o n 8 to be phys i ca l l y more significant than that i n E q u a t i o n 5. 
H o w e v e r , the two should be very s imi lar numer i ca l l y—espec ia l l y i f w e 
consider that the uncerta inty i n the determinat ion of fcy is at least ± 0.01 
units . 

H i z a a n d D u n c a n (6) have examined the dev iat ion of ci;- f r om the 
geometric mean p r i m a r i l y for cryogenic systems. T h e y also deve loped a 
corre lat ion for the pred i c t i on of k{j for such systems that w i l l be discussed 
later. 

T h e kij tabulations of H i z a a n d D u n c a n a n d of C h u e h a n d Prausn i t z 
are adequate for nonpolar systems i n v o l v i n g inorganic gases a n d h y d r o ­
carbons w i t h perhaps u p to 8 carbon atoms. H o w e v e r , for process ca l cu la ­
tions on heavy hydrocarbons , coa l l i q u i d s , etc., kti must be k n o w n or 
pred i c ted for binaries of hydrocarbons w i t h carbon n u m b e r ( m u c h ) 
greater t h a n 10. 

A v a i l a b l e B i y data on binaries i n v o l v i n g hydrocarbons w i t h u p to 30 
carbon atoms were fitted w i t h E q u a t i o n s 2 -7 to determine o p t i m u m 
values for the characterist ic constant ktj. These results, w h i c h w i l l be 
examined be low, have also he lped establish trends a n d even suggest 
ways of corre lat ing a n d p r e d i c t i n g fcy's for h y d r o c a r b o n binaries . Before 
the n e w in format ion is rev iewed , therefore, a f e w comments are appro ­
pr ia te on w h a t is k n o w n a n d w h a t has been done i n a t tempt ing to 
correlate k{j w i t h pure-component properties . 

A Review of Correlations for k y . Just i f icat ion for us ing the geo­
metr i c m e a n for ^ — a n d for Tcij—is p r o v i d e d b y L o n d o n ' s theory of 
d ispers ion forces. W h e n London ' s expression for the intermolecu lar 
energy is equated to the attract ive par t of the L e n n a r d - J o n e s ( L J ) 12:6 
potent ia l , the f o l l o w i n g re lat ionship obtains : 
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146 EQUATIONS O F S T A T E 

where U is the first i on izat i on potent ia l a n d σ* is the co l l i s ion d iameter of 
i . I f the latter is rep laced b y the c r i t i c a l vo lume , E q u a t i o n 9a assumes 
the f o r m 

E q u a t i o n 9 m a y have some theoret ical basis, but at best i t provides 
on ly r o u g h estimates for the fct7 parameter . Indeed , better results are 
sometimes obta ined w h e n the exponent of the second bracketed quant i ty 
is changed to 3. F o r paraf f in-parai f in mixtures only , C h u e h a n d Prausn i t z 
(7 ) f o u n d that 

fc.._l- Γ ^ ! ^ Τ (10) 

W / 3 + ï y / 3 J 
gives satisfactory results. ( E v e n for the methane-n-decane b inary , the 
first bracketed quant i ty i n E q u a t i o n 9 is e q u a l to 0.992 a n d hence can be 
ignored . ) A s Te ja (8) has shown, E q u a t i o n 10 fo l lows f r o m Berthelot 's 
m i x i n g ru le for the v a n der W a a l s ( V D W ) aXj parameter : = (aiai)v'2'. 

T h e inadequacy of E q u a t i o n 9 m a y result f r om the fact that its 
der ivat ion ignored the contr ibut ion of the repuls ive forces. T a k i n g these 
forces into account, however , w o u l d make the theoret ical treatment of the 
p r o b l e m formidab le , a n d therefore H i z a a n d D u n c a n (6 ) opted for a n 
e m p i r i c a l approach . T h e i r analysis of data for binaries of H 2 , H e , a n d 
N e w i t h l ight hydrocarbons a n d A r suggested the use of I as the corre­
l a t i n g parameter for i n the f o l l o w i n g f o r m : 

fc^-0.17 (h-IjV^ln^ (11) 

where i is the component w i t h the larger i on izat i on potent ia l . W i t h the 
except ion of the 0 2 b inaries , E q u a t i o n 11 satisfies b inar ies of inorganic 
gases, methane, ethane, a n d ethylene. Agreement w i t h exper imenta l 
values was w i t h i n ± 0 . 0 4 . M o r e recently , i t was s h o w n b y H . - M . L i n that 
E q u a t i o n 11 ( w i t h 0.18 i n p lace of 0.17) gives a good representat ion of 
the data for rare-gas mixtures ( 9 ) . 

E q u a t i o n s 10 ( for paraff in-paraff in mixtures ) a n d 11 ( for mixtures 
of inorganic gases, C H 4 , C 2 H 6 , a n d C 2 H 4 ) are p r o b a b l y the on ly reason­
a b l y re l iab le correlations avai lab le i n the l i terature for the p r e d i c t i o n of 
ky for nonpolar mixtures . 
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8. T S O N O P O U L O S Second Virial Cross-Coefficients 147 

F i n a l l y , F e n d e r a n d H a l s e y (10) proposed a geometr i c -ar i thmet i c 
mean that fo l lows, b y drastic s impl i f i cat ion , f r om the K i r k w o o d - M u l l e r 
f o rmula for c«: 

2 Cj £/ 

ij — ι 

T h i s re lat ionship , w h i c h gives very good results for A r - K r , leads to the 
f o l l o w i n g expression for k^: 

kij — 1 
2 M 1 / 2 

2 (TCiTCjy* 
Tei + TCj 

(12a) 

(12b) 

E q u a t i o n 12 w i l l be examined i n the next section. 
T h e èkifs f o r M e t h a n e — H y d r o c a r b o n B inar ies . A s noted earl ier , 

most of the ktj values avai lable i n the l i terature are for binaries of inor ­
ganic gases a n d hydrocarbons w i t h u p to 8 carbon atoms. N e w deter­
minat ions of o p t i m u m k{j values for m e t h a n e - h y d r o c a r b o n binaries are 
l is ted i n T a b l e I . These a n d Chueh 's results make a to ta l of 26 k^ values 
( for 25 binaries ; two different fcj/s were i n c l u d e d for the naphthalene 
b i n a r y ) over the carbon-number range of 2 to 30 for /. T h i s is the most 

T a b l e I . O p t i m u m V a l u e s f o r M e t h a n e — H y d r o c a r b o n Binar ies 

Average 
Deviation 

o / B „ t Range (°C) Refer­
j ( cm3/gmol) (No. Points) ences 

Benzene 0.8 0.09 50 (1) 11 
2 ,2 ,5 -Tr imethylhexane 3 0.19 2 5 - 1 0 0 (4) 12 
w-Decane 13 0.16 50-125 (4) 12 
f e r i - B u t y l b e n z e n e 6 0.21 50-125 (4) 12 
N a p h t h a l e n e 12 0.13 2 1 - 68 (6) 13 
1 - M e t h y lnaphthalene 6 0.24 75 -175 (3) 14 
n-Dodecane 4 0.15 75-150 (4) 12 
B i c y c l o h e x y l 27 0.20 50 -170 (4) U 
D i p h e n y l m e t h a n e 17 0.12 65 -170 (4) 14 
Phenanthrene 11 0.18 40 -138 (7) 15 
Anthracene 8 0.19 66 -185 (7) 16 
M -Hexadecane 21 0.22 75 -175 (5) 14 
n-Ei cosane 8 0.21 165-270 (4) Π 
Squa lane " 2 2 - 2 5 0.33 ± 0.02 230,272 (2) 14 

μ Η — » β Chemicai 
Society Library 

1155 16th St. N. w. 
Washington, D. C. 20036 
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148 E Q U A T I O N S O F S T A T E 

extensive set of k^s ava i lab le for a g iven C o m p o n e n t i , a n d therefore was 
selected to check the various relat ionships presented i n the previous 
section for corre lat ing 

A s expected, E q u a t i o n 10 w o r k e d w e l l for the 14 paraffin b inaries ; 
the average dev iat ion of the pred i c t ed f r om the o p t i m u m values was 
on ly 0.02. H o w e v e r , w h e n a l l 26 hydrocarbon binaries were i n c l u d e d , 
the average dev iat ion increased to 0.05. 

E q u a t i o n 11 was m u c h less satisfactory, even w h e n the coefficient 
was adjusted to m i n i m i z e the dev iat ion . T h e o p t i m u m value of the coeffi­
c ient was 0.18, i n agreement w i t h L i n ' s conc lus ion for rare-gas mixtures , 
but the root-mean-square dev iat ion of k{j was 0.08. A n y re lat ionship 
i n v o l v i n g 7, the first i on izat i on potent ia l , is doomed to fa i lure w h e n 
a p p l i e d to heavy h y d r o c a r b o n mixtures because 7, for a g iven homologous 
series, is very w e a k l y dependent on carbon number . F o r example , the 
7 of n-decane is 10.19 e V , on ly 0.24 e V less than that of n-hexane, w h i l e 
that of n-eicosane should be about 10.04 e V . T h u s , a correlat ion of ky's 
for methane-paraf f in binaries based solely on i on izat i on potentials w o u l d 
g ive the same result for a l l C i 0 + paraffins. 

E q u a t i o n 12b works surpr i s ing ly w e l l . A l t h o u g h it is in fer ior to E q u a ­
t i o n 11 w h e n a p p l i e d to the paraffin binaries (average dev ia t i on of 0.03 
vs. 0.02), it comes out better w h e n a l l hydrocarbon binaries are cons idered 
(average dev iat ion of 0.04 vs. 0.05). E q u a t i o n 12b is also satisfactory 
for the binaries of methane w i t h A r , K r , N 2 , a n d H 2 S (average dev iat ion 
of 0.01 vs. 0.03 w i t h E q u a t i o n 10 ) , but is very poor for m e t h a n e - H 2 . 

B o t h the c r i t i ca l vo lume a n d the c r i t i c a l temperature are therefore 
satisfactory corre lat ing parameters for kfj. H o w e v e r , the best corre lat ing 
parameter for a l l 26 m e t h a n e - h y d r o c a r b o n k{j values was the carbon 
n u m b e r of the hydrocarbon . T h i s is shown i n F i g u r e 1, where a l l the 
data have been p lot ted a long w i t h the s imple re lat ionship 

kij== 0.0279 [In ( n c . ) ] 2 (13) 

where nCj is the carbon n u m b e r of the hydrocarbon . T h e average d e v i a ­
t i on of the kij p red i c t ed w i t h E q u a t i o n 13 is on ly 0.02—for a l l 26 points . 
( T h e largest deviations f r om the corre lat ion i n F i g u r e 1 are for b o t h 
paraffins a n d aromatics. ) T h u s , E q u a t i o n 13 provides the best corre lat ion 
for the effect of the h y d r o c a r b o n carbon n u m b e r on fcy. T h e same 
approach w i l l be used n o w w i t h other binaries for w h i c h extensive data 
are avai lable . 
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150 EQUATIONS O F S T A T E 

The kifs for Other Hydrocarbon Binaries. T a b l e I I presents o p t i ­
m u m kij values for heavy h y d r o c a r b o n binaries of ethylene a n d ethane. 
T h e two sets of ki/s are very s imi lar , a n d this is shown more c lear ly i n 
F i g u r e 2, where the results of C h u e h a n d Prausn i t z (4) have been 
p lo t ted also. C h u e h a n d Prausn i tz ac tua l ly f o u n d that there was no 
signif icant difference i n the ky's be tween ethylene a n d ethane—or between 
n-hexane a n d benzene. 

T h e l ine i n F i g u r e 2 was ca l cu lated w i t h a more general f o r m of 
E q u a t i o n 13: 

kij = m[ln ( n c . — nH + 1) ] 2 (14) 

( T h i s f o r m ensures that ktj = 0 w h e n ncj = n C i ; i t is i m p l i e d that ncj > 
n C i . ) F o r the ethylene a n d ethane b inar ies , the va lue of m is 0.0202. A 
substantial ly better fit of the data is possible i f is assumed to be l inear ly 
dependent on carbon n u m b e r : 

k{j = 0.0117 ( n c . - nCi - 1) ; n c . > nc. (15) 

T e j a (8 ) r e commended E q u a t i o n 15 ( w i t h 0.01 as the coefficient) for the 
paraffin binaries of ethane. 

Table II. Optimum ktj Values for Ethylene and Ethane Binaries 

Average 
Deviation 

0 / B . j t Range (°C) Refer­
j (cm3/gmol) k« (No. Points) ences 

= E t h y l e n e 
N a p h t h a l e n e 8 0.09 23 -69 (9) 18,17 
1 - M e t h y l n a p h t h a l e n e 37 0.10 75-175 (3) H 
B i c y c l o h e x y l 19 0.14 50 -170 (3) U 
D i p h e n y l m e t h a n e 21 0.12 65-175 (3) U 
Phenanthrene 26 0.15 37-142 (7) 15 
Anthracene 11 0.15 65 -180 (7) 16 
n-Hexadecane 9 0.15 75-175 (3) η 

= E t h a n e 
N a p h t h a l e n e 8 0.12 2 6 - 67 (7) 18 
1 -Methy lnaphtha lene 24 0.08 75-175 (3) U 
B i c y c l o h e x y l 23 0.10 50 -170 (3) u 
D i p h e n y l m e t h a n e 18 0.12 65-175 (3) u 
Anthracene 8 0.16 63-175 (6) 16 
n-Hexadecane 18 0.12 75-175 (3) U 
n-Ei cosane 6 0.19 165-270 (4) u 
Squalane 21 0.29 230,272 (2) u 
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152 EQUATIONS O F S T A T E 

T h e s imi lar i ty between ethylene a n d ethane or even benzene a n d 
n-hexane no longer holds w h e n some specific chemica l interact ion takes 
p lace between i a n d /. A good example of this is p r o v i d e d b y the acetylene 
binaries , w h i c h have substantial ly h igher fc£/s than the ethylene or ethane 
binaries . F u r t h e r m o r e , the ktj for acety lene-ethylene is 0.02 units l ower 
than that for acetylene-ethane ( 4 ) . 

T h e kij values for N 2 - h y d r o c a r b o n binaries are l i s ted i n T a b l e I I I 
a n d p lo t ted on F i g u r e 3—along w i t h the results of C h u e h a n d Prausn i tz 
(4). A s shown i n F i g u r e 3, E q u a t i o n 14 ( w i t h m = 0.0364) gives a 
satisfactory fit of the data. T h a t is, E q u a t i o n 14, w i t h n q = 0, applies to 
i n o r g a n i c - h y d r o c a r b o n binaries as w e l l . Indeed , i t appears to fit reason­
ab ly w e l l the fcf/s for the hydrocarbon binaries of H 2 — t h e most important 
inorganic gas i n the heavy hydrocarbon a n d synthetic fuels processes— 
a n d even of A r . T h e results of new k{j determinations for the H 2 a n d A r 
binaries are i n c l u d e d i n T a b l e I I I , a n d a l l the values have been p lo t ted 
on F i g u r e 4. 

T h e s imi lar i ty of the k^s for the binaries of N 2 , H 2 , a n d A r natura l ly 
suggests that the three must have s imi lar values for a property that 

Table III. Optimum Values for Inorganic—Hydrocarbon Binaries 

Average 
Deviation 

o / B u t Range (°C) Refer­
j (cm3/gmol) (No. Points) ences 

= N 2 

Benzene 2 0.135 ± 0.015 3 5 - 50 (5) 11' 
2 , 2 , 5 - T r i m e t h y l -

hexane 2 0.24 25-100 (4) 12 
n-Decane 5 0.18 50-125 (4) 12 
i e r i - B u t y l b e n z e n e 3 0.25 50 -125 (4) 12 
N a p h t h a l e n e 3 0.19 22, 72 (2) 17 
n-Dodecane 

= H 2 

Benzene 

4 0.20 75 -150 (4) 12 n-Dodecane 
= H 2 

Benzene 0.175 ± 0.045 50 (2) 11" 
N a p h t h a l e n e 4 0.18 22, 70 (2) 17 

— A r 
Benzene 1 0.21 25 (1) 19 
Benzene 6 0.14 2 2 , 5 0 (2) 11 
N a p h t h a l e n e 7 0.23 24 -74 (3) 17,19 
Anthracene 1 0.25 75 (1) 19 

° Optimum kij value also reflects data of Gainey and Young (N 2 ) and of Everett 
etal . ( N 2 , H 2 ) (11). 
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8. T S O N O P O U L O S Second Virial Cross-Coefficients 155 

affects kij. T h e i r c r i t i c a l vo lumes are on ly r o u g h l y s imi lar (51.5, is the 
" c lass i ca l " constant for H 2 used i n B i ; ca lculat ions (3 ) ) : 

V c (cm3/gmol) 

N 2 

H 2 

A r 

89 
51.5 
75 

b u t the ir first i on i za t i on potentials are near ly exactly e q u a l (20) 

N 2 

H 2 

A r 

I, eV 

15.5 
15.4 
15.4 

T h e first i on izat ion potent ia l m a y prove useful i n sort ing out a n d order ing 
the data for binaries of inorganic compounds , but it is certainly of l i t t le 
use i n the pred i c t i on of ky's for h y d r o c a r b o n - h y d r o c a r b o n binaries . F o r 
example , the I of n-pentane ( 10.55 e V ) is very s imi lar to that of ethylene 
(10.51 e V ) , but the fci/s for the n-pentane binaries are m a r k e d l y l ower 
than those for the corresponding ethylene binaries ( 4 ) . O n the other 
h a n d , the ethylene a n d ethane binaries have s imi lar fc^/s ( F i g u r e 2 ) , 
even though the I of ethane is 1.25 e V h igher t h a n for ethylene ( 2 0 ) . 

Concluding Remarks on Nonpolar Mixtures. P l o t t i n g ky, for a 
g iven C o m p o n e n t i against the carbon n u m b e r of the h y d r o c a r b o n / 
provides a convenient w a y for check ing i n d i v i d u a l values a n d trends. 
H o w e v e r , this should not be taken to i m p l y that the carbon n u m b e r is a 
good corre lat ing parameter for a l l cases. F o r hydrocarbon binaries of 
components not considered here (or i n Refs . 4, 5, a n d 6 ) , the ky s t i l l m a y 
be pred i c t ed w i t h either E q u a t i o n 10 ( i f b o t h components are paraffins) 
or 12b ( for a l l o thers ) . H o w e v e r , i f m can be correlated w i t h some p u r e -
component property (perhaps V c , a l though I works better for i n o r g a n i c s ) , 
E q u a t i o n 14 p r o b a b l y w i l l prove superior to E q u a t i o n s 10 a n d 12b for a l l 
h y d r o c a r b o n binaries . 

A c t u a l l y , E q u a t i o n 15 m a y prove to be the best re lat ionship for 
h y d r o c a r b o n - h y d r o c a r b o n binaries w i t h n c < > 2 ( a n d nCj > n C i ) . I t 
cer ta in ly works very w e l l for n C ( = 2, b u t there are insufficient data for 
n C { > 2 to determine the o p t i m u m f o rm of the re lat ionship a n d the 
v a l u e ( s ) of the coefficient. 

F i g u r e s 1-4 show that the extension of the a p p r o a c h to heavy 
hydrocarbons is reasonable a n d more or less s tra ight forward . F o r the 
moderate ly dense vapor mixtures considered here, there is cont inui ty 
between l o w - a n d h igh -molecu lar -we ight systems. 
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156 EQUATIONS O F S T A T E 

A l t h o u g h kij apparent ly retains its usefulness u p to very h i g h carbon 
numbers , the descr ipt ion of the propert ies of l i q u i d mixtures of C i 0 + 
hydrocarbons is not complete ly satisfactory w h e n on ly ki} is used. A n 
a d d i t i o n a l parameter is r e q u i r e d , most l i k e l y as a correct ion for the 
dev ia t i on of f rom the ar i thmet ic m e a n (or VCij f r o m the L o r e n t z or 
cube-root m e a n ) . S u c h a correct ion has been used even for cryogenic 
mixtures ( 9 ) , but i t should be more m e a n i n g f u l — a n d i m p o r t a n t — f o r 
mixtures of heavy hydrocarbons . If the value of k{j has been fixed a lready 
b y fitting B i y or some other property of the vapor mixture , then the 
analysis of V L E data w i l l p e r m i t the u n i q u e determinat ion of the 
second parameter . 

Polar Mixtures 

T h e po lar mixtures should be d i v i d e d into p o l a r - n o n p o l a r a n d p o l a r -
po lar systems. V e r y l i t t le can be said about the latter because the data 
are l i m i t e d a n d the p o l a r - p o l a r interactions are general ly too system-
specific to a l l ow any generalizations. C e r t a i n l y , the various correlations 
a lready examined for the nonpolar mixtures cannot be expected to w o r k 
for p o l a r - p o l a r binaries . Indeed , they are unsatisfactory even for most 
p o l a r - n o n p o l a r binaries . 

T h e kij's for a few p o l a r - p o l a r binaries have been presented i n Refs . 
1 a n d 2. I n add i t i on , T a b l e V I of Ref . 1 presents average ktj values that 
can be used, at least as a r o u g h guide , for mixtures compr ised of ketones, 
ethers, alcohols, a n d water . 

P o l a r - N o n p o l a r B inar ies . T h e B l 7 for p o l a r - n o n p o l a r b inaries is 
assumed to have no po lar term ( 1 ) , a n d therefore the ca l cu lat ion is carr i ed 
out exactly as for nonpolar b inaries ; that is, w i t h E q u a t i o n s 2-7 . 

Average values for the k^ of p o l a r - h y d r o c a r b o n binaries were g iven 
i n 1974, i n the first paper o n the n e w corre lat ion ( I ) . T h e y were as 
fo l lows 

i (] = hydrocarbon) 

ketones 0.13 
ethers 0.10 
alcohols 0.15 
water 0.40 

I n add i t i on , the data analysis i n Ref . 2 suggested that k{j = 0.05 for 
h a l o a l k a n e - h y d r o c a r b o n binaries . 

N e w Βυ data on binaries of ethanol (21), 1-butanol, a n d e thy l ether 
(22) have been reduced to k^ values, as s u m m a r i z e d i n T a b l e I V . T h e 
1974 predict ions are supported to a large extent b y the new in format ion . 
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8. T S O N O P O U L O S Second Virial Cross-Coefficients 157 

T a b l e I V . O p t i m u m V a l u e s f o r P o l a r — N o n p o l a r B i n a r i e s 0 

t Range (°C) 
j ^ (No. Points) 

i = Ethanol 
H 2 0.16 2 5 - 7 5 (3) 
A r 0.17 2 5 - 7 5 (3) 
M e t h a n e 0.15 25 -75 (3) 
E t h y l e n e 0.15 25 (1) 
E t h a n e 0.17 25 -75 (3) 
N 2 0 0.12 2 5 - 7 5 (3) 

= 1 - B u t a n o l 
N 2 0.24 25 (1) 
A r 0.24 25 (1) 
M e t h a n e 0.20 25 (1) 
E t h a n e 0.17 25 (1) 

= E t h y l E t h e r 
N 2 0.22 25 (1) 
A r 0.19 25 (1) 
M e t h a n e 0.12 25 (1) 
E t h a n e 0.06 25 (1) 

° Ethanol binaries: Ref. 21. 1-Butanol and ethyl ether binaries: Ref. 22. 

H o w e v e r , the more extensive data on the a l coho l b inaries ( f r om T a b l e 
I V a n d f rom Réf. 1 ) suggest certa in trends i n the ky values that warrant 
further examinat ion. 

T h e average k^ va lue for the ten a l c o h o l - h y d r o c a r b o n binaries is 
0.16 ± 0.03, w h i c h is i n good agreement w i t h the 1974 value . Indeed , i f 
the eight a l coho l - inorgan i c binaries also are i n c l u d e d , the average be­
comes 0.15 ± 0.04. H o w e v e r , i t appears that kiS increases i n go ing f r o m 
methano l to ethanol a n d then to 1-butanol. 

T h e apparent trends i n the ktj values for the a l coho l -nonpo lar 
binaries are shown i n F i g u r e 5, where has been p lo t ted vs. VCj, the 
c r i t i c a l vo lume of the nonpolar component . ( P l o t t i n g ky vs. VCi/Vc. d i d 
not b r i n g the data close together or even suggest more definite trends. ) 
A t a g iven V c . , k^ definitely increases w i t h the carbon n u m b e r of the 
a lcohol . T h e k^ also increases as VCj increases, at least for the methano l 
a n d ethanol b inaries , a l though a l i m i t i n g ky is approached at VCj ^ 300 
c m V g m o l . T h i s l i m i t i n g va lue is about 0.22, close to the average for a l l 
four 1-butanol binaries (see T a b l e I V a n d F i g u r e 5 ) . 

A l s o p l o t ted o n F i g u r e 5 are the k^s for the water binaries . I f a 
t r e n d s imi lar to that for methano l is assumed, the l i m i t i n g ky va lue is 
about 0.40 ( i n agreement w i t h the 1974 recommendat ion for w a t e r -
hydrocarbon b i n a r i e s ) . 
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8. T S O N O P O U L O S Second Y trial Cross-Coefficients 159 

T h e dashed lines i n F i g u r e 5 should not be g iven u n d u e significance. 
T h e y only present apparent trends a n d m a y prove use fu l i n p r o v i d i n g 
r o u g h estimates for other a l coho l -nonpo lar or w a t e r - n o n p o l a r binaries 
for w h i c h Bi} ( a n d , hence, data are not avai lable . M o r e in f o rmat i on 
is needed to conf irm a n d extend the usefulness of the trends i n d i c a t e d i n 
F i g u r e 5. 

T h e more l i m i t e d data for the h y d r o c a r b o n binaries of e t h y l ether 
a n d ketones are re lat ive ly insensit ive to VCj. I n b o t h cases, the present 
recommendat ions are essentially those made i n 1974: 0.09 ± 0.02 for 
the e thy l e ther -hydrocarbon a n d 0.13 dt 0.03 for the k e t o n e - h y d r o c a r b o n 
binaries . H o w e v e r , i t should be noted that the e thy l e ther - inorganic 
binaries have a ktj closer to 0.2 (see T a b l e I V ) , w h i l e the ky for a ce tone -
benzene is temperature-dependent because of complex f o rmat ion (see 
Réf. J ) . 

C 0 2 B inar ies . T h e final group of b inaries that w i l l be examined is 
that of C 0 2 w i t h nonpolar a n d po lar compounds . T h e t h e r m o d y n a m i c 
properties of C 0 2 differ s ignif icantly f r o m those of s imi lar nonpo lar c o m ­
pounds , a n d this is the result of its very strong quadrupo le moment . T h i s 
effect is seen more c lear ly i n the behavior of C 0 2 i n mixtures. K i n g a n d 
his students have reported B i ; data for several C 0 2 b inar ies ; the resu l t ing 
kij s have been i n T a b l e V . 

T h e k^ values i n T a b l e V be long i n two groups. T h e first one is the 
hydrocarbon a n d C C 1 4 b inaries , for w h i c h the k{j is h igher t h a n w h a t 
w o u l d be expected for the propane binaries . (Propane is the nonpo lar 
h o m o m o r p h of C 0 2 ; the fci/s of the propane binaries c a n be est imated 
w i t h E q u a t i o n 15. ) H o w e v e r , the Jfct/s for the second group, the b inaries 
w i t h the po lar compounds , are s ignif icantly l ower t h a n those for the 
corresponding propane binaries . 

T a b l e V . O p t i m u m V a l u e s f o r C 0 2 Binar i es 

t Range (°C) 
J (No. Points) References 

N a p h t h a l e n e 0.20" 2 4 - 73 (9) 13 
Phenanthrene 0.23 39-141 (7) 15 
Anthracene 0.24 65-176 (6) 16 
e c u 0.20 2 5 - 7 5 (3) 23" 

M e t h a n o l 0.01 15-60 (5) 1,H 
E t h a n o l 0.07 2 5 - 7 5 (3) 21 
1 -Butano l 0.09 25 (1) 22 
E t h y l ether - 0 . 1 1 25 (1) 22 
W a t e r 0.14 25 -100 (4) 1,25 

aBij data definitely suggest that ha is temperature-dependent (see text). 
* Optimum ka values have also been determined for the following nonpolar 

binaries of C C 1 4 : 0.22 (H 2 ) ; 0.16 (N 2 ) ; 0.15 (Ar) ; 0.09 (methane); 0.08 (ethylene). 
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160 EQUATIONS O F S T A T E 

T h e apparent increase i n the k^ values for the aromatic hydrocarbon 
a n d C C 1 4 b inaries is most p r o b a b l y caused b y the effect of the quadrupo le 
moment on the properties of C 0 2 . T h a t is , the strong quadrupo le moment 
of C 0 2 raises the values of a l l the k^s for its nonpo lar binaries . ( T h e 
same is also true of the acetylene b inar ies . ) H o w e v e r , the k^s have a 
more complex behavior i n the case of n a p h t h a l e n e - C 0 2 , where a definite 
dependence of ktj on temperature was f o u n d (13): 

t(°C) 

25 
50 
75 

0.16 
0.20 
0.24 

T h i s is consistent w i t h the observation of N a j o u r a n d K i n g (13) that " a 
re lat ive ly stable gas-phase, charge-transfer complex exists between n a p h ­
thalene a n d C 0 2 , w i t h naphthalene b e i n g the donor a n d C 0 2 the 
acceptor." T h e effect of the complex weakens as the temperature is 
increased. A p p a r e n t l y , the complex react ion must be weaker i n binaries 
of C 0 2 w i t h the other hydrocarbons a n d C C 1 4 because the ir o p t i m u m 
ki/s are temperature- independent . 

T h e behavior of the C 0 2 - p o l a r binaries becomes m u c h clearer w h e n 
compared w i t h the corresponding propane binaries . T h e fcf/s for the t w o 
groups are as fo l lows : 

co2 Propane (see Figure 5) Difference 

M e t h a n o l 0.01 0.16 - 0 . 1 5 
E t h a n o l 0.07 0.20 - 0 . 1 3 
1 -Butano l 0.09 0.22 - 0 . 1 3 
E t h y l ether - 0 . 1 1 0.09 (average) - 0 . 2 0 
W a t e r 0.14 0.38 - 0 . 2 4 

T h e l o w e r i n g of k{j is essentially the same for a l l three alcohols, m u c h 
larger for water , and surpr is ing ly large for e thy l ether. A s K i n g a n d his 
students have po in ted out, these effects are caused b y specific c h e m i c a l 
interact ion between C 0 2 a n d the po lar molecules. H o w e v e r , the negative 
kij for C 0 2 - e t h y l ether is not easily explainable . Negat ive fci/s n o r m a l l y 
indicate the existence of a strong complex, p r o b a b l y f o rmed b y h y d r o g e n 
b o n d i n g ; an ether is incapable of f o rm ing a hydrogen b o n d w i t h C 0 2 . 

Conc lus ions on Po lar—Nonpo lar M i x t u r e s . T h e recommendat ions 
g iven i n Réf. 1 for p o l a r - h y d r o c a r b o n binaries are general ly s t i l l v a l i d . 
W i t h the new fcf/s reported here for a l coho l -nonpo lar binaries , however , 
i t is possible to develop a corre lat ion for the nonpo lar binaries of water 
as w e l l as for alcohols. T h i s tentative correlat ion, w h i c h relates to Vc. 
(7 is the nonpolar c omponent ) , is presented i n F i g u r e 5. 
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8. T S O N O P O U L O S Second Vtrial Cross-Coefficients 161 

F i n a l l y , for the special case of the p o l a r - C 0 2 b inar ies , the k^'s are 
g iven b y : 

k^ ( p o l a r - C 0 2 ) = k{j (po lar -propane) — 

F o r alcohols, Aky = 0.14 ± 0.01, w h i l e for ethers Δ£ ί ;· m a y be as h i g h 
as 0.20. 

Glossary of Symbols 

Notation 

a = parameter i n the V D W equat ion of state 
Β == second v i r i a l coefficient 

f(0) £(1) = dimensionless terms of E q u a t i o n 2 
I = first i on izat ion potent ia l 

*« = characterist ic b inary constant; see E q u a t i o n 5 
nc = carbon n u m b e r 
Ρ = pressure 
R = gas constant 

t(T) = temperature ( absolute ) 
V = molar vo lume 

Vi = vapor mole f ract ion of C o m p o n e n t i 
ζ = compress ib i l i ty factor 

Greek Letters 

c = energy parameter 
σ = co l l i s ion diameter 

φ{ = fugac i ty coefficient of C o m p o n e n t i 
ω = acentric factor 

Subscripts 

c = c r i t i c a l property 
iy j = property of C o m p o n e n t i , / 

if = characterist ic property used i n the ca l cu lat ion of the second 
v i r i a l cross-coefficient 

M = mixture property 
R = reduced property 
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A New Equation of State 

HIDEZUMI SUGIE 

Nagoya Institute of Technology, Gokiso, Showa, Nagoya, Japan 

BENJAMIN C.-Y. LU 

University of Ottawa, Ottawa, Ontario, Canada 

A new pressure-explicit equation of state suitable for 
calculating gas and liquid properties of nonpolar compounds 
was proposed. In its development, the conditions at the 
critical point and the Maxwell relationship at saturation 
were met, and PVT data of carbon dioxide and Pitzers 
table were used as guides for evaluating the values of the 
parameters. Furthermore, the parameters were generalized. 
Therefore, for pure compounds, only Tc, P c , and ω were 
required for the calculation. The proposed equation sue-
cessfully predicted the compressibility factors, the liquid 
fugacity coefficients, and the enthalpy departures for several 
arbitrarily chosen pure compounds. 

Τ Η he purpose of this invest igat ion is to develop a n e w pressure-expl ic i t 
equat ion of state w h i c h : ( 1 ) y ie lds acceptable values of Z c , a n d 

satisfies the usua l t w o i n i t i a l pressure—volume derivatives at the c r i t i c a l 
po int a n d the M a x w e l l re lat ionship at saturation ( e q u a l fugaci ty for 
coexist ing l i q u i d a n d vapor phases ) ; (2 ) is suitable for represent ing PVT 
behavior of l i q u i d a n d gas phases over a w i d e range of temperature a n d 
pressure; a n d (3 ) can be integrated a n d dif ferentiated easily for ob ta in ing 
der ived thermodynamic properties . I t is ant i c ipated that the parameters 
of the resul t ing equat ion c a n be general ized i n terms of the c r i t i c a l 
propert ies a n d the acentric factor ω. T h e app l i ca t i on is l i m i t e d , however , 
to p u r e nonpolar compounds . 

0-8412-0500-0/79/33-182-163$05.50/l 
© 1979 American Chemical Society 
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164 EQUATIONS O F S T A T E 

Development of the Proposed Equation of State 

A suitable equat ion of state must satisfy certain l i m i t i n g condit ions 
a n d f o l l ow some general trends. O n e of the more important condit ions 
is that the equat ion of state must reduce at l o w pressures a n d at a l l 
temperatures to the idea l gas equat ion . H e n c e 

- p v =1 (1) 
RT 

as Ρ - » ο a n d V —» oo. E x p r e s s i n g Ρ i n terms of a p o w e r series of 1 / V , 
the f o l l o w i n g equat ion was ob ta ined : 

p = A . • A _ ι ι l i (2) 

i n w h i c h hx must be e q u a l to RT. 
A n o t h e r cond i t i on is that the vo lume of a l l gases at h i g h pressures 

approaches a l i m i t i n g va lue w h i c h is "prac t i ca l l y independent of the 
temperature a n d close to 0.26 V c " as suggested b y R e d l i c h a n d K w o n g 
( I ) . K e e p i n g this i n m i n d , the deve lopment of the n e w equat ion of 
state began us ing the f o l l o w i n g expression: 

R T +i(T,V) (3) V - b 

w h e r e 

b — 0.26 Vc (4) 

I f f ( T , V ) c o u l d be represented b y a group of terms such as that 
expressed i n E q u a t i o n 5, 

H T ' V ) = V\ (V + k x ) - ! (V + k ! ) » . . . . (V + k m ) » ~ + * " · ( 5 ) 

the di f ferentiation of E q u a t i o n 3 a n d the integrat ion of the thermody ­
n a m i c expressions for eva luat ing fugacit ies a n d enthalpy departures, as 
represented b y E q u a t i o n s 6 a n d 7, w o u l d be s impl i f ied . 

(Ζ - 1) - y - (6) 

(H*-H°)T = P V - R T - JV [ p - T dV (7) 
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9. suGiE A N D L U A New Equation of State 165 

I n E q u a t i o n 5, lq km are constants, w h i l e n 0 nm are either 
zero or posi t ive integers. 

A t the c r i t i ca l po int , the c r i t i c a l i sotherm shows a po int of inf lect ion. 
H e n c e 

(8) 

a n d 

m , -

T h e re lat ionship between Z c a n d ω m a y be expressed as fo l l ows : 

ZC = 0.291 - 0.080ω (10) 

E x p r e s s i n g E q u a t i o n 3 for the c r i t i ca l i sotherm yie lds 

P = y ^ + H T C , V ) (11) 

w h i c h also must satisfy E q u a t i o n s 8 through 10 at the c r i t i c a l po int . 
Consequent ly , i t w o u l d be more convenient for m a t h e m a t i c a l m a n i p u l a ­
t i o n i f f ( T c , V) was expressed i n terms of three constants w h i c h c o u l d be 
de termined b y E q u a t i o n s 8 t h r o u g h 10. 

It was proposed that f ( T c , V ) be represented b y three t runcated 
expressions of E q u a t i o n 5, w i t h each conta in ing three terms i n the 
denominator . I n add i t i on , the k's were assumed to be either —b, zero, 
or Consequent ly , 

U T ν λ a(Te) , C(TC) 
l \ * c , V ) φ _ _ 6 ) n l V n 2 ( y + b ) n 3 t ( y _ h ) n t f % { y + b ) % 

d(Tc) , , 
^ (V - b)n7Vn*(V + b)n> v } 

T h e quantit ies a(Tc), c(Tc), a n d d(Tc) were determined f r o m E q u a t i o n s 
8 through 10. T h e ris were taken to be either zero or posi t ive integers. 
I n add i t i on , the f o l l o w i n g re lat ionship between the ris must be satisfied: 

2 ^ n i + n 2 + n 3 < n 4 + n 5 + < n7 + n 8 + rig (13) 
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166 EQUATIONS O F S T A T E 

H o w e v e r , the second v i r i a l coefficient d e r i v e d f r o m E q u a t i o n 11 w o u l d 
not be temperature dependent i f ηχ + n 2 + n 3 ^ 3. Consequent ly , i n 
E q u a t i o n 13, 

ni + n2 + n3 = 2 (14) 

a n d 

3 ^ n 4 + n 5 + w 6 < n 7 + n 8 + n 9 (15) 

E q u a t i o n 11 then was used to fit the c r i t i c a l i sotherm (i.e., the curve 
re la t ing Ρ a n d V at T c ) of carbon d iox ide , as reported b y M i c h e l s (2) , 
u s i n g various values of ris u n d e r the condit ions of E q u a t i o n s 14 a n d 15 
a n d the values of a(Tc), c ( T c ) , a n d d(Tc) de termined f r o m E q u a t i o n s 
8 t h r o u g h 10. T h e best fit was obta ined us ing the f o l l o w i n g values : n i = 
0; ri2 = 1; n 3 — 1; n 4 — 1; n 5 = 2; η β — 1; n 7 — 0; n 8 — 0; a n d n 9 = 7. 
H e n c e , E q u a t i o n 11 took the f o l l o w i n g f o r m : 

P =
 R T * _ fl(rc) , c(Te) d(Tc) 

7 - b F ( F + 6) + ( 7 - 6 ) 7 2 ( y + 6 ) ( 7 + 6 ) 7 

(16) 

T h e first two terms of the r i g h t - h a n d side of E q u a t i o n 16 are i n the same 
f o r m as the w e l l - k n o w n R e d l i c h - K w o n g ( R K ) equat ion of state ( I ) . 

T h e acentric factor of carbon d iox ide is 0.225. I n order to extend 
the a p p l i c a b i l i t y of E q u a t i o n 16 to a w i d e r range of ω (0 < ω < 0.5), 
the ( V + b) terms of E q u a t i o n 16 were modi f i ed as expressed i n 
E q u a t i o n 17. 

RT€ _ a(Tc) c(Tc) d(Tc) 
V - b V ( y + 6i) (V - b) V2 (V + b2) (V + b3)7 

(17) 

where , 

b± — (0.1181 + 0.4730ω) Vc (18) 

b2 = (0.2117 + 0.1611ω) Vc (19) 

b3 — (0.2515 + 0.0283ω) Vc (20) 

T h e ω values used i n this study are ident i ca l to those prev ious ly reported 
(3). T h e ca l cu lated values of c r i t i c a l i sotherm pressures u s i n g E q u a t i o n 
17 are compared w i t h P i t z e r s table i n T a b l e 1 ( 4 ) . T h e average absolute 
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9. suGiE A N D L U A New Equation of State 167 

Table I. Comparison of Calculated Crtical Isotherm 
Pressures with Pitzer's Table 

Average Absolute Deviation (%) 

Factor (ω) Region' RK (\) This Work 

0.0 V 0.2 0.2 
I 16.0 6.7 

0.1 V 0.3 0.2 
I 34.0 5.4 

0.2 V 0.6 0.1 
I 58.0 4.0 

0.3 V 0.8 0.0 
I 90.0 4.9 

0.4 V 1.2 0.1 
I 130.0 5.2 

0.5 V 0.1 
I — 7.0 

β The regions v: Pr ^ 1 (5 points) and / : P r > 1 (15 points). 

deviations obta ined are m u c h smal ler than those ob ta ined b y the R K 
equat ion , especial ly at h igher ω values. A compar ison of the ca l cu lated 
a n d exper imental compress ib i l i ty factors a long the c r i t i c a l i sotherm for 
sul fur d iox ide (5 ) a n d carbon d iox ide (2 ) is shown i n T a b l e I I . T h e 
c r i t i c a l constants of the substances invest igated were obta ined f r o m 
K u d c h a d k e r et a l . (6 ) a n d M a t h e w s ( 7 ) . 

I n order to expand the a p p l i c a b i l i t y of E q u a t i o n 17 to isotherms 
other than the c r i t i ca l , i t was necessary to determine the temperature 
dependence of α ( Γ ) , c ( T ) , a n d d(T). L e t 

a(T) = a f a ( r ) (21) 

c{T)-cf0(T) (22) 

d(T) =dîd{T) (23) 

a n d at Γ = T c , f a ( T c ) = f e ( T c ) = ia(Te) = 1. I n other words , a — 
a ( T c ) , c = c ( T c ) , a n d d = d ( T c ) . H e n c e E q u a t i o n 17 became 

p = RT _ aîa(T) cle(T) dfd(T) 
7 _ 6 V(V + bx) + V2 (V - b) (V + b2) (V + bs)7 

(24) 
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168 EQUATIONS O F S T A T E 

Table II. Comparison of Experimental and Calculated 
Compressibility Factors along the 

Critical Isotherm 

Number 
of Data 
Points 

Average Absolute 
Deviation (%) 

Component Region 

Number 
of Data 
Points RK (\) This Work 

Sul fur dioxide (δ) P r < l 
P r > l 

16 
49 

1.46 0.30 
12.91 0.89 

C a r b o n dioxide (2) 
P r > i 

16 
8 

3.01 0.89 
10.80 1.83 

I n order to o b t a i n a suitable expression for ί „ ( Γ ) , E q u a t i o n 24 was used 
to ob ta in the f o l l o w i n g expression for the second v i r i a l coefficient: 

Β = Urn (~\ = b 
p-*o\dp/T 

aia(T)/RT (25) 

w h i c h then was used to fit the P i t z e r a n d C u r l correlat ion of the second 
v i r i a l coefficient ( δ ) : 

BPC 

RTC 

(0.1445 + 0.073ω) - (0.330 - 0.46ω)/Τ Γ 

- (0.1385 + 0 .50 ω ) /Γ Γ
2 - (0.0121 + 0.097ω)/Γ Γ

3 (26) 

- 0.0073ω/ΓΓ
8 

T h e expression obta ined for îa(T) was as fo l l ows : 

f e ( T ) (0.1711 +0.2147ω)Τ, + (0.8340 - 1.2211ω) 

+ (0.2630 + 1.1065ω)/ΓΓ + (0.0741 + 0.3120ω)/Γ Γ
2 

+ 0.0173ω/7ν7 (27) 

w h e n Γ = T c , T r = 1 a n d E q u a t i o n 27 reduces to f 0 ( T c ) = 1. 
N e x t , E q u a t i o n 24 was rearranged b y sp l i t t ing the t h i r d t e rm of the 

r i g h t - h a n d side of the equat ion into t w o terms. H e n c e , 

P = 
RT aîa(T) eîe(T) + 

eîe(T) 
V - b ViV + bJ V2(V-b) ' V2(V + b2) 

dU(T) 
(V + b3V 

(28) 

w h e r e 

e = b + b2 

(29) 
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9. s u G i E A N D L U A New Equation of State 169 

I n order to represent P V T data over a w i d e temperature range b y means 
of E q u a t i o n 28, i t was necessary to make b o t h the quant i ty b9 i n the t h i r d 
t e r m of the r i g h t - h a n d side of the equat ion , a n d the quant i ty 6 3 d e p e n d ­
ent on temperature. T h u s , 

p _ RT aia(T) eU(T) ei,(T) did(T) 
V _ b ViV+bJ V2(V - b') V2(V + b2) (V + WV 

(30) 

w h i c h is the final expression of the proposed equat ion. 
T h e evaluat ion of the temperature-dependent quantit ies fe(T), ig(T), 

f d ( T ) , a n d fc3' was based o n : (1 ) sat is fying the M a x w e l l re lat ionship 
at saturation ( the fugac i ty of the l i q u i d ca l cu lated f r om E q u a t i o n 30 
shou ld be equa l to the fugaci ty of the vapor ca lcu lated f r o m the same 
e q u a t i o n ) ; (2) sat is fy ing the genera l ized corre lat ion of the saturated 
l i q u i d v o l u m e proposed earl ier b y L u et a l . (9) ; a n d (3) fitting PVT da ta 
as corre lated i n P i t z e r s tables (4) over the complete range of TT a n d PT. 
T h e f o l l o w i n g set of temperature funct ions finally was obta ined after 
numerous fitting tr ials were m a d e : 

6' = 0.26 Τ Γ
0· 2 Vc (31) 

b 8 ' = (0.2515 + 0.0283ω) TTVC (32) 

ie(T) - T V 4 (33) 

U(T) — 7 V 1 - 8 (34) 

ig(T) =Xl + x2/T* + xJTf + xJT* α - Χζ/Tr
7 (35) 

X l _ -0.3588 + 0.4982ω + 0.8208ω2 

x2 _ 0.2993 + 0.3038ω - 0.6829ω2 

x3 — 0.9826 - 0.7758ω - 0.0343ω2 (36) 

χ 4 = 0.0883 - 0.0106ω - 0.1054ω2 

χ5 = -0.0114 - 0.0156ω + 0.0018ω2 

F o r the purpose of sat is fying the M a x w e l l re lat ionship more pre ­
cisely, an adjustment was made on the temperature-dependent func t i on 
f a ( T ) . T h e final expression obta ined for fa(T) is as fo l l ows : 

ffl (Γ) (0.1664 + 0.0043ω) Tr + (0.8137 - 1.2204ω) 
+ (0.2861 + 1.1297ω)/Γ Γ+ (0.0666 + 0.2977ω)/ΓΓ (37) 

+ 0.0173ω/ΤΓ
7 
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170 EQUATIONS O F S T A T E 

It should be ment ioned that the difference be tween E q u a t i o n s 37 
a n d 27 is very smal l . T h e second v i r i a l coefficient ca l cu lated f r o m E q u a ­
t i o n 25 us ing the n e w expression of f a ( T ) s t i l l agrees very w e l l w i t h the 
corre lat ion of P i t z e r a n d C u r l ( E q u a t i o n 2 6 ) . 

Numerical Values of the Parameters of the Proposed Equations 

A s ment ioned above, the final expression of the proposed equat ion 
is represented b y E q u a t i o n 30 : 

ρ RT aia(T) efe(T) . eîg(T) dîd(T) 
V - b V(V + bx) V2(V - 6') V2(V + b a) (V + i>3')7 

(30) 
i n w h i c h 

6 ~ 0 . 2 6 F C 

6 i = (0.1181 + 0.4730ο.) Ve 

b2 = (0.2117 + 0.1611*.) F c 

6' = 0.267Λ°·27ο 

W = (0.2515 + 0.0283ω) TrVc 

aîa(T) = ο ι Τ + α 2 + a3/T + a 4 / T 2 + as/T7 

a i = a*yiRVc 

a2 = a*y2RTcVc 

a3 = a*y3RTcWc 

a4 = a*y4RTc
3Vc 

a5 = a*y5RTc*Ve 

y i 0.1664 - 0.2243ο. 
2/2 = 0.8137 - 1.2204a> 
2 / 3 = 0.2861 + 1.1297ω 
2/4 = 0.0666 + 0.2977ω 
2/5 = 0.0173ω 

eîe(T) =eT* 
e — e ' E T W c 2 

β· — c * / (0.4717 + 0.1611».) 
«MT) - Λ + g 2 / T 2 + ff3/r4 + QJT* + g B / T ' 

grj = e*x2RTc
3Vc

2 

g3 = e*x3RTcsV* 
g4 = e*x4RTc

7Vc
2 

gs = e « x 5 E T c
8 F c

2 

X l 0.3588 + 0.4982ω + 0.8208ω2 

x2 = 0.2993 + 0.3038ω - 0.6829ω2 

x3 = 0.9826 - 0.7758ο, - 0.0343ω2 

xt = 0.0883 - 0.0106α. - 0.1054 ω
2 

x5 0.0114 - 0.0156ω + 0.0018ω2 

dft(T) — άΓ1Λ 

d — d*RTc
2SV* 
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9. suGiE A N D L U A New Equation of State 171 

I n the above expressions, 

VC = ZCRTC/PC 

ZC = 0.291 - 0.080ω 

T h e values of a*, c*, a n d d* were determined f r om E q u a t i o n s 8 through 
10. T h e values obta ined for several ω values at regular intervals are l i s ted 
be low to serve as examples : 

ω a» c* d* 

0.0 1.3827 0.2973 0.7464 
0.1 1.4342 0.2859 0.7443 
0.2 1.4872 0.2761 0.7443 
0.3 1.5419 0.2680 0.7467 
0.4 1.5982 0.2615 0.7517 
0.5 1.6561 0.2564 0.7594 

Testing of the Proposed Equation 

T h e a p p l i c a b i l i t y of the proposed equat ion was tested i n terms of its 
pred i c t ed values of the compress ib i l i ty factors, l i q u i d fugac i ty coefficients, 
a n d i sothermal enthalpy departures of pure compounds . 

Compressibility Factors. A to ta l of 2772 Ζ values of P i t z e r s tab le 
was used to test the capab i l i ty of the proposed equat ion for ca l cu la t ing 
compress ib i l i ty factors of pure nonpolar compounds . 

T h e ca lcu lated values obta ined f rom E q u a t i o n 30, together w i t h 
those obta ined f r om the equations of R e d l i c h et a l . ( 1 0 ) , E d m i s t e r et a l . 
(11), R e d l i c h a n d K w o n g (1), a n d Sugie et a l . (12) are compared w i t h 
the Ζ values of P i t z e r s w o r k i n T a b l e I I I . T h e proposed equat ion p r o ­
vides the smallest s tandard dev iat ion . 

Table III. Comparison of Calculated Compressibility Factors with 
Pitzers Table by Various Methods for a Total of 2772 Data 

Points at 22 TT and 21 P r Conditions" 

Standard Deviation 

Ref . 10 0.013 
R e f . 11 0.025 
Réf. 1 0.054 
R e f . 12 0.024 
T h i s w o r k 0.0108 

β 0.8 < Tt < 4, 02 < P r < 9 ; ω = 0.0-0.5. 
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172 EQUATIONS O F S T A T E 

A comparison of the ca l cu lated a n d exper imental Ζ values of propane 
(13) a n d sul fur d iox ide ( 5 ) , i n the gas reg ion is s h o w n i n T a b l e I V . I n 
add i t i on , the ca l cu lated results ob ta ined f r o m the equations of R e d l i c h 
a n d K w o n g ( I ) , R e d l i c h a n d D u n l o p (14), G r a y et a l . ( 1 5 ) , a n d Sugie 
et a l . (12) also are i n c l u d e d i n T a b l e I V . T h e proposed equat ion y ie lds 
the best results. 

Table IV. Comparison of Experimental and Calculated Ζ 
Values for Propane and Sulfur Dioxide 

Average Absolute Deviation (%) 

Ref. Ref. Ref. Ref. This 
τ F(psia) 1 14 15 12 Work 

Propane (13) 

220°F 20-6000 6.3 5.2 1.9 1.0 0.80 
340°F 20-6000 1.7 1.5 1.9 1.2 1.47 
460°F 20-6000 1.0 0.4 4.2 1.8 1.67 
O v e r a l l 3.0 2.4 2.7 1.3 1.31 

Sulfur dioxide (5) 

157.5°C 10-300 13.5 6.4 3.3 0.8 0.77 
200°C 10-300 4.9 3.3 0.9 2.0 1.02 
250 ° C 10-300 2.2 1.0 3.3 1.2 1.32 
O v e r a l l 6.9 3.6 2.5 1.3 1.04 

I n a d d i t i o n , the ca l cu la ted a n d the exper imenta l Ζ values of h y d r o ­
gen sulfide ( 1 6 ) , i n the regions i n c l u d i n g gas, vapor , a n d l i q u i d , are 
c o m p a r e d i n T a b l e V . T h e ca l cu la ted results ob ta ined f r o m the equations 
of R e d l i c h a n d K w o n g (1 ) a n d Sugie et a l . (12) also are i n c l u d e d i n this 
table for compar ison . A g a i n , the proposed equat ion y ie lds the best results. 

Table V . Comparison of Experimental and Calculated Ζ 
Values for Hydrogen Sulfide (16) 

Average Absolute Deviation (%) 

Number of Ref. Ref. This 
T r Points 1 12 Work 

0.744 0.01-7.7 34 3.64 1.53 1.37 
0.834 0.01-7.7 34 3.94 1.52 1.01 
0.893 0.01-7.7 34 4.00 1.40 0.84 
1.012 0.01-7.7 34 3.84 0.55 0.53 
1.102 0.01-7.7 34 2.54 0.88 0.66 
1.191 0.01-7.7 34 1.69 0.66 0.85 

O v e r a l l 3.27 1.09 0.88 
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9. S U G I E A N D L U A New Equation of State 173 

Fugacities. T h e fugac i ty coefficient, φ, w h i c h is e q u a l to the rat io 
of fugac i ty to pressure, can be ca l cu lated f r o m E q u a t i o n 38. 

/
v dV 

( Z - l ) ~ r -

^ z - i - m z - m ^ + ^ - m v 

(38) 

V ' RTbi V + bx 

ele(T) T J _ V-b' 11 
RTb' |_6 V Vj 

ei,(T) Γ_1_ V 11 _ dU(T) 
RTb2 lb2

 m V + b2 V j 6RT(V + b3')« 

T h e above equat ion was used to obta in φ values , at regular intervals of 
T r f r o m TT = 0.5 to T r = 1, for l i q u i d methane, ethane, propane , n -
butane , a n d n-pentane. T h e ca l cu lated values are compared w i t h some 
of the ava i lab le tabulations i n the l i terature (17,18,20) i n F igures 1 
through 5. E x c e l l e n t agreement was obta ined . 

I n add i t i on , φ values were ca l cu lated u s i n g E q u a t i o n 38 for the 
same five compounds but at l ower temperatures ( T r = 0.4 a n d 0.3) . A 
s imi lar compar ison is s h o w n i n F igures 6 a n d 7. G o o d agreement gen­
eral ly is obta ined w i t h the exception of methane. 

Isothermal Enthalpy Departures. T h e i so thermal entha lpy depar ­
tures f r o m the ideal-gas state were ca l cu la ted for six p u r e , saturated 
l i q u i d s (methane, ethane, propane , η-butane, i -butane, a n d n-pentane) 
u s i n g E q u a t i o n 39. T h e proposed equat ion was , of course, used i n its 
der ivat ion 

( H * - H ° ) , - P V - R T - JV [p-T(-ff) ~]dV 

bRT aîa(T) eî.{T) 
V - b 7 + b i T V ( V - b ' ) 

efg(T) dfd(T)V Fx , 
Τ ν Γ + Τ " In v(v + b2) (v + b3'y ^ &x y + h 

F 2 Γ 1 V-b' , 11 
- ψ [ ψ l n — γ — + T J 

0 . 2 e f . ( D Γ 2 , V-b' _1_ 1 Ί 
b' I b' m V + V + V - b' J 

_ Z s η . V , Π _ F 4 

b 2 l b 2
m V+b2 "·" Vj 6 ( 7 + 6 3 ' ) e 

dft(T)W 
(V + b/y (39) 
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9. s u G i E A N D L U A New Equation of State 181 

i n w h i c h 

F i - a f „ ( T ) - Τ ( θ α ί ^ Γ ) ) = a 2 + 2 a 3 / T + ZaJT* + 8 α 5 / Τ ' 

F 2 = ef.(T) - Τ ( ^ γ 1 ) = 5 β / Γ * 

F 3 = β ί , ( Γ ) - Τ ) - 0 i + 3 g 2 / T 2 + 5 0 3 / Γ * 
+ 7 0 4 / r 6 + 8 g 5 / T ' 

F 4 - d f d ( D - Γ [ σ α Α * Γ ; ) = 2.8 d / Γ 1 · 8 

T h e values obta ined f r o m E q u a t i o n 39 a n d several other methods 
(11,12,19,21,22,23,24,25) are compared w i t h the avai lab le exper i ­
m e n t a l values i n the l i terature (26,27,28,29). T h e compar ison , expressed 
i n terms of average absolute deviat ions, is presented i n T a b l e V I . H o w ­
ever, the results obta ined b y the proposed equat ion are on ly fa ir . 

Discussion and Conclusion 

T h i s invest igat ion fol lows our efforts prev ious ly made o n the mod i f i ­
cat ion of the R K equat ion of state (3,30). T h e repuls ive t e rm of the R K 
equat ion was reta ined w i t h the ant i c ipat ion that the o r i g i n a l terms w o u l d 
be preserved as par t of the n e w equat ion . T h i s pract i ce m a y be subject 
to modif ications i n future endeavors. T h e repuls ive t e r m m a y be rep laced 
b y a more suitable term such as that proposed b y C a r n a h a n a n d Star l ing 
(31) . 

T h e proposed equat ion was not c o m p a r e d w i t h any of the more 
recent cub i c equations, such as the Soave modi f i cat ion of the R K equat ion 
(32) , the P e n g a n d R o b i n s o n equat ion (33), a n d the F u l l e r equat ion 
(34), because a l l of these equations do not y i e l d acceptable values of Z c . 

Some of the ω values used i n this study differ s l ight ly f r om those 
suggested b y Passut a n d D a n n e r (35 ) . H o w e v e r , these s m a l l differences 
h a r d l y affected the ca lcu lated results. 

I n conclus ion, a n e w pressure-expl ic i t equat ion of state has been 
successfully deve loped as intended . I t is suitable for represent ing PVT 
behavior of l i q u i d a n d gas phases over a w i d e range of temperature a n d 
pressure for pure , nonpolar compounds . F u r t h e r m o r e , the parameters 
of the proposed equat ion are general ized i n terms of the c r i t i c a l p roper ­
ties a n d the acentric factor. 
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182 EQUATIONS O F S T A T E 

Table VI . Comparison of Experimental and Calculated 

No. of 
Component TV P r Data Pts. 

M e t h a n e (26) 0.757-0.990 0.172-0.945 5 
E t h a n e (27) 0.654-0.982 0.045-0.894 7 
P r o p a n e (26,27,28) 0.660-0.983 0.041-0.891 13 
i V - B u t a n e (27) 0.653-0.967 0.032-0.794 7 
i s o - B u t a n e (27) 0.757-0.990 0.034-0.872 7 
JV-Pentane (29) 0.662-0.970 0.032-0.802 14 
O v e r a l l 53 

Glossary of Symbols 

a,c,d = quantit ies represented b y E q u a t i o n s 21, 22, a n d 23, 
respect ively 

a * , c*, d* = quantit ies de termined f r o m E q u a t i o n s 8 , 9 , a n d 10 
Β = second v i r i a l coefficient 
b = parameter of E q u a t i o n 3 

hi, &2> &3 — parameters of E q u a t i o n 17 
V9 &' 3 = parameters of E q u a t i o n 30 

e = quant i ty def ined b y E q u a t i o n 29 
e* = c * / ( 0 . 4 7 1 7 + 0.1611ω) 

F χ,... F 4 = functions of E q u a t i o n 39 
H° = enthalpy at i d e a l gas state 
Hp == enthalpy at pressure Ρ 

hi... hn = parameters of E q u a t i o n 1 
k 0 . . . k m — constants of E q u a t i o n 5 

r i i . . . nm = zero or posit ive integer 
Ρ = pressure 

P c — c r i t i c a l pressure 
R = gas constant 
Τ = temperature 

T c = c r i t i ca l temperature 
T r = r educed temperature 
V == vo lume 

V c — c r i t i c a l vo lume 
Xi. . . Xs = functions represented b y E q u a t i o n 36 

Ζ = compress ib i l i ty factor 
Z c = compress ib i l i ty factor at the c r i t i ca l po in t 
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9. suGiE A N D L U A New Equation of State 183 

(H° — Hp)t Values for Pure Saturated Liquids 

Average Absolute Deviation (Btu/lb) 

Ref. Ref. Ref. Ref. Refs. Ref. Ref. This 
19 21 22 23 2 4 , 2 5 11 12 Work 

3.7 9.8 10.0 2.6 7.0 32.1 3.0 4.7 
1.7 2.2 8.1 5.0 5.1 9.3 1.9 4.3 
1.2 3.5 3.4 4.6 2.7 5.1 1.5 4.6 
2.2 3.4 9.4 4.0 4.4 4.6 2.1 4.7 
2.3 6.1 13.6 4.4 — — 2.5 5.5 
1.9 4.6 11.7 4.8 3.1 3.4 1.5 5.0 
2.2 4.9 9.4 4.2 4.5 11.0 2.1 4.8 

Greek Letters 

ρ = density 
φ = fugac i ty coefficient 
ω = acentric factor 
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10 

Calculation of Three-Phase Solid-Liquid-Vapor 

Equilibrium Using an Equation of State 

DING-YU PENG and DONALD B. ROBINSON 

Department of Chemical Engineering, University of Alberta, 
Edmonton, Alberta, Canada T6G 2G6 

An efficient computation algorithm is proposed for predicting 
the initial formation of pure solids in hydrocarbon and 
related systems. In order to use this method, only the 
density and vapor pressure of the pure solid are required 
together with the equation-of-state parameters for the solid-
forming material. The use of the algorithm is illustrated 
with the Peng-Robinson equation of state for systems con­
taining carbon dioxide as the solid-forming component at 
cryogenic temperatures. Good agreement was obtained be­
tween the predicted results and the experimental literature 
values. The predicted triple point for pure carbon dioxide 
was 72.1 psia at — 71.2°F as compared with the literature 
value of 76.9 psia at -69.9°F. 

' " p h e w idespread use of l o w temperature for the processing of n a t u r a l 
gas has been s t imulated b y economic incentives a n d i t has been m a d e 

possible b y advances i n materials and process technology. T h e need to 
be able to accurately describe the behavior of these hydrocarbon mixtures 
at cryogenic condit ions is evident . I n a d d i t i o n to the u s u a l v a p o r - l i q u i d 
e q u i l i b r i u m relationships, a knowledge of the so lub i l i ty of heavier h y d r o ­
carbons a n d other potent ia l so l id - f orming gases such as carbon d iox ide 
or hydrogen sulfide is necessary for the safe a n d effective operat ion of 
processing plants . T h e presence of so l id carbon d iox ide , for example, 
m a y f ou l heat exchangers or interfere w i t h the operat ion of d i s t i l la t i on 
equ ipment to the po int that costly p lant shutdowns a n d maintenance 
m a y be requ i red . 

I n order to avo id these potent ia l ly d a m a g i n g condit ions, i t is use fu l 
to be able to del ineate the so l id - forming regions for any g iven processing 
mixture . A n u m b e r of studies dea l ing w i t h the correlat ion of the so lub i l i ty 

0-8412-0500-0/79/33-182-185$05.00/l 
© 1979 American Chemical Society 
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186 EQUATIONS O F S T A T E 

of solids i n l i q u i d hydrocarbons at cryogenic condit ions have been re ­
p o r t e d (1,2,3,4,5). Some of these are based on the S c a t c h a r d - H i l d e -
b r a n d regular so lut ion theory a n d others on the F l o r y - H u g g i n s equat ion 
for a thermal mixtures . Regardless of the basis, however , the e q u i l i b r i u m 
cr i ter ion i n a l l cases is that the free energy of the pure so l id must equa l 
its p a r t i a l m o l a l free energy i n the solut ion. I n the w o r k descr ibed i n this 
chapter , a computat ion a lgor i thm based on equat ing the fugacities of the 
pure so l id a n d the component i n the so lut ion is presented for use i n 
p r e d i c t i n g inc ip ient so l id f ormat ion of a component f r o m a n e q u i l i b r i u m 
vapor or l i q u i d solution. 

Thermodynamic Relationships 

T h e e q u i l i b r i u m cond i t i on for a s o l i d - l i q u i d - v a p o r ( S L V ) system at 
a specif ied temperature a n d pressure m a y be w r i t t e n i n terms of the 
fugacities of the so l id - f orming component as 

where f f c
s is the fugac i ty of component k i n the so l id phase, f f c

L is the 
fugac i ty of component k i n the l i q u i d phase, a n d ik

Y is that of the same 
component i n the vapor phase. I t is understood that the fugacit ies of a l l 
the other components must f o l l ow the equat ion 

A l l of these fugacities are evaluated at the temperature a n d pressure of 
the system. T h e fugacities of component k for the fluid phases c a n be 
ca l cu lated us ing the rigorous thermodynamic equat ion 

N o r m a l l y one can assume that the so l id phase is not a so l id so lut ion ; 
consequently , the so l id phase is essentially pure component k whose 
fugac i ty fo l lows the equat ion 

(1) 

f L f V (2) 

dv - In Ζ (3) 

(4) 

T h i s can be w r i t t e n as 
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10. P E N G A N D ROBINSON Three-Phase Equilibrium 187 

where Pk* is the vapor pressure of component k at the system temperature , 
vk

Y is the molar v o l u m e of component k i n its vapor state, a n d vk
s is the 

mo lar vo lume of so l id component k. I n E q u a t i o n 5, the first in tegra l 
represents the fugac i ty coefficient of the pure component k at its vapor 
pressure w h i l e the second integra l accounts for the compression effect 
u p o n the so l id at the system pressure. T h i s is greater t h a n the s o l i d - v a p o r 
e q u i l i b r i u m pressure for this component at the system temperature . 
N e g l e c t i n g the pressure dependency of the molar vo lume of so l id k, 
w e read i ly obta in 

T h e above equat ion s imply states that the fugaci ty of so l id component k 
at pressure Ρ equals the fugac i ty of pure k at its vapor pressure m u l t i p l i e d 
b y a P o y n t i n g correct ion factor. 

Evaluation of Fugacities Using an Equation of State. T h e f u g a c i -
ties of the components i n the fluid phases are re lated to the vo lumetr i c 
a n d phase behavior of the mixture w h i l e the fugac i ty of the so l id c o m ­
ponent depends only on the PVT re lat ionship of the pure component . 
Theore t i ca l ly it is possible to evaluate the fugacities us ing exper imental 
vo lumetr i c a n d / o r phase e q u i l i b r i u m data i n conjunct ion w i t h E q u a t i o n s 
3 a n d 6. H o w e v e r , these data are normal ly either unava i lab le or insuffi­
c ient a n d an equation-of-state m o d e l has to be used to compute the 
fugacit ies. 

M a n y equations of state are avai lable for ca l cu lat ing the quantit ies 
i n E q u a t i o n s 3 a n d 6. W h e n select ing a suitable equat ion of state, 
considerat ion should be g iven to the fact that the capab i l i ty of an equat ion 
of state to accurately represent the S L V three-phase system hinges o n the 
a b i l i t y of the same equat ion to describe the s impler two-phase l i q u i d -
vapor system. I n this study w e have chosen the P e n g - R o b i n s o n equat ion 
of state (6 ) to m o d e l the phase a n d vo lumetr i c behavior of the fluid 
phases of mixture . T h e vo lumetr i c behavior of the pure component k 
i n its vapor-phase reg ion at the so l id - formation temperature also was 
represented i n terms of this c losed- form equat ion . T h e P e n g - R o b i n s o n 
equat ion has been a p p l i e d successfully to the pred i c t i on of l i q u i d - l i q u i d -
vapor ( L L V ) e q u i l i b r i u m ( 7 ) , hydrate format ion ( 8 , 9 ) , a n d mixture 
cr i t i ca l -po int determinat ion (JO) i n a d d i t i o n to the usua l v a p o r - l i q u i d 
e q u i l i b r i u m calculat ions. T h i s equat ion has the f o l l o w i n g f o r m : 

P = RT a(T) 
(7) 

ν — b v(v + b) + b(v — b) 
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188 E Q U A T I O N S O F S T A T E 

a n d w h e n the c lassical derivatives at the c r i t i ca l po in t are imposed 
i t y ie lds 

a(Te) = 0 . 4 5 7 2 4 ^ ^ - (8) 

b = 0.07780 ^ (9) 

* c 
A t temperatures other t h a n the c r i t i c a l po in t 

a(T) — ο ( Γ 0 ) α ( Γ Γ , « ) (10) 

«(7V,<o) = [ l + K ( l - T r % ) ] 2 ( Π ) 

κ = 0.37464 + 1.54226ω - 0.26992ω 2 (12) 

T h e m i x i n g rules for use w i t h these equations are 

6«-Σ*,&« (13) 
i 

a m = Σ Σ xPi ( < * Λ ) % (1 - M ( 1 4 ) 
< i 

where 8i/s are fitted b i n a r y interact ion parameters based o n b i n a r y v a p o r -
l i q u i d e q u i l i b r i u m data . 

Subst i tut ing E q u a t i o n s 7 t h r o u g h 14 into E q u a t i o n 3 w e have 

In = ( Z m - 1) - ln(Zm - Β J -x k P ~ b m
y m x' v " v m m ; 2£2B, 

In 

where 

(Zm + 2 . 4 1 4 B m \ n . . 
Vzm-0.414£j ( 1 5 ) 

a n d 

. _ amP π 6> 
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10. P E N G A N D R O B I N S O N Three-Phase Equilibrium 189 

S i m i l a r l y , a p p l y i n g E q u a t i o n s 7 through 12 to E q u a t i o n 6, w e have 

w h e r e Φ is the l a g a r i t h m of the fugac i ty coefficient of p u r e component k 
at its vapor pressure corresponding to the so l id - format ion temperature . 

Computation Procedure 

F r o m the outset the relationships between the fugac i ty a n d the state 
variables are h i g h l y nonl inear . T o determine the composi t ion of each 
phase for a S L V system such that E q u a t i o n s 1 a n d 2 are satisfied requires 
that an iterative method be used. Because of the constraints imposed o n 
the system by the phase ru l e somewhat different procedures were used 
i n this study to compute the S L V e q u i l i b r i u m cond i t i on for m u l t i c o m -
ponent systems a n d for b i n a r y systems, respectively. B o t h procedures 
calculate the fluid-phase composit ions of a g iven mixture at the inc ip ient 
so l id - formation condi t ion . 

Multicomponent System. A c c o r d i n g to the phase ru le , there are 
N - l degrees of f reedom for an N-component system w h i c h is i n S L V 
e q u i l i b r i u m . Consequent ly , the e q u i l i b r i u m condi t ion for a system con ­
ta in ing three or more components can be determined w h e n b o t h the 
temperature a n d the pressure are independent ly specif ied. T h e c o m p u ­
tat ion proceeds as fo l lows : the fugac i ty of the compressed pure so l id at 
the specified cond i t i on is ca l cu lated accord ing to E q u a t i o n 18. A v a p o r -
l i q u i d e q u i l i b r i u m flash ca l cu lat ion is then per formed at the specif ied 
system temperature a n d pressure for a mixture w i t h k n o w n composit ion. 
T h e fugacities of each component i n bo th phases are ca lcu lated accord ing 
to E q u a t i o n 15. C o m p a r i s o n of the fugacities of component k is made at 
this stage to check i f this component c o u l d indeed f o rm a so l id phase at 
the specified condi t ion . I f the fugac i ty of pure so l id k as obta ined f r o m 
E q u a t i o n 18 is less than that of the same component i n the fluid phases 
as ca lculated f rom E q u a t i o n 15 i n d i c a t i n g the prec ip i ta t i on of this 
component , the composi t ion of the g iven mixture is modi f ied accord ing 
to the f o l l o w i n g equations to reduce the concentrat ion of this so l id -
f o r m i n g component : 

(18) 

(19) 

and 

zk<**» = Zfc<«> - «<«> (20) 
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EQUATIONS O F S T A T E 

Specify 

Τ , η . , 1=1,2 

I 
Calculate 

Modify No 
Ρ, n k 

ure I. Flow diagram showing computation procedure used for deter­
mining initial solid forming condition 
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10. P E N G A N D R O B I N S O N Three-Phase Equilibrium 191 

where 

Σ _ 1 + — 1 — (22) 
1 — Zk 

A v a p o r - l i q u i d e q u i l i b r i u m flash ca l cu lat ion is again carr ied out to ob ta in 
n e w fugac i ty values us ing E q u a t i o n 15. T h e process of c o m p a r i n g 
fugacities a n d adjust ing mixture compos i t ion is repeated u n t i l E q u a t i o n 1 
is satisfied a n d the S L V e q u i l i b r i u m cond i t i on is considered to have 
been f ound . 

B i n a r y System. O w i n g to the fact that a b i n a r y system w h i c h is i n 
S L V e q u i l i b r i u m is un ivar iant , one can not specify the system pressure 
w h e n the temperature has been fixed already, a n d v i ce versa. T h e 
pressure (or temperature ) has to be determined a long w i t h the compos i ­
t i on of each phase i n an iterative manner . T h e scheme used to search 
for the phase composit ions i n a b inary system is essentially the same as 
that used i n the mul t i component system except that the pressure va lue 
is modi f ied at each i terat ion u n t i l E q u a t i o n 1 is satisfied. T h e pressure 
is corrected accord ing to the f o l l o w i n g equat ion w h i c h is based o n the 
one-d imensional Newton ' s method us ing the ratio of the fugac i ty values 
as the objective func t i on : 

2 ~ τ*™ ( 2 3 ) 

A flow chart i l lus trat ing the a lgor i thm used to compute the S L V 
e q u i l i b r i u m for b i n a r y systems is shown i n F i g u r e 1. 

Results 

U s i n g the proposed procedure i n conjunct ion w i t h l i terature values 
for the density (11) a n d vapor pressure (12) of so l id carbon d iox ide , the 
so l id - formation condit ions have been determined for a n u m b e r of mixtures 
conta in ing carbon d iox ide as the so l id - forming component . T h e b i n a r y 
interact ion parameters used i n E q u a t i o n 14 were the same as those used 
prev ious ly for two-phase v a p o r - l i q u i d e q u i l i b r i u m systems ( 6 ) . T h e 
va lue for methane - carbon d iox ide was 0.110 a n d that for e thane - carbon 
d iox ide was 0.130. E x c e l l e n t agreement has been obta ined between the 
ca lcu lated results a n d the exper imental data f o u n d i n the l i terature. A s 
shown i n F i g u r e 2, the pred i c t ed S L V locus for the m e t h a n e - c a r b o n 
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192 EQUATIONS O F S T A T E 
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Figure 2. Experimental and predicted solid-liquid-vapor locus for the 
methane-carbon dioxide system: (O), Davis et al. (13); (Δ), Donnelly ir 

Katz (14); Sobocinski ù Kurata (15); ( ), P-R prediction. 

diox ide b i n a r y system agrees very w e l l w i t h that ob ta ined b y D a v i s et a l . 
(13) at temperatures u p to — 90°F. A t temperatures h igher t h a n this 
va lue a n d u p to the t r ip le po in t of carbon d iox ide , s l ight discrepancies 
exist be tween the p r e d i c t e d so l id - format ion temperatures a n d those 
de termined b y D a v i s et a l . (13) a n d b y D o n n e l l y a n d K a t z (14) at 
specif ied pressures. H o w e v e r , the m a x i m u m difference between the 
predict ions a n d the data of D a v i s et a l . i n this reg ion was o n l y about 
2.5°F. T h e p r e d i c t e d t r ip l e po in t for pure carbon d iox ide was 72.1 ps ia 
at —71.2°F as compared w i t h the reported va lue of 76.9 ps ia —69.9° ± . 
0.05°F ( 1 5 ) . T h e l iqu id -phase compos i t ion of the methane -e thane - car ­
b o n d iox ide ternary system at the S L V e q u i l i b r i u m cond i t i on is presented 
i n F i g u r e 3. T h e agreement between the predict ions a n d the data is 
qu i te good except for the highest temperature i sotherm where the 
p r e d i c t e d carbon dioxide solubi l i t ies are h igher t h a n the exper imental 
values. T h i s d iscrepancy m a y be caused b y the fact that at h i g h t e m ­
peratures there is substant ial enhancement of the so lub i l i ty of carbon 
d iox ide i n hydrocarbon solvents as compared w i t h l o w temperatures. A s 
a n example , the l i q u i d compos i t ion of the m e t h a n e - c a r b o n d iox ide b i n a r y 
system at the S L V e q u i l i b r i u m cond i t i on is s h o w n i n F i g u r e 4 where 
the carbon d iox ide content of the l i q u i d phase changes about 3 % per 
degree change i n temperature. 
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10. P E N G A N D R O B I N S O N Three-Phase Equilibrium 193 

co2 

Figure 3. Liquid composition at the solid-liquid-vapor condition in the 
methane-ethane-carbon dioxide ternary system: (Φ), — 84.9° F ; (A), 

-90°F; (M), -100°F; (T), - I 2 9 . 9 ° F ; ( + ), - I 6 0 ° F . 
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194 EQUATIONS O F S T A T E 

M O L E F R A C T I O N C A R B O N D I O X I D E 

Figure 4. Carbon dioxide content of the liquid phase at the solid-liquid-
vapor condition in the methane-carbon dioxide system: (O), Davis et al 
(13); (Δ), Donnelly à- Katz (14); (%), Sobocinski ir Kurata (15); and 

( ), P-R prediction. 

Conclusion 

A n efficient procedure for de t e rm in ing the so l id - formation cond i t i on 
i n a three-phase S L V system has been presented. T h e P e n g - R o b i n s o n 
equat ion of state generates re l iab le results for hydrocarbon mixtures 
conta in ing carbon d iox ide as the so l id - f orming component . A l t h o u g h 
on ly the results for carbon d iox ide so l id are presented as examples, the 
proposed procedure is app l i cab le to other so l id - f orming components such 
as hydrogen sulfide a n d heavy hydrocarbons . T h e extension of the 
procedure to pred i c t the inc ip i ent so l id f o r m i n g cond i t i on i n s o l i d - l i q u i d 
a n d s o l i d - v a p o r e q u i l i b r i u m or for systems i n v o l v i n g more t h a n one so l id 
phase is s t ra ight forward . 

Acknowledgment 

T h e financial assistance rece ived for this w o r k f r o m the N a t i o n a l 
Research C o u n c i l of C a n a d a is apprec iated . 

Glossary of Symbols 

a = attract ion parameter 
b = v a n der W a a l s co -vo lume 
f = fugac i ty 

η = mole n u m b e r 
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10. P E N G A N D R O B I N S O N Three-Phase Equilibrium 195 

Ν = n u m b e r of components 
Ρ = pressure 
R = gas constant 
Τ = temperature 
ν = molar vo lume 
x = mole f ract ion 
Ζ = compress ib i l i ty factor 

Greek Letters 

a = scal ing factor defined b y E q u a t i o n 11 
δ = interact ion parameter 
#c = character izat ion constant defined b y E q u a t i o n 12 
Φ = l o g a r i t h m of the fugac i ty coefficient of pure component 
ω = acentric factor 

Superscripts 
L = l i q u i d 
S = so l id 
t = tr ip le po int 

V = vapor 
* = saturation 

Subscripts 
c = c r i t i ca l property 

i, j, k = component identi f icat ion 
m = mixture property 

r = reduced property 
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11 
Applications of the Augmented van der Waals 

Theory of Fluids: Tests of Some Combining 

Rules for Mixtures 

ALEKSANDER KREGLEWSKI and STEPHEN S. CHEN 

Thermodynamics Research Center, Texas A&M University, 
College Station, TX 77843 

An accurate equation of state of fluids is used to test the 
combining rules for the interaction energy ūij of mixtures 
derived from the theories of London energy between small 
or large (chain) molecules. The tests are based mostly on 
comparisons with the thermodynamic excess functions of 
binary systems at Ρ = 0. For long chains the parameter 
η/k, determining the dependence of ū/k on the temperature, 
depends on the reduced density ρ* = V°/V of the system 
(where V° is the close-packed volume) and η/k->0 when 
ρ* > 0.75 (solid state). 

H P h e thermodynamic properties of mixtures are extremely sensitive to 
-•-the values of mixed -pa i r interact ion energies Uu(r) re lat ive to those 

ac t ing between the molecules of the pure components, Uu(r) a n d Ujj(r), 
a n d to the average co l l i s ion diameter σχ of the mixture obta ined f r o m σ«, 
a,» a n d σί;·. A re lat ive ly smal l error i n greatly affects the phase d i a g r a m 
obta ined . I f the pred i c ted va lue of ι*# is too l o w b y 2 % , the phase d i a ­
g ram may , for example, exhibi t an azeotropic mixture or even a separation 
into three phases, l i q u i d + l i q u i d + gas, w h i l e the rea l d i a g r a m shows 
on ly two phases a n d no azeotrope. 

T h e purpose of this chapter is to test the c o m b i n i n g rules that result 
f r o m three approximations for r a n d o m mixtures of fluids. T h e square -we l l 
( S W ) approx imat ion yie lds very good results for systems of smal l mo le ­
cules. T h e complex i ty of the p r o b l e m for large molecules , aggravated b y 
the dependence of u(r) o n the reduced density of the system, is out l ined . 

0-8412-0500-0/79/33-182-197$05.00/l 
© 1979 American Chemical Society 
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198 EQUATIONS O F S T A T E 

Systems of Small Molecules 

W e shal l l i m i t our considerat ion to systems w i t h L o n d o n (d ispers ion) 
energies only . F o r such systems L o n d o n (1,2) de r ived the famous 
re lat ion 

i n w h i c h p» a n d p ; are the po lar izab i l i t i es of the two molecules , r is the 
distance between their centers, a n d hv are certain energies w h i c h p r o b ­
ab ly are re lated to the ion izat ion potentials I . E x c e p t for H e a n d H 2 , hv 

is not e q u a l or propor t i ona l to 7. T h e superscript ' V i n indicates that 
the re lat ion was der ived for smal l spher ica l molecules . 

T a k i n g into account that a h a r d repuls ion exists at close distances r , 
w e m a y w r i t e 

Uij(r) = oo at r ^ σ (2) 

a n d 

Uij (r) = - ïïy ( σ , / Λ ) 6 at r > σ (3) 

where « y is the m i n i m u m va lue of Uij(r). F o r sma l l spher ica l molecules 
ûij = Uij0. B y c o m p a r i n g E q u a t i o n s 1 a n d 3 for the pure components, 
one obtains 

4 - 4 _ 
hvi = — u°u u*u/v2i and hVj = u°jj a V P 2 ; 

U p o n subst i tut ion into E q u a t i o n 1 the u n k n o w n quantit ies hv are 
e l iminated . 

U°{i = 2 [Àf (S) + fife) ] 
T h i s c o m b i n i n g ru le was der ived i n a different manner b y K o h l e r ( 3 ) . 

I t is n o w w e l l k n o w n (4) that the so-cal led r a n d o m m i x i n g a p p r o x i ­
mat i on , w h i c h is based o n the L e n n a r d - J o n e s potent ia l , greatly exag­
gerates the effect of size differences of the molecules o n « ί ;·. S ince the 
mixtures are r a n d o m i n a l l the models considered i n this chapter , i t is 
more appropr iate to c a l l that i n w h i c h u(r) varies w i t h ( σ / r ) 6 the 
L e n n a r d - J o n e s ( L J ) approx imat ion . 
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11. K R E G L E w s K i A N D C H E N The van der Waals Theory of Fluids 199 

I n the S W approx imat ion a n d at a constant w i d t h ( σ / r ) of the w e l l 
for a l l substances w e have 

^o( r ) = c o n s t a n t l y (r > σ) ; (5) 

a n d instead of E q u a t i o n 4 w e obta in 

ΰ°υ = 2 [\z^-— + ^ - 1 1 (small molecules) (6) 
[_w a Vj u jj Pi J 

A l s o , the average ù m of the mixture becomes independent of σ 

u m — Σ Σ XiXj Uij (7) i j \ f 

where i 7 i ; = for smal l molecules. 
I n the theory of v a n der W a a l s ( V D W ) the parameter a is propor ­

t i ona l to ΰσ3, where ù is the m i n i m u m value of an u n k n o w n potent ia l 
u(r). L e l a n d et a l . (3) have shown that the V D W approx imat ion is 
m u c h better than the L J approx imat ion . I n this approx imat ion the 
c o m b i n i n g rules a lways are a p p l i e d to aijf usual ly α# = &ϋ(αϋα ; ; · ) 1 / 2 , 
where ktj is a constant because n o t h i n g better m a y be der ived w h e n 
u(r) is not k n o w n . 

K a c et a l . (5) have shown that the attract ion t e rm i n the V D W 
equat ion of state, a/RTV, is obta ined w h e n the intermolecular forces are 
inf inite ly weak, du(r)/dr = 0. T h i s is also the characterist ic feature of 
the S W potent ia l w h i c h differs f rom the K a c potent ia l i n that the attrac­
t ion is cut off at a certain ( r / σ ) , usual ly at 3/2. H e n c e , E q u a t i o n 6 is 
the proper c o m b i n i n g rule for u{j i n a{j. 

O n the contrary, i f w e insist on c o u p l i n g ΰί;· w i t h σί;· a n d u s i n g the 
V D W approx imat ion for am> the effect on the ca lcu lated properties of 
mixtures is the same as if W y ( r ) were expressed by a hypothet i ca l po ten ­
t i a l ùij(aij/r)z. T h i s leads to a c o m b i n i n g ru le g iven b y E q u a t i o n 4 i n 
w h i c h a l l of the σ 6 ' 8 are rep laced b y σ3'8. T h i s is ca l l ed the rule for the 
V D W approx imat ion . 

T h e rules for the V D W a n d S W approximations are compared w i t h 
the exper imental data for mixtures of noble gases i n T a b l e I . T h e exper i ­
menta l values of % are selected b y S m i t h et a l . (6) f rom molecular b e a m 
scattering, second v i r i a l coefficient, a n d viscosity data. T h e values of ù/k 
of the pure components are : H e , 10.5 K ; A r , 140 K ; K r , 196 K ; a n d X e , 
265 K . T h e values of σ g iven b y C h e n et a l . (6) are : H e , 2.65 A ; N e , 
2.75 A ; A r , 3.34 A ; K r , 3.64 A ; a n d X e , 3.81 A . T h e po lar izab i l i t i es were 
taken f r om the L a n d o l t - B o r n s t e i n T a b e l l e n (1960). B y c o m p a r i n g the 
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200 EQUATIONS OF STATE 

Table I. Values of û°ij for Mixed Interactions 
between Noble Gases (K) 

H e + A r 
H e + K r 
H e + X e 

Experimental Equation 6 VDWa Equation 8 

30.2 
30.2 
28.0 

29.0 
28.8 
25.3 

33.0 
35.2 
33.8 

38.6 
45.6 
54.3 

1 Equation 4 with all σ6'β replaced by σ3. The σ3α is calculated from Equation 10. 

values of iïy g iven b y S m i t h et a l . w i t h those of C h e n et a l . ( w h i c h are 
l o w e r ) w e estimate their uncerta inty to be about ± 1 0 % . These data 
show that E q u a t i o n 6 is the best approx imat ion . T h e last c o l u m n i n 
T a b l e I gives the geometric m e a n values 

%i— ( û « % ) 1 / 2 (8) 

T h e comparisons w i t h other exist ing c o m b i n i n g rules were made b y 
S m i t h et a l . a n d are not repeated here. 

T h e two most c o m m o n l y used rules for σ»,, name ly that o w i n g to 
L o r e n t z , 

σ « — (σ« + σ „ ) / 2 , (9) 

a n d to v a n der W a a l s 

σ\}= (σ 3* + σ 3 , , ) /2 (10) 

are compared w i t h the exper imental data g iven b y C h e n et a l . (7) i n 
T a b l e II. E q u a t i o n 10 appears to be m u c h better than E q u a t i o n 9 
a l though it is overs impl i f ied i n that it neglects the effect of w i ; on σί;·. T h e 
average a m of the mixture , der ived f rom E q u a t i o n 10, is 

Table II. Collision Diameters for Mixed Interactions 
between Noble Gases (in A ) 

H e + N e 
H e + A r 
H e + K r 
H e + X e 

Experimental 

2.73 
3.09 
3.27 
3.61 

Equation 9 

2.70 
3.00 
3.14 
3.23 

Equation 10 

2.70 
3.03 
3.22 
3.33 
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11. K R E G L E W S K I A N D C H E N The van der Waals Theory of Fluids 201 

I n add i t i on to the above direct tests, the ru le g iven b y E q u a t i o n 6 
was tested b y ca l cu la t ing the thermodynamic excess functions of mixtures . 
T h e relations are g iven b y K r e g l e w s k i a n d C h e n (8). T h e basic one for 
the res idua l H e l m h o l t z energy of a mixture Am

r is 

/ ο ι \ -ι ζ.* t. \ ι ~f" 3a m )£ m 3am£w 

= (am
z — 1) In (1 — im) + RT - v " m i ; V i 1 (1 - U 2 

η m 

T h e first two terms were d e r i v e d f rom Boub l ik ' s (9 ) re lat ion for the 
compress ib i l i ty factor of h a r d convex bodies. H e r e α is a constant d e p e n d ­
i n g on the shape of the molecules (a = 1 for spher ica l mo lecu les ) , for 
mixtures assumed to be am = ] T Xi«t. 

i 
T h e t e rm U = 0.74048 Vm°/Vm = 1/6 7rN0am*/Vm, where Vm° is the 

c lose-packed vo lume , N 0 is the A v o g a d r o number , a n d Vm is the mo lar 
vo lume of the system. V ° is a s imple func t i on of the temperature ( T ) 
(10) w i t h a characterist ic va lue V ° ° at Τ = 0 K . T h e last t e rm i n E q u a ­
t i on 12 was i n t r o d u c e d b y A l d e r et a l . (11). Dnm are 24 universa l c on ­
stants c o m m o n for a l l substances whose r a d i a l a n d h igher d i s t r ibut i on 
functions are the same functions of û/kT a n d the reduced density p* = 
V°/V. A s shown b y C h e n a n d K r e g l e w s k i (10) a n d S imni ck , L i n , a n d 
C h a o (12), E q u a t i o n 12 is the most accurate k n o w n equat ion w i t h four 
characterist ic constants: a, V ° ° ( V ° at Τ = 0 K ) , û°/k, a n d η/k (see 
E q u a t i o n s 13 a n d 14). T h e y also have s h o w n (JO) that i n order to ob ta in 
agreement w i t h second v i r i a l coefficient data of the gas a n d the in terna l 
energy or the enthalpy of the l i q u i d , i t is necessary to assume that u(r) is 
a func t i on of Τ as r e q u i r e d b y the theory of noncentra l forces between 
nonspher i ca l molecules (13) 

^ - δ Μ Ι + Λ Α Γ ) (13) 

where L indicates L o n d o n interactions. F o r a pure fluid (JO) 

7?L/fc « 0.60 ωΤ° (14) 

where ω is the acentric factor a n d Tc is the c r i t i c a l temperature i n K . 
T h e y also have conc luded that 

η\ί~ (ιΛι + Λ > ) / 2 (15) 
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202 EQUATIONS O F S T A T E 

T h e values of the characterist ic constants for A r , K r , N 2 , a n d C H 4 

are g iven i n Ref . 10. F o r X e , 0 2 , a n d a l l the substances considered i n 
T a b l e I V the constants were est imated as fo l lows. T h e effect of the va lue 
of a on the excess functions is neg l ig ib l e ; therefore, a was set e q u a l to 
un i ty . T h e η/k was est imated f r o m E q u a t i o n 14 a n d V ° ° f r o m the l i q u i d 
mo lar vo lume at the r educed temperature T/Tc = 0.6. 

T h e energy û°/k ^ Tc on ly i f η/k = 0. I n other cases i t is not 
re lated so d i rec t ly to a macroscopic proper ty but it c a n be est imated b y 
r e l y i n g on the accuracy of E q u a t i o n 12. W h e n a l l of the characterist ic 
constants are k n o w n , E q u a t i o n 12 y ie lds accurate mo lar volumes of the 
saturated l i q u i d a n d vapor phases obta ined b y a n i terat ion at constant 
Τ a n d Ρ f rom the G i b b s e q u i l i b r i u m condi t i on . H e n c e , i f a, V ° ° , a n d η/k 
have been est imated already, ù°/k is f o u n d b y v a r y i n g its va lue u n t i l the 
l i q u i d vo lume ca lcu lated f r om E q u a t i o n 12 or f r om the compress ib i l i ty 
factor Ζ agrees w i t h the observed value at a certain T , say, T/Tc = 0.6. 

T h e values of η/k for the components g iven i n T a b l e I I I are 1 Κ for 
C H 4 , 2 Κ for 0 2 , 3 Κ for N 2 , a n d zero for A r , K r , a n d X e . T h e values of 
u i ;

L i n E q u a t i o n 13 were ca l cu lated f r o m E q u a t i o n s 6 a n d 15. C o n s i d e r i n g 
that a smal l error i n the c o m b i n i n g rules leads to large errors i n GE a n d 
HB, the agreement w i t h the observed values is very satisfactory. E x c e p ­
t ional ly , for the N 2 + C H 4 system E q u a t i o n 15 y ie lds ? / i 2

L = 2 K a n d 
values of the excess functions (8) that are too smal l . N i t r o g e n is a 
quadrupo lar molecule a n d this effect varies w i t h (kT)'1 analogously to 
the L o n d o n energy. If the va lue of ηη/k is ascr ibed to quadrupo le inter ­
actions, 7 7 n Q A , w e have N 2 : V11/k = r ;n Q / f c = 3, ηη^/k = 0; C H 4 : r? 2 2/fc 
— V22L/k = 1,77 2 2

Q / fc = 0. Since η^ ~ ( * ? u Q V22Q)1/2> w e obta in η^/k = 
(T7I 2

L + vi2Q)/k = 0.5 Κ instead of V12/k = η^ = 2 Κ for the total . 

T a b l e I V . Excess F u n c t i o n s of 

Components 

(1) (2) Ύ/Κ 

n - C 6 + n - C i 2 293 2 1 8 ' t 
293 0 1.33 

n - C e + n - C 1 6 293 305" 1 
293 0 0.91 

c y - C 5 + c y - C 8 298 101* f 
298 0 1.275 

c y - C 5 + O M C T S 298 194 ' 1.11 c y - C 5 + O M C T S 
298 28 0.834 

0 Binary systems at χ = 0.5. 
*The values kept constant are η/k = 88 of η-Ce, TJ//C = 59 Κ of cyclo-C 5 and 

u°/k and V° of all the components. 
0 Weighing of interactions : mole fractions. 
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11. K R E G L E W S K I A N D C H E N The van der Waals Theory of Fluids 203 

Table III. Excess Functions of Liquid Systems 
of Small Molecules 0 

Predicted Values, 
Observed Values' Equation 6 

System T / K G E 
J J E V E Q E H E V E 

A r + K r 103.94 82.5 87 47 - 0 . 1 9 A r + K r 
115.77 83.9 - 0 . 5 3 93 26 - 0 . 5 1 
115.77 82.4 - 0 . 4 6 4 93 26 - 0 . 5 1 

K r + X e 161.36 103 - 0 . 4 5 9 135 64 - 0 . 5 1 K r + X e 
161.36 114 - 0 . 6 9 5 135 64 - 0 . 5 1 

A r + 0 2 83.82 37 60 + 0 . 1 4 35 50 +0 .12 
A r + C H 4 91 72 103 + 0 . 1 8 79 100 +0 .15 A r + C H 4 

115.77 76 — 79 69 - 0 . 1 2 
K r + C H 4 115.77 29 55 - 0 . 0 2 5 22 22 - 0 . 0 2 
N 2 + C H 4 90.7 169.6 — — 166" 190" - 0 . 7 1 " N 2 + C H 4 

91.5 — 138 — 166" 186" - 0 . 7 5 " 
105.0 — 101 - 1 . 1 6 169" 86" - 1 . 9 5 " 

° Binary systems at χ = 0.5. 
b G Ε and HE are in joules mole" 1 and VE is in cubic centimeters mole" 1. 
° The references to the observed values are given in Refs. 8 and 17. Also, some of 

the calculated values were taken from Ref. 8. 
d Values calculated with the assumption that η/k of nitrogen is caused by the 

quadrupole moment (see the text). 

Systems of Large Molecules 

W h e n one or more components are large molecules , E q u a t i o n 6 
begins to f a i l . Departures a lready are noted for ethane (η/k = 19 K ) . 
T h e reason may be that on ly a par t of the large molecule is i n v o l v e d i n 
the m i x e d interact ion ùi}. A c c o r d i n g l y , the concept of interactions be­
tween segments of molecules is popular . Since for molecules w i t h L o n d o n 

Liquid Systems of Large Molecules 0 

Calculatedb'0 Observedd 

G E H E V E G E H E 

—25 + 4 6 - 0 . 3 1 
- 2 0 + 3 1 - 0 . 3 1 

— — —65 + 1 2 9 - 0 . 4 8 
- 5 0 + 9 5 - 0 . 4 6 

— — + 2 - 4 0 - 0 . 2 8 
+ 1 - 3 4 - 0 . 2 0 

+ 2 

- 2 0 9 + 5 1 6 +2 .36 - 2 0 8 + 2 1 2 + 0 . 0 5 
- 2 1 5 + 3 3 4 + 0 . 0 6 

d The references to the experimental data are given in Ref. 17. 
e From Equation 14. 
1 Wrong results for any value of 112. 
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204 EQUATIONS O F S T A T E 

energies ( o n l y ) p< is an approx imate ly l inear funct ion of σ « 3 (expressed 
b y the c r i t i c a l v o l u m e V / or the c lose-packed vo lume V»° ) , the c o m b i n i n g 
ru le for interactions € { ° be tween segments of equa l size a n d , i m p l i c i t l y , 
equa l po lar izab i l i t i es is 

c ° « - 2 [ ( l / e ° 4 l ) + ( Ι Α 0 ; ; ) ] " 1 (16) 

S imultaneously , the w e i g h i n g of interactions b y means of the mole f rac ­
tions i n E q u a t i o n 7 must be rep laced b y a more proper measure of the 
probabi l i t ies of en, c#, a n d interactions. T h e site fractions, as defined 
b y F l o r y (14), are used for systems of c h a i n molecules b u t they conta in 
the parameter Si/sj that has to be fitted to a g iven system. K r e g l e w s k i 
a n d K a y (25) obta ined very good results for the c r i t i ca l constants of 
mixtures b y us ing E q u a t i o n 16 a n d c rude ly def ined surface fractions. 
T h e agreement w i t h observed data is so good that the concept should 
not be abandoned only because the surface fractions have a poor theo­
re t i ca l f oundat ion . T h e r e must exist a b r idge between the mole fractions 
(appropr iate for smal l spher ica l molecules) a n d the site fractions for 
l o n g chains. 

T h e concept of segment interactions has not been used i n our present 
work . O u r considerations are l i m i t e d to the exact treatment based o n to ta l 
interactions tt# a n d mole fractions. A c c o r d i n g to Sa lem (16) the L o n d o n 
energy between two l ong straight or c i r cu lar chains at close distances is 
p ropor t i ona l to m u°(r) where u°(r) is g iven b y E q u a t i o n 1 a n d m is 
the n u m b e r of cha in units . T h e same transformation that l e d to E q u a t i o n 
6 y ie lds 

û°n = 2 [ ( Ι / υ 0 * ) ( l / q , ) + (1/ΰ°„) HjY1 ( large molecules) (17) 

where ty = Vimil'(p^n*). T h e values of ^ r e q u i r e d to fit the observed 
values of GE of the n-hexane + n-dodecane or n-hexadecane a n d the 
cyc lopentane + cyclooctane or octamethyl-cyclotetrasi loxane ( O M C T S ) 
system are close to u n i t y a n d so they differ very m u c h f r o m the 
theoret ica l values. 

T h e r e is a more serious p r o b l e m t h a n the necessity of us ing e m p i r i c a l 
values of m. T h e values of û°/k, η/k, a n d V ° of the components were 
est imated f r o m the propert ies of the l i q u i d state. T h e values of η/k, 
est imated b y means of E q u a t i o n 14, range f r om 59 Κ for cyc lopentane 
to 305 Κ for hexadecane. T h e va lue for η^ was either ca l cu la ted f r o m 
E q u a t i o n 15 or de l iberate ly v a r i e d w i t h i n reasonable l imi t s . A l s o HJ was 
var i ed . W e have establ ished that none of the combinat ions of ηα a n d HJ 
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11. K R E G L E W S K I A N D C H E N The van der Waals Theory of Fluids 205 

y i e l d s imultaneously good values of GE, H E , a n d VE. T h e results are not 
i m p r o v e d w h e n mole fractions i n E q u a t i o n 7 are rep laced b y surface or 
site fractions. 

T h e results made it c lear that the values of η/k of the pure c om­
ponents must be changed. T h i s conc lus ion is strongly endorsed b y the 
f o l l o w i n g results obta ined recently by one of the authors. F o r b o t h 
spher ica l a n d c h a i n molecules u p to n-pentane or cyc lopentane the same 
values of η/k, obta ined f rom E q u a t i o n 14, y i e l d accurate values of the 
second v i r i a l coefficients β ( Τ ) ( r educed density ρ* = 0) a n d the 
res idual internal energies Ur of the l i q u i d (at p* > 0.52). T h e acentric 
factors are determined at ρ* ^ 0.52. F o r larger molecules, beg inn ing w i t h 
benzene or n - C 6 , η/k values r e q u i r e d to fit β (Τ) data become larger t h a n 
E q u a t i o n 14 suggests whereas that fitting Ur data of the l i q u i d becomes 
s l ight ly smal ler (at constant ù°/k a n d V ° ). T h a t is, η/k begins to d e p e n d 
on p*. T h e va lue of η/k varies w i t h p* more r a p i d l y for n-alkanes ( n - C 7 , 
etc.) than for cycloalkanes ( c y - C 7 , etc . ) . T h e phenomenon is re lated 
c lear ly to restricted rotat ion at h i g h densities. W h e n the cha in is suffi­
c ient ly l ong and p* > 0.75 ( so l id state) w e can expect η/k -> 0 ( c o m ­
plete ly restricted rotations ) . 

A c c o r d i n g l y , w e have reta ined the values of η/k of n - C 6 a n d c y - C 3 

ca lcu lated f rom E q u a t i o n 14, but the values for n - C i 2 , n - C i 6 , c y - C 8 , a n d 
O M C T S were decreased to an appropr iate leve l . S imultaneously , ηι} = 
(vu + Vn)/2 a n d Hj were var i ed u n t i l the three properties GE, H E , a n d VE 

agreed w i t h i n ± 20 J m o l " 1 a n d ± 0 . 0 5 c m 3 m o l ' 1 w i t h the observed values. 
T h e results are compared i n T a b l e I V . T h e first r o w for each system 

shows the errors i n HE a n d VE w h e n L12 is fitted to GE a n d η22 is that 
ca l cu lated f rom E q u a t i o n 14. T h e second r o w shows the improvement of 
the results w h e n η22 is proper ly d imin i shed . F o r three of the systems 
η22 = 0 is requ i red . I n the f our th system, a decrease of η22/k be low 28 Κ 
w o u l d improve H E ; however , VE w o u l d become negative. T h e value of 
112 appears to vary i n an unpred ic tab le manner. W h e n the surface 
fractions are used ( w i t h the same values of η22) then always 112 > 1 i n 
qual i tat ive agreement w i t h the theory of Salem. H o w e v e r , L12 cannot be 
pred i c ted w h e n the systems are treated as r a n d o m mixtures . I t is s h o w n 
elsewhere (18) that the propert ies of mixtures of large molecules can 
be pred i c ted w i t h nearly the same accuracy as those of smal l molecules 
b y i n t r o d u c i n g an approximate correct ion to Am

r o w i n g to n o n r a n d o m 
m i x i n g . 

I n a l l theories of po lymer solutions u^ or c i ; a lways are assumed to be 
independent of the temperature, apparent ly contrad ic t ing the theory of 
noncentral forces. O u r results show that there is no contradic t ion a n d 
that this assumption is a l l owed for l ong straight or c i r cu lar chains at h i g h 
densities ( l i qu ids be low their n o r m a l b o i l i n g temperatures ) . 
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206 EQUATIONS O F S T A T E 

Glossary of Symbols 

Τ = temperature i n Κ 
Ρ = pressure i n bar 
V = vo lume of the system 

V ° = c lose-packed vo lume ( V ° = V o o a t r = 0 ) 
A = H e l m h o l t z free energy, A ( T , V ) 
U = interna l energy, U( Τ, V) 
G = G i b b s free energy, G ( T , P) 
Ή = enthalpy , H(T,P) 

I = i on izat ion potent ia l 
k = B o l t z m a n n constant ( R = N 0 k is the gas constant) 
r = intermolecular distance 

u(r) = pair interact ion energy 
û, ύ° = m i n i m u m value of u(r) (ù/k i n K ) 

η/Jc = parameter of noncentra l energy ( i n K ) 
σ = co l l i s ion diameter of a molecule 
ρ = mean po lar i zab i l i t y of a molecule 
ω = acentric factor 
x = mole f ract ion 

p* = reduced density, V°/V 

Superscripts 

r = res idual property ( rea l fluid minus perfect gas at the same 
Γ a n d Ρ or Γ a n d V ) 

Ε = excess property ( rea l mixture minus idea l mixture at the same 
Τ, P , a n d * ) 

c = g a s - l i q u i d c r i t i c a l constants 

Subscripts 

i, j = interact ing species ( i = 1 , 2 , . . . m; j = i or / %) 
m = molar property of a fluid or per mole of a m-component mixture , 

e-g-> V m / c m 3 m o l " 1 ; also an average va lue of a molecu lar proper ty 
of a mixture , e.g., ùm or am. 
Excess properties , e.g., GE, are also mo lar but the subscript is 
deleted. 
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12 
The BACK Equation of State and Phase 

Equilibria in Pure Fluids and Mixtures 

J. J. SIMNICK, H. M. LIN, and K. CHU CHAO 

School of Chemical Engineering, Purdue University, West Lafayette, IN 47907 

The Boublik-Alder-Chen-Kreglewski augmented hard-core 
equation is applied to pure fluids and mixtures with special 
attention to the representation of phase equilibria. Equation 
constants are determined for twelve substances, and the 
three constants which are required of nonpolar, nonquantum 
fluids are correlated with the critical properties and acentric 
factor. The equation describes mixture-phase equilibria with 
the introduction of mixing rules and the use of up to two 
interaction constants for each binary system. 

V f a n y equations of state have been proposed for the representation of 
thermodynamic properties of pure fluids a n d mixtures. T h e success 

of several equations i n the quant i tat ive descr ipt ion of some fluid mixture 
systems has a d d e d incent ive to the further development of equations of 
state i n recent years. T h e n e w equat ion of K r e g l e w s k i a n d C h e n ( I ) 
appears par t i cu lar ly attractive for several reasons. It is h i g h l y accurate i n 
fitting the PVT behavior of a n u m b e r of substances. O n l y a f e w equat ion 
constants are r e q u i r e d for each substance, a n d these are properties of the 
molecules ( or very c losely re lated to them ) about w h i c h m u c h is a lready 
k n o w n . I n this w o r k w e a p p l y the equat ion to pure fluids a n d mixtures 
of some c o m m o n substances. Spec ia l attention is p a i d to the representa­
t ion of phase e q u i l i b r i a . 

The BACK Equation 

T h e B o u b l i k - A l d e r - C h e n - K r e g l e w s k i ( B A C K ) E q u a t i o n is a n a u g ­
mented hard-core equat ion of the f o rm 

j f f - z - z h + * (1) 

0-8412-0500-0/79/33-182-209$06.25/l 
© 1979 American Chemical Society 
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210 EQUATIONS O F S T A T E 

E q u a t i o n 1 expresses that the compress ib i l i ty factor of a r ea l fluid is the 
sum of a repuls ive t e rm a n d a n attractive t e rm. C h e n a n d K r e g l e w s k i ( 1 ) 
suggested u s i n g B o u b l i k ' s hard-core equat ion zh for the repuls ive t e r m 
(2) a n d to use the p o l y n o m i a l of A l d e r et a l . (3 ) for the attract ive t e r m 
z a . T h u s 

9 h 1 + (3« - 2) j + (3α2 - 3a + l)e - α2 ξ3
 ( . 

4 9 / V \ N /V°\ M 

* - Ç Ç * D « ( è ) (τ) <3> 
T h e density of the fluid enters i n E q u a t i o n 2 i n the f o rm of ξ def ined 

b y 

É = 0.74048 V°/V (4) 

w h e r e V ° is the c lose-packed vo lume of the molecu lar h a r d cores. T h e 
shape of a h a r d core is expressed b y a, w h i c h is defined to be the surface 
integra l of the radius of curvature d i v i d e d b y three t imes the molecu lar 
vo lume. It is a constant for each molecule a n d is e q u a l to u n i t y for 
spheres but greater t h a n one for other convex bodies. E q u a t i o n 2 reduces 
to the C a r n a h a n - S t a r l i n g (4) hard-sphere equat ion for a = 1. 

T h e constants DNM i n E q u a t i o n 3 or ig ina l ly w e r e determined b y 
A l d e r et a l . (3 ) to fit the ir computer-generated data . C h e n a n d K r e g ­
l e w s k i ( I ) redetermined the constants based on data o n argon. T h e latter 
set of constants is used i n this chapter. Since the ir values have been 
reported i n Réf. 1, they w i l l not be repeated here. 

T h e best descr ipt ion of l i qu ids a n d compressed gases requires the 
molecu lar hard-core vo lume to be a decreasing func t i on of temperature . 
T h u s C h e n a n d K r e g l e w s k i express V ° b y means of 

f ° -= V°° [1 - C exp (Su°/kT)]3 (5) 

T h e characterist ic energy u i n E q u a t i o n 3 is independent of t empera ­
ture for spher i ca l molecules. H o w e v e r , for nonspher ica l molecules u 
depends o n temperature a n d C h e n a n d K r e g l e w s k i use 

È - T ( ' + * ) <·> 
i n w h i c h η = 0 for spheres, a n d η > 0 for acentric molecules. 
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12. SIMNICK E T A L . The BACK Equation of State 211 

F i v e constants must be k n o w n for each substance: V°°, a, w ° / k , η/k, 
a n d C . O f these five only three must be determined f rom fitting exper i ­
m e n t a l data , a n d these are V ° ° , a, a n d u°/k. C h e n a n d K r e g l e w s k i 
suggested assigning values to the other two constants: C was g iven the 
same value , 0.12, for a l l nonpolar substances a n d η/k = 0.6 ω T c . C h e n 
a n d K r e g l e w s k i reported values of the constants for 11 substances ( I ) . 

T h e accuracy of the B A C K equat ion for the representation of PVT 
data is tested w i t h argon. F i g u r e 1 shows the quant i tat ive agreement 
that is obta ined . C o m p a r i s o n w i t h exper imental data such as i n F i g u r e 
1, however accurate, is nevertheless f ragmentary on account of the l i m i t e d 
amount of data on any one substance. I n order to revea l the behavior of 
the equat ion over a w i d e range of condit ions , w e compare the c o m p u t e d 
compress ib i l i ty of argon w i t h P i t z e r s general ized corre lat ion for s imple 

Figure 1. BACK equation and P V T data for argon: (O), Michels data 
(31); (+), Gibbons Correlation (32); ( ), BACK Equation. 
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212 EQUATIONS O F S T A T E 

fluids of w h i c h argon is one. F i g u r e 2 shows the comparison. I n the 
smal l insert i n the figure w e show the l i m i t i n g behavior of the gas as 
Ρ - » 0. C l e a r l y the second v i r i a l coefficient is represented b y the 
equat ion . 

Determining Equation Constants 

E q u a t i o n constants are determined for 12 substances i n this chapter 
a n d the results are shown i n T a b l e I . 

T o determine the three constants V ° ° , a, a n d w ° / k for a substance, 
w e use the c r i t i c a l constants, vapor pressure, a n d l i qu id -dens i ty data . A n 
objective funct ion is defined as the sum of squares of the re lat ive d e v i a ­
tions of those ca l cu lated f r o m exper imental values. T h e three equat ion 
constants are f ound w h e n m i n i m i z i n g the objective funct ion . F o r use i n 
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12. siMNiCK E T A L . The BACK Equation of State 213 

T a b l e I . B A C K E q u a t i o n Constants 

v ° ° , 
Compound cm3/mol a u ° / f c , K C 

H y d r o g e n 13.625 1.0004 39.171 0.499 0.241 
n -Pentane 65.751 1.0566 435.83 70.72 0.12 
i - P e n t a n e 64.958 1.0565 432.20 62.71 0.12 
neo-Pentane 65.518 1.0498 409.59 51.28 0.12 
(Kreg lewsk i ) 67.740 1.075 418.74 50 0.12 
n - H e x a n e 77.228 1.0720 468.33 90.11 0.12 
n - H e p t a n e 88.351 1.0799 491.00 113.77 0.12 
n-Octane 96.556 1.0981 517.52 134.50 0.12 
n -Decane 110.72 1.1349 558.07 181.57 0.12 
Benzene 54.383 1.0587 532.12 71.50 0.12 
Toluene 67.013 1.0621 552.43 91.24 0.12 
Cyc lohexane 64.772 1.0583 522.46 70.72 0.12 
m - X y l e n e 79.037 1.0705 563.23 122.54 0.12 

the objective funct ion , the c r i t i c a l constants are determined f r om the 
B A C K equat ion b y so lv ing numer i ca l l y the B A C K equat ion itself a n d 
E q u a t i o n s 7 a n d 8, 

0 (7) 
Τ 

T h e vapor pressures are ca l cu lated f r om the B A C K equat ion b y 
n u m e r i c a l l y so lv ing for the vapor a n d the l i q u i d densities, p G a n d p L , 
s imultaneously f rom the two f o l l o w i n g equations at a fixed temperature 

= / * L (9) 

PG = P L (10) 

where μ denotes chemica l potent ia l and Ρ is the pressure. 
T h e temperature range of the vapor-pressure a n d l i qu id -dens i ty data 

used i n the calculations are shown i n T a b l e I I . T h e temperatures are 
chosen to cover the reduced temperature range of approx imate ly 0.60 to 
1.0 at even intervals . A l so shown i n T a b l e I I are the re lat ive deviations 
of the ca lcu lated vapor pressures, a n d saturated l i q u i d a n d vapor volumes. 

T h e ca lcu lated c r i t i ca l properties are general ly i n good agreement 
w i t h accepted exper imental values. T h e average absolute dev iat ion 
amounts to 1.2% for T 0 , 3 .2% for P c , a n d 4 . 5 % for V c . T h e smallest 
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214 E Q U A T I O N S O F S T A T E 

T a b l e I I . T e m p e r a t u r e R a n g e 

Relative Deviations'1 (%) 

Component rmsb AAD° BIAS4 

Vapor Pressure 

n-Pentane 
i - P e n t a n e 

309-455 
301-420 
282-420 
3 0 3 ^ 9 3 
323-523 
333-553 
373-603 
343-543 
353-573 
373-603 
333-533 

2.9 
0.9 
1.5 
3.2 
3.1 
3.3 
4.9 
1.0 
1.8 
2.7 
1.2 

2.6 
0.8 
1.3 
2.8 
2.8 
3.1 
4.5 
0.9 
1.6 
2.4 
1.1 

- 1 . 6 
- 0 . 2 
- 0 . 4 
- 2 . 1 
- 1 . 7 
- 1 . 6 
- 2 . 3 
- 0 . 3 
- 0 . 5 
- 0 . 5 
- 0 . 1 

neo-Pentane 
n - H e x a n e 
n - H e p t a n e 
n -Octane 
n -Decane 
Benzene 
To luene 
ra-Xylene 
Cyc lohexane 

β Relative deviations = dev = (experimental value — calculated value)/experi­
mental value ; N O B = number of observations. 

b The abbreviation r m s = (Σ dev2/NOB)1/2. 

deviations are observed for cyclohexane, 0 . 5 % for T c , 0 .6% for P c , a n d 
1.3% for V c . T h e largest deviations are observed for n-decane, 2 . 6 % for 
T c , 9 .2% for P c , a n d 13 .6% for V c . T h e r e is a tendency for the n o r m a l 
paraffins to show greater deviations as the c h a i n l ength is increased. 

A s a check of our procedure for de termin ing equat ion constants w e 
i n c l u d e neo-pentane i n this w o r k for w h i c h equat ion constants have been 
reported by C h e n a n d K r e g l e w s k i . T h e set of constants f r om this w o r k 
as w e l l as the set b y C h e n a n d K r e g l e w s k i are bo th presented i n T a b l e I , 
a n d they are i n close agreement. Sl ight differences appear to be caused 
b y the different data used. K r e g l e w s k i a n d C h e n used A P I Research 
Project 44 tables w h i l e w e used the recent data of D a s ( 6 ) . 

W e are interested i n us ing the B A C K equat ion for hydrogen mixtures . 
Therefore w e have determined equat ion constants for hydrogen , a n d 
these are i n c l u d e d i n T a b l e I. PVT data (7 ) at temperatures of 111-2778 
Κ a n d pressures u p to 1020 a tm are used i n this determinat ion . N e i t h e r 
vapor-pressure nor cr i t i ca l -po int data are used to avo id compl icat ions 
o w i n g to q u a n t u m effects. It is f o u n d necessary to adopt a n u n u s u a l 
va lue of the constant C of 0.241. W i t h this C value the ca l cu la ted pressure 
shows a relat ive root -mean-squared dev ia t i on of 0 . 5 % a n d a relat ive bias 
of less than 0 . 1 % . 

A sensit ivity analysis has been made of the ca l cu la ted results to the. 
values of the equat ion constants us ing benzene data. T h e most sensitive 
constant is ( w ° / k ) . A var ia t i on of 1 % f rom its o p t i m a l va lue increases 
the error of ca l cu la ted vapor pressures b y 6 % , a n d of ca l cu lated l i q u i d 
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12. siMNiCK E T A L . The BACK Equation of State 215 

a n d F i t t i n g of P u r e F l u i d D a t a 

Relative Deviations'1 (%) 

Liquid Volume Vapor Volume 

rms AAD BIAS rms AAD BIAS Refs. 

0.3 0.2 0.05 3.7 3.0 - 0 . 5 8 
0.8 0.8 0.8 2.1 1.5 - 1 . 1 9 
1.3 1.3 1.3 1.6 1.3 - 0 . 7 6 
0.7 0.6 0.6 4.6 3.5 - 1 . 3 10 
2.2 2.0 2.0 5.4 4.0 - 1 . 1 10 
6.1 6.0 6.0 7.9 5.7 - 1 . 4 10 

13.7 13.7 13.7 — — — 11 
0.3 0.2 - 0 . 1 2.4 1.9 - 0 . 2 10 
1.1 1.0 - 0 . 3 — — — 11-16 
1.3 1.1 - 0 . 8 — — — 11,12,16,17 
1.2 1.1 1.1 — — — 11 

° A A D = Σ Idevl l / N O B . 
" B I A S = 2 dev /NOB. 

volumes by 1.0%. Subsequent ly a is next i n importance . A 1 % var ia t i on 
i n its va lue produces a response of about 3 % i n ca lcu lated vapor pressures 
a n d 1.4% i n ca l cu lated l i q u i d volumes. A 1 % var ia t i on i n V ° ° produces 
an approx imate ly e q u a l percent response i n l i q u i d vo lumes, but only one 
tenth as m u c h relat ive change i n vapor pressure. A 1 % change i n (77 /k) 
makes a difference of about 1.5% i n vapor pressures, b u t on ly . 3 % i n 
l i q u i d volumes. B o t h vapor pressure a n d l i q u i d vo lume are insensit ive 
to C . 

Correlation of the Equation Constants 

Values of the B A C K equat ion constants are n o w avai lable for 22 
substances. Suitable correlations of the constants can a d d greatly to the 
usefulness of the equat ion. 

W e have f o u n d V ° ° to be corre lated w i t h V c . F i g u r e 3 shows the 
result. A s imple proport ional i ty exists for most of the substances w i t h 
V°° = 0.21 Vc. T h e h igher n o r m a l paraffins start ing w i t h C 8 show a 
tendency to deviate f r o m the l inear re lat ionship . 

T h e interact ion energy u°/k was f o u n d b y K r e g l e w s k i a n d C h e n to 
be e q u a l to the c r i t i c a l temperature for smal l molecules. I n F i g u r e 4 
w e show u°/k as a funct ion of T c . T h e s imple equal i ty holds u p to 
propane , above w h i c h the hydrocarbons t end to show a curve d o w n w a r d . 

F i g u r e 5 shows that the shape parameter a correlates w i t h the 
acentric factor ω. 
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>l '.(>i/n) 

Figure 4. Correlation of u"/k Pu
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12. s i M N i C K E T A L . The BACK Equation of State 219 

Mixing Rules 

T h e B A C K equat ion is extended to mixtures w i t h the in t roduc t i on 
of m i x i n g rules for the equat ion constants. T h e f o l l o w i n g m i x i n g rules 
are used i n this w o r k : 

« . = Σ ^ α ί ( i l ) 
i 

V ° M = T , T N I N I V ° I I (12) 
i j 

(Ϊ) 

where Ν stands for mole f ract ion a n d subscript m denotes mixtures . 
T h e l inear combinat ion of a b y E q u a t i o n 11 was used also b y K r e g ­

l e w s k i a n d C h e n ( 5 ) . T h e m i x i n g of V ° a n d (u/k) b y E q u a t i o n s 12 a n d 
13 el iminates the separate m i x i n g of u°/k, C , a n d » . 

T h e cross interact ion terms Vy0 a n d ( w / k ) i ; w i t h i =^ / that appear i n 
the m i x i n g rules are re lated to the pure fluid quantit ies b y 

f w i + m ) (*?°«+ °̂«)' (14) 

a n d 

E q u a t i o n s 14 a n d 15 define a n d #cy as the dimensionless cross-inter­
act ion constants. A t the present stage they have to be determined f r o m 
fitting mixture data . 

Fugacity and K-Yalue 

T h e fugac i ty f{ of C o m p o n e n t i i n a fluid mixture is expressed con ­
venient ly i n terms of a fugaci ty coefficient φι 

/ i V = </>iVl/iP (16) 

(17) 
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220 EQUATIONS O F S T A T E 

Table III. Range of Conditions 

System 
Temperature 
Range (K) 

Pressure 
Range (atm) Ki rms° 

N 2 + A r 140-240 1-26 2.9% 

N a + C i 138-183 6-48 2.6 
2.3 

Cx + 02 158-283 1.76-68 5.4 
4.0 

C i + n C 4 244-394 3-122 9.8 
9.5 

C i + n C e 310-410 3-17 4.7 

H 2 -j" Î I C 4 327-394 27-166 5.6 
6.4 

H 2 -f- CeHe 433-533 19-175 5.6 

β The abbreviation rms (root-mean-square deviation) = ( Σ d e v 2 / N O B ) 1 / 2 , 

(J^calc — UT e xP\ 
) ; N O B = number of observations. 

W h e n e q u i l i b r i u m exists between a gas mixture a n d a l i q u i d solut ion. 

1?-1f- (18) 

for a l l i components i n the system. C o m b i n i n g E q u a t i o n s 16 -18 gives 
a n expression of the K - v a l u e of i, 

(19) 

T h e fugac i ty coefficient is der ived f r om the B A C K equat ion w i t h the 
use of the m i x i n g rules of E q u a t i o n s 11-15 b y f o l l o w i n g s tandard proce ­
dures of c lassical thermodynamics . T h e result is g iven be low. F o r brev i ty 
w e have left out the subscript m f rom quantit ies that a p p l y to the fluid 
mixture as a who le ; thus, e.g., ζ = zm. 
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12. S I M N I C K E T A L . The BACK Equation of State 221 

and Fitting of Mixture Data 

K2 rms Refi 

4.8% - 7 . 8 χ 10" 4 - 6 . 1 Χ 10" 3 18 

1.4 0.02150 0 m 
0.8 0.02949 0.0555 

8.2 - 0 . 0 3 1 1 4 0 19,® 
8.4 - 0 . 0 4 1 1 9 - 0 . 1 1 9 8 

6.8 - 0 . 0 9 2 6 2 0 21-2 
7.3 - 0 . 0 9 4 5 2 - 0 . 0 2 3 6 7 

4.1 - 0 . 1 7 0 1 9 0 27 

9.4 - 0 . 9 8 8 6 0 29 
5.7 - 0 . 9 0 2 7 0.5116 

6.4 - 1 . 0 9 0 7 0.7475 80 

RT In φί = RT In φ - RTz + RT 

4 9 / u \ N /V°\u 

+ « ' ? Ϊ " » ( Ϊ Ρ ) ( Τ ) ^ <*> 

where 

( 2 2 ) 
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222 EQUATIONS O F S T A T E 

dV° 
dN'i (23) 

j ρ 

(24) 

Θ = 
\ ^ V° dNij 

(25) 

1η φ = (α 2 - 1) 1η ( ! - £ ) + (α 2 + 3α)£ - 3 α £ 2 

(1 -ξ)2 

Μ (26) 

+ Σ + ζ — 1 — 1η ζ 

Some Binary Mixtures 

U s i n g the B A C K equat ion , w e have s tudied the phase e q u i l i b r i u m of 
several b i n a r y mixtures for w h i c h exper imental data are ava i lab le over 
an extended range of condit ions. T a b l e I I I presents the mixture systems, 
the temperature a n d pressure ranges of the data , the overa l l fitting of 
K-va lues b y the B A C K equat ion , and the interact ion constants ν a n d κ. 
T h e B A C K equat ion constants for the pure components have been 
reported either i n T a b l e I or i n Ref. J . 

T h e interact ion constants ν a n d κ i n T a b l e I I I are determined for each 
b inary system b y fitting the exper imental K-values of b o t h components i n 
the least square sense for the relat ive deviations. 

T h e simplest mixtures i n T a b l e I I I are the two b n i a r y systems of 
n i trogen w i t h argon a n d w i t h methane. C o m p a r i s o n of ca l cu lated results 
w i t h l i terature data are shown i n F igures 6 a n d 7. T h e molecules are a l l 
qu i te smal l a n d s imi lar i n interact ion energies. T h e interact ion parameters 
have smal l values. F o r n i trogen + argon, bo th parameters are prac t i ca l l y 
zero. F o r n i trogen + methane, κ has a smal l but signif icant va lue . B u t i t 
makes l i t t le difference to the h i g h accuracy i f ν is set e q u a l to zero. 
F i g u r e 7 shows that quant i tat ive agreement is ob ta ined even i n the 
retrograde reg ion . 

F o u r b inary systems of methane are i n c l u d e d i n T a b l e I I I . T h e use 
of a zero va lue of ν is tested o n three of t h e m a n d f o u n d to g ive about 
the same results as the best nonzero value . I t appears that ν = 0 for a l l 
these systems, a n d on ly one interact ion constant, κ, needs to be deter-
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12. SIMNICK E T A L . The BACK Equation of State 223 

m i n e d for each of these pairs . I n F igures 8 a n d 9 w e compare ca l cu lated 
K-va lues w i t h exper imental data for methane + ethane a n d methane + 
η-butane, respectively . 

T w o b inary mixtures of hydrogen have been studied . A large pos i t ive 
value of ν a n d a substantial negative va lue of κ are obta ined for bo th 
systems. H a v i n g ν = 0 gives definitely in fer ior results. T h e B A C K 
equat ion gives an excellent representation of the two systems w i t h the 
use of bo th interact ion constants, as shown i n F igures 10 a n d 11. 

70 80 90 100 110 120 130 140 150 
Τ , Κ 

Figure 6. Experimental and BACK-predicted K-values for N2 + Ar: (O), 
Wilson et al (IS); ( ), BACK Equation; κ = - 7 . 8 Χ ΙΟ4; ρ = - 6 . 1 X 

JO"3. 
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224 EQUATIONS O F S T A T E 

Figure 7. Experimental and BACK-predicted K-values for Ns + CHh: 
( O , • , Δ , Ο λ experimental; ( ), BACK Equation; κ = 0.0215; ν = 0. 
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0.031 I I I I I I I I I I 1 1 1—ι ι ι ι I 
1 2 3 4 5 6 7 8910 20 30 40 60 80 100 

p,atm 
Figure 8. Expenmental and BACK-predicted K-values for methane + 
ethane: ( O , • , Δ , Ο » χ λ experimental; ( ), BACK Equation; κ = 

-0.0311; v = 0. 
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0.011 1 1 1 1 — 1 :—I 1 1 
10 20 30 50 70 100 200 300 500 

p, atm 

Figure 10a. Comparison of K-values of hydrogen in H2 + η-butane with 
BACK equation: (O, • , Δ ,<0> +), experimental; ( ), BACK Equa­

tion; κ = -0.9027; ν = 0.5116. 
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1 I ι ι ι ι ι i i i i 1 1 1 1 — ι 
10 20 30 50 70 100 200 400 600 

p, atm 
Figure 10b. Comparison of K-values of η-butane in H2 + η-butane with 
BACK equation: (O, • , Δ , Ο λ experimental; ( ), BACK Equation; 

κ = ^0.9027; v = 0.5116. 
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12. s i M N i C K E T A L . The BACK Equation of State 231 

Discussion and Conclusion 

E v e n though the B A C K equat ion constants are molecu lar properties 
a n d are k n o w n for some molecules , w e prefer to treat t h e m as e m p i r i c a l 
constants determined for the best fitting of thermodynamic data . W e 
do so because molecu lar properties general ly are not k n o w n w i t h accu ­
racy. T h e constants thus obta ined correlate w i t h properties of the fluid 
that are re lated c losely to molecu lar properties . 

T h e B A C K equat ion is capable of accurately descr ib ing the phase 
e q u i l i b r i a of some pure fluids a n d mixtures. T h e accuracy appears the 
best for fluids of g lobular molecules , but not qui te as good for l ong - cha in 
molecules . N o r m a l octane seems to be s ignif icantly less w e l l fitted than 
the shorter chains a n d n-decane is even worse. H o w e v e r , even the 
re lat ive ly poor accuracy here appears to be superior to that attained b y 
a n y other equations of state w h e n a p p l i e d to mixtures . 

Glossary of Symbols 

c = constant i n E q u a t i o n 5 
universa l constants i n E q u a t i o n 3 

K = e q u i l i b r i u m ratio = y/x 
M = index for E q u a t i o n 3 
N = index for E q u a t i o n 3 
N = mole f ract ion 
R = universa l gas constant 
T = absolute temperature 
V = vo lume 

f- fugac i ty 
k — Bol tzmann 's constant 
P = pressure 
u = interact ion energy 
χ = l i qu id -phase mole f ract ion 
y = vapor-phase mole f ract ion 
ζ = compress ib i l i ty 

Greek Letters 

a = spherocy l inder constant i n E q u a t i o n 2 
η = constant for interact ion energy temperature dependence, 

E q u a t i o n 6 
κ = interact ion energy m i x i n g parameter 
μ = chemica l potent ia l 
ν = interact ion v o l u m e - m i x i n g parameter 
φ = fugac i ty coefficient 
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232 EQUATIONS O F S T A T E 

£ = reduced vo lume , E q u a t i o n 4 
ρ = density 
ω = acentric factor 

Subscripts 

c = c r i t i ca l property 

j \ = component indices 

G = gas- or vapor-phase property 
L = l iqu id -phase property 
m = mixture property 

r = reduced property 

Superscripts 

V = vapor- or gas-phase property 
L = l iqu id -phase property 
h = h a r d sphere 
a == attractive 
° = molecu lar property , as i n V ° , u°/k 
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13 

An Equation of State for Polar Mixtures: 

Calculation of High-Pressure Vapor-Liquid 

Equilibria of Trace Polar Solutes in 

Hydrocarbon Mixtures 

K. W. WON and C. K. WALKER 

Fluor Engineers and Constructors, Inc., Irvine, CA 92730 

A modification of the Soave equation of state 

has been used to calculate vapor-liquid phase equilibria for 
water, methanol, and mercaptans when these compounds are 
present in small amounts in hydrocarbon streams. The 
results of these calculations are compared with experimental 
data with encouraging results. The equation-of-state method 
for solving such problems offers advantages over the normal 
activity coefficient approach. 

T n energy a n d environmental -re lated technology i t is often necessary 
to remove trace amounts of nonhydrocarbon po lar solutes such as 

water a n d mercaptans f r om hydrocarbon streams. W h i l e equations of 
state have p l a y e d a very important role i n the corre lat ion of phase 
e q u i l i b r i u m ( K - r a t i o s ) of nonpo lar a n d s l ight ly po lar mixtures , m u c h 
less attention has been g iven to an equat ion of state for the more diff icult 
p r o b l e m of po lar mixtures. 

It has been customary to a p p l y an ac t iv i ty coefficient method to a i d 
i n the p r e d i c t i o n of v a p o r - l i q u i d e q u i l i b r i a of po lar mixtures . A t h i g h 
pressures approach ing the c r i t i c a l state of the fluid mixture , the ac t iv i ty 
coefficient method requires such thermodynamic propert ies as p a r t i a l 
mo lar vo lumes or p a r t i a l mo lar heats of so lut ion that are very diff icult , 

0-8412-0500-0/79/33-182-235$05.00/l 
© 1979 American Chemical Society 
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236 EQUATIONS O F S T A T E 

i f not impossib le , to obta in . W h e n the f lu id mixture consists m a i n l y of 
hydrocarbons w i t h trace amounts of po lar chemicals , the s ingle -equat ion-
of-state approach appears to be advantageous. 

T h i s chapter i l lustrates the use of an equat ion of state prev ious ly 
suggested a n d shows its app l i ca t i on to several impor tant i n d u s t r i a l 
problems. 

Vapor—Liquid Equilibrium K-Ratio 

F o r any component i i n a mixture , the e q u i l i b r i u m vapor concentra­
t i on t/i a n d l i q u i d concentrat ion Xi are governed b y the re lat ions : 

f i v = f i L (1) 

V - V * ? * (2) 

tf-a^P (3) 

where U a n d φ{ are the fugac i ty a n d fugac i ty coefficient of component i, 
Ρ is the total pressure, a n d the superscripts L a n d V indicate the l i q u i d 
or vapor phase. 

U s i n g these relations, the v a p o r - l i q u i d e q u i l i b r i u m ( V L E ) K - r a t i o is 
determined b y 

Κ , - ^ - ^ (4) 

T h e v a p o r - l i q u i d e q u i l i b r i u m K - r a t i o can be ca l cu la ted v i a the fugac i ty 
coefficients f r om a n equat ion of state as a funct ion of temperature , 
pressure, a n d composit ions of l i q u i d a n d vapor mixtures . 

Polar Equation of State 

T h e equat ion of state used here is a further modi f i cat ion of the 
equat ion g iven b y Soave ( J ) . T h i s modi f i cat ion was proposed b y W o n 
(2 ) for gases i n a previous paper , but i t is a p p l i e d to b o t h gases a n d 
l i q u i d s i n this chapter . It can be w r i t t e n as: 

, RT Aa{T)+Ap(T) 
V — b V(V + b) w 

w h e r e the nonpo lar a n d po lar contr ibut ions are separated. 
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13. W O N A N D W A L K E R An Equation of State for Volar Mixtures 237 

F o r a po lar component , 

ΑΛΤ) = [A(TC) - AV(TC)][1 + a(l - 2V-5)]2 (6) 

ΑΛΤ) = AP(TC)/Tt
3 (7) 

subject to 

A(TC) =Aa(Tc) + AP(TC) = 0 . 4 2 7 8 ^ ^ (8) 

where 

b = 0.0867 RTC/Pe (9) 

a n d a is treated as an independent parameter . 
F o r a nonpo lar component 

Ap(Tc)=0 (10) 

a = 0.48 + 1.57 ω - 0.176ω 2 (11) 

A(T) = ZZyiyiAij(T) (12) 

b = Σ Vibi (13) 

F o r mixtures , 

a n d 

where 

Α»{Τ) = V ADl(Tc)AD,(Tc) [1 + α,(1 - Γ Γ ί
0 · 5 ) ] 

[1 + «,(1 - TV*) ] + V \wlfii(Tc) <14> 
Subst i tut ion of E q u a t i o n s 5, 12, a n d 13 into the t h e r m o d y n a m i c 

def init ion of φ (3 ) gives 

i n * = i n + ^ 5 ^ ~ 
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238 E Q U A T I O N S O F S T A T E 

T h e molar vo lume V of each e q u i l i b r i u m phase is ca l cu lated b y 
so lv ing E q u a t i o n 5. A t a g iven temperature, pressure, a n d composi t ion 
of the mixture , three values for V w i l l be obta ined , the largest of w h i c h 
is the vapor molar vo lume a n d the smallest the l i q u i d mo lar vo lume . 
A l t h o u g h the ca lcu lated l i q u i d mo lar vo lume , V L , does not accurately 
reproduce exper imental data on mo lar vo lume , the fugac i ty coefficients, 
<£i L , ca l cu lated f r o m the inaccurate V L , are i n good agreement w i t h those 
der ived f rom exper imental K - d a t a . 

Determination of the Polar Energy Parameter 

T h e po lar energy parameter , A P ( T C ) , can be determined i n one of 
several different ways de pe nd ing on the ava i lab i l i ty of re l iable data . 

1. Second v i r i a l coefficients, B , at several temperatures are the most 
c o m m o n l y avai lable exper imental data for po lar solutes. Subst i tut ion of 
E q u a t i o n 5 into the def init ion of second v i r i a l coefficients (3 ) gives: 

Β = 6 - ΑΛΌ+Α^Τ) ( 1 6 ) 

T h e r i g h t - h a n d side of E q u a t i o n 16 contains two temperature-dependent 
functions, A n ( T ) a n d A P ( T ) , defined b y E q u a t i o n s 6 a n d 7. T h e t e m ­
perature dependence of exper imental second v i r i a l coefficients al lows the 
determinat ion of the po lar energy parameter , A P ( T C ) . 

2. Second v i r i a l cross efficients between the po lar chemica l a n d the 
l ight gases appear i n the l i terature less often than second v i r i a l coefficients 
for pure po lar substances. H o w e v e r , these coefficients ( B t ; ) can be used 
to determine A P ( T C ) of the po lar solute. B y subst i tut ing E q u a t i o n s 5, 12, 
a n d 13 i n E q u a t i o n 16 a n d b y us ing the def init ion of the second v i r i a l 
cross coefficient ( 3 ) : 

Β , , - ^ - ^ ψ (IT) 

E q u a t i o n s 17 a n d 14 can be fit to the exper imental second v i r i a l cross 
coefficients to find A P ( T C ) . 

3. P h a s e - e q u i l i b r i u m ( K - r a t i o ) data also can be used to determine 
the po lar energy parameter. E q u a t i o n s 4 a n d 15 are used to calculate the 
phase e q u i l i b r i u m K - r a t i o a n d the parameter A P ( T C ) that fits the exper i ­
menta l data is chosen. 

T h e first a n d second methods a l l o w the p r e d i c t i o n of K-va lues f r om 
the gas phase, w h i l e the t h i r d offers a technique of K - v a l u e extrapolat ion 
to other temperatures a n d also to other hydrocarbon solvents. 
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13. WON AND WALKER An Equation of State for Polar Mixtures 239 

Calculation Procedure for Vapor-Liquid Equilibrium K-Ratios 

A t a g iven temperature , pressure, a n d assumed composi t ion , E q u a t i o n 
5 is solved for V a n d the fugac i ty coefficients of each component i n the 
mixture i n b o t h vapor a n d l i q u i d are ca l cu lated b y E q u a t i o n 15. T h e 
K - r a t i o for each component is ca lcu lated b y E q u a t i o n 4. T h e R a c h f o r d -
R i c e (4) f o rm of the flash equat ion is used to calculate the amount of 
vapor per mole of the overa l l mixture v / F ; 

A mass balance determines the e q u i l i b r i u m composi t ion of vapor a n d 
l i q u i d w h i c h are used to calculate a n e w set of e q u i l i b r i u m K-rat ios . 
These steps are repeated u n t i l the K-rat ios a n d the v a p o r i z e d f ract ion 
do not vary . T h e tolerance of the func t i on f ( V / F ) , set to less t h a n 10" 4 , 
was sufficient for most cases. 

Water Solute in Hydrocarbon-Rich Vapor and Liquid. T h e pure 
component parameters of water solute A P ( T C ) a n d a were de termined b y 
u s i n g E q u a t i o n s 5 a n d 16 to fit the gas-phase vo lumetr i c propert ies of 
steam (5 ) a n d the second v i r i a l cross coefficients of steam a n d l ight gases 
such as methane, ethane, a n d ni trogen ( 6 ) . T h e least-squares m i n i m i z a ­
t i on technique was used to find the parameters that gave the m i n i m u m 
deviations between ca lculated a n d exper imental pressures a n d second 
v i r i a l cross coefficients. ( T a b l e I lists the parameters for pure steam a n d 
of other compounds used i n this study. ) 

Extens ive thermodynamic properties of steam are avai lable i n the 
steam tables a n d these data offer a good compar ison for the v a l i d i t y of 
the equat ion of state i n the ca l cu lat ion of other thermodynamic proper ­
ties. F i g u r e 1 shows the fugac i ty coefficients of steam ca lcu lated f r om 
E q u a t i o n 15. F o r comparison , F i g u r e 1 also shows the fugac i ty coeffi­
cients of steam ca lcu lated f rom the steam tables. 

F i g u r e 2 shows the pressure a n d temperature d o m a i n of accuracies i n 
ca l cu la t ing the enthalpy of steam. W h e n the pressure is less than 50 a tm, 
the equat ion of state calculates the enthalpy departure of steam to w i t h i n 

(18) 

Results 

1.1 c a l / g . 
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240 EQUATIONS O F S T A T E 

Table I . Equation-of-State Parameters 

A n f T J a 
Attn. Attn. b Dimen-

(L/mol)2 (L/mol)2 (cc/mol) sionless 

W a t e r 2.93 2.59 21.1 - 0 . 4 7 
M e t h a n o l 5.09 4.57 46.5 1.76 
E t h a n o l 5.73 6.47 58.3 1.52 
M e t h y l M e r c a p t a n 7.75 1.16 46.8 0.68 
E t h y l M e r c a p t a n 10.6 2.6 65.5 0.80 

M e t h a n e 2.29 0.0 29.6 0.50 
E t h a n e 5.57 0.0 45 0.64 
Propane 9.4 0.0 63 0.72 
n - B u t a n e 13.9 0.0 81 0.78 
n - H e x a n e 24.8 0.0 121 0.93 

1-Butene 12.73 0.06 75.3 0.78 
Benzene 18.6 0.13 82.2 0.81 

PRESSURE, PSIA 

200 500 1000 2000 5000 

0.0 

I I I I 1 

0.1 
1033K 

0.2 533K ^ V l / ^ V -
0.3 589K -

755K 
0.4 — — 

678K 
0.5 

I I I I 1 1 
10 20 50 100 200 500 

PRESSURE, ATMOSPHERES 

Figure I . Fugacity coefficients for gaseous water: (—), predicted; (O), 
calculated from steam tables. 
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W O N A N D W A L K E R An Equation of State for Polar Mixtures 241 

TEMPERATURE. R 

1000 1500 2000 2500 

500 750 1000 1250 1500 

TEMPERATURE, Κ 

Figure 2. Accuracies of predicted enthalpies of gaseous water: (A), 
within ± 1.11 cal/g; (O), within ± 2.78 callg; (·), within ± 5.56 callg. 
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242 EQUATIONS O F S T A T E 

Figure 3. Water solubilities in paraffins. Predicted values: (·), butane; 
(A), hexane; (M), octane. Lines for propane, butane, and hexane are 

adapted from the API technical data book. 
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13. W O N A N D W A L K E R An Equation of State for Polar Mixtures 243 

F i g u r e 3 shows the ca lcu lated solubi l i t ies of water i n n o r m a l paraffins 
butane, hexane, a n d octane, as a funct ion of temperature. F o r comparison, 
l i terature data (7 ) also are s h o w n i n F i g u r e 3. T h e saturated water 
solubi l i t ies as ca l cu lated f rom the equat ion of state d e p e n d p r i m a r i l y on 
temperature , w h i l e l i terature data ind icate a significant effect of h y d r o ­
carbon molecu lar size on the water solubi l i t ies . 

F i g u r e 4 shows the ca lcu lated phase relationships i n the m e t h a n e -
b u t a n e - w a t e r ternary system (8 ) at two temperatures. T h e results shown 
i n F i g u r e 4 indicate that the equat ion of state predicts the b u b b l e points 
w e l l , but that the pred i c ted d e w points at the h igher temperature m a y 
not be as accurate. 

F i g u r e 5 shows the V L E K-rat ios of water i n 1-butene, a n d also 
indicates the effect of smal l changes i n the parameters on ca l cu lated 

140. ι 1 r 

ο. I ι ι ι 1 1 
0.2 0.4 0.6 0.8 1.0 

METHANE MOLE FRACTION, DRY BASIS 

Figure 4. Predicted phase diagram of methane, butane water system at 
two temperatures (S) 
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1000 

< 

. 100 
ζ 
< 

ζ 
ο 
ο 
s 
D 
oc 

σ 
LU 
o 
5 
α 10 
ce 
ο 
< > 

CURVES 

An Ap <K 
(1) 12.79 0.00 0.8 
(2) 12.76 0.03 0.79 
(3) 12.73 0.06 0.78 
(4) 12.70 0.09 0.76 

1.2 1.4 1.6 1.8 
TEMPERATURE, 103/T(R) 

2.0 2.2 2.4 

Figure 5. Hydrocarbon—rich vapor and liquid Κ— values for water-1 
butene system. Calculated with equation-of-state parameters for 1-butène. 
Experimental data: (O), héland et al. (9); (A), Wehe and McKetta (10). 

results. T h e exper imental data (9,10) reported for this system scatter 
considerably . H o w e v e r , the results ca l cu lated w i t h a smal l (0 .06) , but 
nonzero A P ( T C ) for 1-butene, appear to agree best w i t h the exper imental 
data . O le f in i c a n d other saturated hydrocarbons conta in e lectron-r i ch 
7r-bond w h i c h show po lar character towards po lar molecules . 

T h e V L E ca lcu lated b y the equat ion of state for the n - b u t a n e - 1 -
butene -water system agrees f a i r l y w e l l w i t h the data reported b y W e h e 
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13. W O N A N D W A L K E R An Equation of State for Polar Mixtures 245 

a n d M c K e t t a (10). T h e ca lcu lated water solubi l i t ies i n benzene agree 
w i t h l i terature data (11) f rom 320 Κ a n d higher . A t l ower temperatures 
the equat ion of state overestimates the water solubi l i t ies . 

Methanol in Hydrocarbon-Rich Vapor and Liquid. T h e vo lumetr i c 
properties of methano l gas (12) a n d the second v i r i a l cross coefficients 
of methano l a n d l ight gases (13) were used to determine the pure - com­
ponent parameters A P ( T C ) a n d a for methanol . T a b l e I I shows the 
enthalpy departure of gaseous methano l f r om idea l gas at three t e m ­
peratures a n d several pressures. F o r comparison, the exper imental values 
( 14) a n d the values ca lcu lated b y the Soave equat ion ( 1 ) are also shown. 
T a b l e I I indicates that the W o n modi f ied equat ion of state predicts the 
enthalpy departure of methano l very w e l l at l o w temperatures a n d fa i r l y 
w e l l at h i g h temperatures, but that the o r ig ina l Soave equat ion consider­
ab ly underestimates the enthalpy departure at a l l temperatures a n d pres­
sures. Since the o r ig ina l Soave equat ion was meant to be a p p l i e d on ly to 
hydrocarbons , w e are not surpr ised at this result. C o m p a r i s o n of c a l c u ­
la ted a n d exper imental second v i r i a l cross coefficients be tween methano l 
a n d methane ( a n d also C 0 2 ) is presented elsewhere (15).) 

F i g u r e 6 shows the V L E K-rat ios of bo th methano l a n d n-hexane at 
323 Κ at a methanol concentrat ion r a n g i n g f rom infinite d i l u t i o n to 25 
m o l % . S h o w n on the g r a p h are exper imental values ( 1 6 ) , those c a l c u ­
lated b y the W o n modi f ied equat ion of state, values ca l cu lated b y the 
o r i g ina l Soave correlat ion, a n d those ca lcu lated b y the Soave correlat ion 
w h e n us ing a a b inary parameter chosen such that the ca l cu lated 
methano l K - ra t i o matches the exper imental va lue at 12 m o l % methanol . 
T h e W o n modi f ied equat ion of state was used w i t h no b i n a r y parameter 
kijy but w i t h the pure c o m p o u n d parameters A P ( T C ) a n d a. N e i t h e r 
equat ion of state describes the strong composi t ion dependence of the 
methano l K - r a t i o i n the d i lute reg ion . H o w e v e r , the results ca l cu lated b y 
the modi f ied equat ion of state are very close to exper imental data i n 
other regions. 

Mercaptans. Gas-phase vo lumetr i c data of m e t h y l a n d e t h y l mer -
captans are very l i m i t e d i n the l i terature. T h e K-va lues of m e t h y l 
mercaptan i n ethane (17) at 211 K , a n d for e thy l mercaptan i n propane 
(18) at 305 Κ were used to determine the values for A P ( T C ) for these 
mercaptans. T h e parameter a was ca lcu lated f rom the acentr ic factor ω 
as suggested for nonpo lar a n d s l ight ly po lar compounds b y Soave ( 1 ). 

T a b l e I I I shows ca lculated K-va lues of m e t h y l mercaptans i n m e t h ­
ane, ethane, propane , a n d η-butane, a n d of e thy l mercaptan i n propane. 
A l t h o u g h the agreement w i t h exper imental data w i l l be i m p r o v e d b y 
i n t r o d u c i n g the adjustable parameter k{j i n E q u a t i o n 14, i t is interest ing 
to note that good agreement is obta ined a n y w a y a l though only one data 
po int was used i n ca l cu la t ing the parameter . 
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246 E Q U A T I O N S O F S T A T E 

T a b l e I I . E n t h a l p y 

Enthalpy Departure, H ° — H (cal/g) 

450 Κ 478 Κ 

Pressure 
(aim) 

Original 
Soave 

I Modified Original 
Soave Expa Soave 

6.8 
13.6 
20.4 
27.2 
40.8 

4.9 
10.3 
16.5 

7.8 8.3 4.3 
17.1 17.8 8.9 
27.9 28.3 14.2 

19.8 
34.3 

54.4 
68 

° From Ref. 14. 

Discussion 

C o n v e n t i o n a l l y , the fugac i ty , f i L , of a P o l a r Solute 1 i n l i q u i d mixture 
is re lated to the act iv i ty coefficient, γι, by ; 

where V i L is the p a r t i a l mo lar vo lume of the po lar solute i n l i q u i d 
mixture a n d ίχκ is a reference state fugac i ty at the system temperature 
a n d at the reference pressure, Ρχκ, w h i c h is usua l ly set at 0 or at the 
saturated vapor pressure of Solute 1. 

E q u a t i o n 19 shows that the act iv i ty coefficient method for h i g h -
pressure fluid-phase e q u i l i b r i a requires in format ion for the p a r t i a l mo lar 
vo lume , V i L , w h i c h is very diff icult to obta in . 

Subst i tut ion of E q u a t i o n 19 for E q u a t i o n 3 gives: 

f i L = 7iXihR exp [ P i L ( P - P i * ) ] 
RT 

(19) 

</>iL = 7 i f i * exp 
RT 

(20) 

E q u a t i o n 20 shows that the fugac i ty coefficient i n the l i q u i d , <£iL, w h e n 
proper ly evaluated, provides a self-sufficient thermodynamic quant i ty i n 
the analysis of high-pressure fluid-phase e q u i l i b r i a . 
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13. W O N A N D W A L K E R An Equation of State for Polar Mixtures 247 

Departure of Gaseous Methanol 

Enthalpy Departure, H ° — H (cal/g) 

478 Κ 506 Κ 

Modified Original Modified 
Soave Expa Soave Soave Expa 

5.6 6.7 3.9 5.3 4.4 
12.3 13.9 7.9 10.9 9.4 
21.3 21.1 12.3 16.9 15.0 
30.0 29.4 17.0 23.4 20.6 
55 50 27.8 38.3 33.3 

41.7 58.3 53.9 
65.6 99.5 86.7 

W h e n the pressures are l o w a n d also w h e n C o m p o n e n t 1 is very d i lu te 
i n Solvent 2, E q u a t i o n 20 yie lds 

( ^ - - y i - W P * ' (21) 

E q u a t i o n 21 shows that the inf inite d i l u t i o n fugac i ty coefficient i n l i q u i d , 
( 0 i L ) ° ° is ident i ca l to the re lat ive vo la t i l i ty of inf ini te ly d i lute Solute 1 
over Solvent 2. 

A t h i g h pressures, the m e a n i n g of <£iL is not as clear as at l o w 
pressure. H o w e v e r , the use of a single equat ion of state for bo th l i q u i d 
a n d gas mixtures has clear advantages over the convent ional method , 
where act iv i ty coefficients, the gas-phase equat ion of state, a n d l i q u i d 
p a r t i a l mo lar vo lumes are r e q u i r e d as a func t i on of temperature ( a n d 
pressure) . 

Conclusions 

W h e n vo lumetr i c data are avai lable for a po lar gas or for h y d r o ­
carbon gas mixtures conta in ing po lar species, the W o n modi f i cat ion of the 
Soave equat ion of state can be used to determine the two pure-component 
parameters A p ( T c ) a n d a for the po lar compound . W i t h these parameters, 
the W o n modi f ied equat ion of state provides good estimates of V L E 
K-rat ios of trace po lar compounds i n hydrocarbon - r i ch mixtures. 

T h e thermodynamic properties of the po lar gas pred i c ted b y the W o n 
modi f ied equat ion of state are i n excellent agreement w i t h exper imental 
data. T h i s equat ion of state, however , is not recommended for l i q u i d 
mixtures r i c h i n the po lar component. 

American Chemicaf 
Society Library 

1155 16th St. N. W. 

Washington, D. C. 20036 
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248 E Q U A T I O N S O F S T A T E 

50. 

20. 

10. 

Ο 
k Ο 

1.0 

0.5 

Κ - VALUES OF METHANOL 

° o o < 

Κ-VALUES OF η HEXANE 

0.05 0.10 0.15 0.20 0.25 0.30 

MOLE FRACTION OF METHANOL 

Figure 6. Vapor-liquid K-ratios of methanol and n-hexane at 323.2 K: 
(—), predicted from modified Soave R-K; ( ) predicted from Soave 
R-K; ( ), calculated from Soave R - K with binary k i ; = 0.5; (O), 

experimental (16). 
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13. W O N A N D W A L K E R An Equation of State for Polar Mixtures 249 

Table III. Vapor—Liquid Equilibrium K-Values of 
Mercaptans in Light Hydrocarbons 

Methyl Mercaptan Solute 

Hydrocarbon Temperature Pressure 
K-Values 

Solvent (K) (atm) Calculated Experimer 

n - B u t a n e 272 1.02 2.31 2.28" 
Propane 255 2.6 0.45 0.54 

291 7.9 0.64 0.59 
339 23.5 0.79 0.75 

E t h a n e 211 3.3 0.053 0.053 
M e t h a n e 178 29.8 0.014 0.02 

Ethyl Mercaptan Solute 

Propane 255 2.7 0.19 0 .27 b 

267 3.9 0.22 0.20 
278 5.5 0.26 0.30 
289 7.6 0.29 0.31 
300 10.1 0.32 0.29 
305 11.6 0.34 0.34 
311 13.3 0.37 0.37 
317 15.1 0.39 0.31 

• From Ref. 17. 
b From Ref. 18. 
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Glossary of Symbols 

Notation 

A = energy parameter i n equat ion of state, atmosphere · 
/ l i ter Ν 2 

I g r a m / m o l e J 
b = size parameter i n equat ion of state, cub i c centimeters per 

g r a m - m o l e 
Β = second v i r i a l coefficient, cub i c centimeters per g r a m - m o l e 
F = feed, g r a m - m o l e 
f = fugacity , atmosphere 
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250 E Q U A T I O N S O F S T A T E 

enthalpy, calories per g r a m 
k = adjustable b inary parameter 

K = v a p o r - l i q u i d e q u i l i b r i u m K - r a t i o 
P = pressure, atmosphere 
R = gas constant, 0.08206 atmosphere · l i t e r / K 
T = temperature, Κ 

*>y = mole fract ion i n l i q u i d a n d vapor 
v = molar vo lume , cub i c centimeters per g r a m - m o l e 
ν = vapor , g r a m - m o l e 
ζ = mole fract ion of feed 

Greek Letter 

a = defined b y E q u a t i o n 6 
γ = ac t iv i ty coefficient 
φ = fugacity coefficient 
ω = acentric factor 

Superscript and Subscript 

c = c r i t i ca l property 
i, / = components i n mixture 

L , V = l i q u i d a n d vapor phases 
η, ρ = nonpolar a n d po lar contr ibut ion 

r = reduced property 
S = saturated state 

oo = state at infinite d i l u t i o n 
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Industrial Experience in Applying the 

Redlich-Kwong Equation to Vapor-Liquid 

Equilibria 

R. D. GRAY, JR. 

Exxon Research and Engineering Co., Florham Park, NJ 07932 

This chapter provides a critical assessment of the strengths 
and weaknesses of methods which use the Redlich-Kwong 
equation of state to correlate and predict vapor-liquid equi­
libria. A brief review is given of well established strengths 
(effectiveness for high pressure and cryogenic light hydro­
carbon systems) and weaknesses (inability to represent de­
tails of density dependence, problems with some versions of 
the Redlich-Kwong method for supercritical gases, and 
difficulties with polar compounds). A more detailed dis­
cussion is given for (cryogenic H2-containing systems as well 
as for certain problems in representing details of paraffin-
paraffin binaries for critical region behavior or for wide 
ranges of conditions and difficulties with heavy hydrocarbon 
systems). Based on this experience, a set of desirable criteria 
for the next generation of equation-of-state methods is 
provided. 

^T^his chapter draws on over eight years experience i n us ing the R e d l i c h -
K w o n g ( R K ) equat ion of state to correlate a n d pred i c t v a p o r - l i q u i d 

e q u i l i b r i u m ( V L E ) behavior i n petro leum ref ining a n d petrochemica l 
appl icat ions . T h e perspective is that of a thermodynamic data develop­
ment a n d interna l consult ing group w h i c h takes responsibi l i ty for the 
accuracy of the predict ions of the data methods i t recommends. T h i s 
k i n d of experience often leads one to uncover weaknesses i n a data 
correlat ion. A t the same t ime, one often is forced to extend a correlat ion 
far outside its in tended region of va l id i ty , sometimes uncover ing unex­
pected capabi l i t ies . Genera l ly , one discovers things ir i app l i ca t i on exper i ­
ence that are diff icult to discover i n any other w a y . 

0-8412-0500-0/79/33-182-253$05.00/l 
© 1979 American Chemical Society 
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T h e objective of this chapter is to summarize the major patterns of 
strength a n d weakness w h i c h recur i n the app l i ca t i on of the R K equat ion 
of state to pred i c t phase behavior . Some of these patterns are quite 
w e l l established i n previous l i terature, a n d so are s u m m a r i z e d only 
brief ly. Some less we l l - recognized strengths a n d weaknesses are explored 
i n some detai l . Based on this experience, some conclusions are d r a w n 
concerning desirable features of the next generation of methods for 
p r e d i c t i n g phase -equ i l i b r ium behavior . It is hoped that this synopsis of 
indust r ia l experience w i l l prove useful not only to the m a n y current ly 
us ing R K methods, but also to those i n the academic w o r l d w h o are 
engaged i n deve lop ing n e w methods. 

Chronology of RK Application to VLE 

A n abbrev iated chronology of the development of R K methods is a 
useful w a y to beg in this discussion. A l t h o u g h W i l s o n (1) first proposed 
the in troduct ion of a temperature-dependent parameter to replace one of 
two constants i n 1964, m u c h of the popu lar i ty of the R K method stems 
f rom the extremely s imple temperature dependence in t roduced b y Soave 
(2) i n 1972. I n the interven ing per i od , Joffe a n d Z u d k e v i t c h (3,4,5) 
i n 1969 a n d 1970 and C h a n g a n d L u (6) i n 1970 h a d proposed m a k i n g 
bo th constants temperature dependent , insp i red i n part b y a series of 
papers b y C h u e h a n d Prausn i tz (7,8) w h i c h demonstrated that the R K 
equat ion can be adapted to pred ic t bo th vapor a n d l i q u i d properties . 
T h e more complex Jo f f e -Zudkev i t ch ( J Z ) method was not as w i d e l y 
adopted as the Soave procedure . 

T w o noteworthy recent developments are the P e n g a n d Rob inson 
equat ion (9,10,11) a n d the G r a b o s k i - D a u b e r t vers ion of the Soave 
method (12). T h e P e n g - R o b i n s o n w o r k is part of a systematic attack 
on phase behavior of interest i n gas processing, w i t h especial ly impressive 
treatment of c r i t i ca l reg ion effects, w h i l e the G r a b o s k i - D a u b e r t w o r k 
provides a comprehensive app l i ca t i on of the Soave method to a large 
var iety of hydrocarbon a n d related systems of interest i n ref ining 
appl icat ions . 

I n this chapter , most of the app l i ca t i on experience is for the J Z 
method , w h i c h has been used at E x x o n Research a n d E n g i n e e r i n g 
C o m p a n y since before its p u b l i c a t i o n (see A c k n o w l e d g m e n t Sec t ion ) . 
H o w e v e r , most of the conclusions a p p l y to the Soave or other forms, 
w i t h modif ications as noted. 

Summary of Procedures to Adapt the RK 
Equation to VLE Prediction 

T h e R K equat ion of state, re la t ing pressure Ρ to molar v o l u m e V 
a n d temperature Τ is 

P = RT aT'1/2 

(1) V - 6 V(V + b) 
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14. G R A Y The Redlich-Kwong Equation 255 

I n adapt ing the R K equat ion for v a p o r - l i q u i d e q u i l i b r i u m ca l cu la ­
tions, pure-component parameters are adjusted to m a t c h vapor and l i q u i d 
fugacity a long the vapor pressure locus. I n the Soave modi f i cat ion only 
the R K parameter a is temperature dependent , w h i l e for the J Z mod i f i ­
cat ion bo th a a n d b are temperature dependent. 

U s i n g the nomenclature in t roduced by C h u e h a n d Prausni tz (6,7), 
pure-component parameters are expressed i n terms of dimensionless pre -
mult ip l i ers Ω α . a n d Ω&.. 

τ>2Τ> 2.5 

at = Ω α 4 p C i (2) 
i ^ a - (3) 

H e r e , Ω α . ° = 0.42747 . . . a n d Ω δ . ° = 0.08664 . . . w i l l be used to denote 
the values of the premul t ip l i e rs used i n the o r ig ina l R K equation. 

I n terms of this nomenclature , the Soave premul t ip l i e r , Ω σ . ° , gen­
era l ized i n terms of Pitzer 's acentric factor ωι a n d the r educed temperature 
Tr., is 

Ω σ ί = Ω α ° TRI
1/2 {1 + (0.48 + 1-574 ω ί - 0 .176 ω ί

2 ) (1 - TR>/2) } 2 (4) 

T h e Jo f f e -Zudkev i t ch ( R K J Z ) modi f i cat ion inc ludes variat ions of 
b o t h Ω σ . a n d Ω&. w i t h temperature to fit l i q u i d density as w e l l as to m a t c h 
vapor - t o - l i qu id fugaci ty a long the vapor pressure locus. ( T h e o r ig ina l 
method proposed b y Z u d k e v i t c h a n d Joffe (4) h a d matched l i q u i d 
fugac i ty to a general ized vapor fugaci ty correlat ion, but the present 
study fol lows the method they adopted i n a later p u b l i c a t i o n (5 ) . ) B y 
compar ison w i t h the Soave procedure , this method loses some accuracy 
i n saturated vapor densities (a l though this causes very l i tt le loss of 
accuracy i n vapor f u g a c i t y ) , w h i l e greatly i m p r o v i n g the accuracy of 
saturated l i q u i d density. 

T h e p r i n c i p a l d isadvantage of the R K J Z method is the complex 
temperature dependence of Ω σ . a n d Ω&.. A l t h o u g h H a m a n et a l . (13) 
p r o v i d e d a general ized correlat ion for Ω α . a n d Ω&., these quantit ies are not 
general ized i n the f o rm descr ibed here but are generated each t ime they 
are needed f rom l i q u i d densities a n d vapor pressures. V a r i o u s sources of 
l i q u i d density a n d vapor pressure are used : versions of the R i e d e l corre­
lations (14,15); A P I 44 A n t o i n e equations (16); pe t ro leum fract ion 
correlations; a n d curve fits of exper imental in format ion . 

A n advantage of the J Z procedure is that for subcr i t i ca l components, 
Ω α ί a n d Ω 6 { are used only as intermediate in terna l variables . T h a t is, 
spec i fy ing vapor pressure a n d saturated l i q u i d density provides a l l of the 
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256 E Q U A T I O N S O F S T A T E 

in format ion needed to calculate a a n d b; c r i t i ca l properties are not needed 
to calculate R e d l i c h - K w o n g parameters of heavy solvents or petro leum 
fractions. 

F o r supercr i t i ca l components, users of the Soave method general ly 
use E q u a t i o n 4 extrapolated above the c r i t i ca l temperature , whereas the 
R K J Z method uses the l i m i t i n g value of Ω„. a n d Ω & . at the c r i t i c a l t e m ­
perature. A l t h o u g h the R K J Z procedure introduces a corner into the Ω α 

a n d Ω & temperature dependence ( a n d thus into the temperature depend ­
ence of fugacity ) , it does have the advantage of preserv ing the phys i ca l l y 
reasonable h igh-temperature l i m i t of the o r ig ina l R K method for super­
c r i t i ca l gases. T h a t is, the second v i r i a l coefficient tends asymptot ica l ly 
towards b, a s m a l l posit ive number . T h i s l i m i t i n g behavior is signif icant 
for the very w i d e temperature ranges i n ref ining appl icat ions . 

M i x i n g rules used i n the present w o r k f o l l ow the usual pract i ce : the 
o r ig ina l molar average m i x i n g ru le for b, w i t h an adjustable interact ion 
parameter ( C i ; ) i n the m i x i n g ru le for a: 

a = Σ Σ ViVjOàj (5) 
i J 

where 

du = di i = j (6) 

au- (aiajV* (1 - C „ ) i ^ j (7) 

T h e major alternative to E q u a t i o n 7 is to use the procedures of 
C h u e h a n d Prausni tz to calculate aih b y ca l cu la t ing pseudocr i t i ca l t e m ­
perature, pressure, a n d vo lume i n an intermediate step, w i t h the fc{; 

parameter i n the c o m b i n i n g rule for pseudocr i t i ca l temperature per f o rm­
i n g the funct ion of E q u a t i o n 7. T h i s has the advantage of p r o v i d i n g a 
connect ion w i t h the considerable l i terature on kq parameters. T h e d is ­
advantage for the R K J Z method is that it imports c r i t i ca l properties into 
m i x i n g rules even though they are not requ i red to define the pure -
component parameters for subcr i t i ca l compounds . F o r systems where 
c r i t i ca l properties are wel l -de f ined , one readi ly can transform f rom one 
set of m i x i n g rules to the other, as noted b y K a t o , C h u n g , a n d L u ( 1 7 ) . 

O n c e procedures for ca l cu la t ing pure-component parameters a n d 
m i x i n g rules are established, the ca lcu lat ion of component fugacity coeffi­
cients φι for both vapor and l i q u i d phases fol lows standard procedures 
(see e.g. (4)). F o r V L E calculat ions, the d i s t r ibut ion of components 
between phases is expressed general ly as the K - v a l u e — t h e vapor mole 
f ract ion d i v i d e d by the l i q u i d mole f rac t i on—re lated to fugaci ty coeffi­
cients for each component b y : 

Ki = φι l iquid/φι vapor (8) 
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14. G R A Y The Redlich-Kwong Equation 257 

Generally Understood Capabilities of RK Methods 

F o r ref ining a n d gas-processing appl icat ions , the benchmark general -
purpose V L E method is that of C h a o a n d Seader (18), general ly used 
w i t h the modif ications of G r a y s o n a n d Streed (19). B y comparison w i t h 
the C h a o - S e a d e r m e t h o d for these appl icat ions , either the R K J Z or Soave 
version has the f o l l o w i n g capabi l i t ies , w h i c h are re lat ive ly w e l l under ­
stood: ( a ) s c o p e — w i d e r - t h a n C h a o - S e a d e r , extending closer to the 
mixture c r i t i ca l a n d to cryogenic temperatures; ( b ) accuracy—genera l ly 
better than C h a o - S e a d e r , even w i t h a rough estimate of the Ci} parameter 
(or w i t h dj = 0 for l ight h y d r o c a r b o n s ) ; a n d ( c ) flexibility—the inter ­
act ion parameters prov ide easy adjustment of the method for specific 
systems. 

O n e example w i l l serve to underscore the reason for the advantage 
over C h a o - S e a d e r at h i g h pressure. F i g u r e 1 shows the convergence of 
R K J Z K-va lues to u n i t y as the mixture c r i t i ca l pressure is approached , for 
a temperature a n d composi t ion on the mixture c r i t i ca l locus for the 
methane -e thane -butane ternary (20). T h i s mixture was chosen i n order 
to check R K J Z apparent c r i t i ca l pressure vs. the 1972 corresponding-states 
corre lat ion of Te ja a n d R o w l i n s o n (21), w h i c h presumably has a better 
theoret ical basis than the R K J Z method . I n these comparisons, the Te ja 
a n d R o w l i n s o n corre lat ion uses t w o interact ion parameters per b i n a r y 
pa ir , based p r i m a r i l y on fits to b inary c r i t i ca l l o c i ; the R K J Z method uses 
dj = 0 for a l l b inaries , based on b inary V L E data. 

N o t e that the R K J Z method not only predicts qua l i ta t ive ly the 
approach to mixture c r i t i ca l condit ions ; it is also quant i tat ive ly superior 
to the T e j a a n d R a w l i n s o n procedure i n this instance. T h e ab i l i ty of the 
R K J Z method to sense the approach to mixture c r i t i ca l condit ions has 
been a great advantage i n its app l i ca t i on , b y compar ison w i t h the C h a o -
Seader method , w h i c h has a stated l i m i t a t i o n of pressure less than 0.8 
times the true c r i t i ca l pressure. 

Generally Understood Limitations of RK Methods 

L i m i t a t i o n s of the R K methods w h i c h have been ment ioned (or 
assumed) i n previous l i terature i n c l u d e : ( a ) poor second v i r i a l coeffi­
c ient pred i c t i on , especial ly for compounds h a v i n g nonzero acentric factors; 
( b ) poor pred i c t i on of component l i q u i d densities (this is a disadvantage 
only of the Soave f o rm; the R K J Z method is fit to component l i q u i d 
dens i t ies ) ; and ( c ) inab i l i t y to represent a l l P V T properties at the c o m ­
ponent c r i t i ca l s imultaneously ; the Soave f o rm fails to reproduce the 
cr i t i ca l density w h i l e the R K J Z f o rm gives nonzero values of (dP/dV)T 

a n d (d2P/dV2)T at the c r i t i ca l po int . 
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14. G R A Y The Redlich-Kwong Equation 259 

O t h e r l imitat ions i n c l u d e : ( d ) poor ly def ined basis for extrapolat ing 
a a n d b parameters above component c r i t i c a l ; (e ) i n a b i l i t y to represent 
p o l a r / n o n p o l a r systems i n deta i l ; e.g., us ing an average Cxj to represent a 
low-pressure isotherm for an a l c o h o l / h y d r o c a r b o n system gives m a x i m u m 
errors of perhaps a factor of two i n K - v a l u e , whereas a method based on 
ac t iv i ty coefficients w o u l d fit the same data w i t h i n a f e w percent ; a n d ( f ) 
an i n a b i l i t y to represent other d e r i v e d propert ies ( entha lpy , etc.) for 
nonpolar systems to the same degree of accuracy as V L E . 

Some General Observations on Redlich—Ktvong Methods 

T h e thermodynamics c o m m u n i t y was rather s low to accept the early 
modi f ied R K methods for V L E pred i c t i on . T h i s wr i ter , despite b e i n g an 
interested observer d u r i n g the development of the R K J Z method , on ly 
became an enthusiast for the method after considerable appl icat ions 
experience. T h e reason for this early skept ic ism was the fee l ing that it 
was ask ing too m u c h of the s imple vo lume dependence of the R K equat ion 
to represent the fugac i ty funct ional i ty i n b o t h phases w i t h sufficient 
accuracy. 

It is w o r t h w h i l e to ask the quest ion : " W h y is the R K J Z (or the Soave 
method ) better than one w o u l d expect?" A n s w e r i n g this quest ion i n any 
depth is beyond the scope of this chapter, a l though i t is explored for 
specific systems be low. H o w e v e r , there are t w o general observations 
one can make. 

T h e first observation is that, because of compensat ing errors, the 
vapor fugac i ty predict ions of the R K equat ion are re lat ive ly insensitive 
to the adjustment of the constants necessary to fit vapor pressure. T h u s , 
once component fugac i ty is matched a long the vapor pressure locus, the 
effect of pressure a n d temperature on vapor fugaci ty is reasonably w e l l 
represented. F u r t h e r , the effect of pressure on l i q u i d fugaci ty usual ly 
does not depend on h i g h l y accurate l i q u i d densities. H o w e v e r , the R K J Z 
method is general ly more accurate then the Soave method i n representing 
the effect of pressure for l ight gas -heavy solvent systems because of its 
better representation of l i q u i d vo lumetr i c behavior . 

T h e second observation is that the success of the R K J Z a n d Soave 
methods may be a t t r ibuted to the m i x i n g rules ( w h i c h are so important i n 
fugaci ty p r e d i c t i o n ) . These m i x i n g rules essentially incorporate the v a n 
der W a a l s one-f luid ( V D W - 1 ) approx imat ion favored i n recent corre­
sponding-states w o r k (21 ) . T h a t is, i f one interprets the b parameter 
as propor t i ona l to the c r i t i ca l vo lume V c , then the a parameter is propor ­
t i ona l to T C V C , a n d the m i x i n g rules for a a n d b are equivalent to deter­
m i n i n g TCVC a n d Vc for the reference substance (a l though i t should be 
noted that the value of b for the R K J Z method is more closely propor -
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260 E Q U A T I O N S O F S T A T E 

t i ona l to c r i t i ca l vo lume than i t is for the Soave method ). I n a sense, one 
m i g h t regard the R K methods as a good m i x i n g rule c o u p l e d w i t h only the 
most rud imentary reference substance. Nevertheless , the accuracy of V L E 
predict ions w i t h these models is quite compet i t ive w i t h those of corre­
sponding-states models incorporat ing m u c h more elaborate reference 
fluids. 

Some Surprising Successes with RK Methods 

O u r early app l i ca t i on experience w i t h the R K J Z method , apart f rom 
high-pressure systems, tended to be for systems where it was the method 
of last resort—where no th ing else then avai lable i n our co l lect ion of 
computer programs cou ld work . T h u s , often its successes were doub ly 
surpr is ing . 

O n e of the most surpr i s ing early successes was w i t h cryogenic 
H o - h y d r o c a r b o n systems. H e r e w h a t was so surpr is ing was not just that 
the method cou ld be made to work , but that it w o r k e d so easily once the 
procedure for incorporat ing H 2 deve loped by C h u e h a n d Prausn i tz (7 ) 
was adopted. Results for H 2 - h y d r o c a r b o n systems have been explored i n 
more deta i l i n a recent study (22); for the present discussion i t is 
sufficient to note that a single C t J va lue correlates H 2 a n d hydrocarbon 
K-va lues over substantial ranges of temperature a n d pressure for c ryo ­
genic systems. 

Another system for w h i c h success is better than m i g h t be expected 
is the C 0 2 - m e t h a n e b inary shown i n F i g u r e 2. H e r e very accurate data 
over a w i d e range of condit ions have recently become avai lable (23,24), 
for w h i c h Professors K i d n a y a n d K o b a y a s h i a n d their students deserve 
special praise. T h i s system is very non idea l ( o w i n g to the C 0 2 q u a d r u -
p o l e ) , a n d is shown on a very expanded scale; rms errors i n K - v a l u e at 
each temperature , except for the lowest, were less than 3 % , a n d the 
smooth trend i n dj exhib i ted for data f rom two different sources demon­
strates real ly remarkable consistency of results between two laboratories. 
T h e points be l ow — 89 ° C are essentially for C 0 2 w e l l be l ow its t r ip l e 
po int near infinite d i l u t i o n i n methane. A l t h o u g h C 0 2 l i q u i d properties 
were extrapolated careful ly into this reg ion to obta in R K J Z parameters, 
the apparent S-curve i n dj m a y be an arti fact of the extrapolat ion. 

W a t e r - h y d r o c a r b o n systems, shown i n F i g u r e 3, comprise another 
class of systems w h i c h , rather surpr is ingly , can be h a n d l e d accurately 
enough for many purposes. T h i s w o r k w i t h the R K J Z method paral le ls 
s imi lar studies b y H e i d e m a n n (25) w i t h the Soave method a n d b y P e n g 
a n d Rob inson w i t h their equat ion (10). A s i n their work , only fugacities 
i n the hydrocarbon - r i ch l i q u i d phases are fit b y the m o d e l d i rec t ly ; i f 
l i q u i d water is present, i t is assumed to be pure , since the Cy fitting the 
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14. G R A Y The Redlich-Kwong Equation 263 

water fugacity i n the hydrocarbon - r i ch phases y ie lds hydrocarbon so lu­
bi l i t ies i n l i q u i d water w h i c h are i n error b y m a n y orders of magni tude . 
F i g u r e 3 shows C i ; data vs. carbon n u m b e r based on the data f rom several 
sources (26-31). 

W h a t is s t r ik ing here is not just that one can " fudge" the R K J Z 
method to inc lude water b y i n t r o d u c i n g large C y values of about 0.4. 
M o r e important ly , i f one looks at C { / s for a var iety of systems, they f a l l 
into recognizable patterns. Note that C^/s for paraffins, taken f rom v a p o r -
l i q u i d a n d l i q u i d - l i q u i d data, are reasonably consistent, but that corre­
la t ing data for aromatics requires sharply l ower Cy's because of the 
h igher water so lubi l i ty . 

O n e should , of course, be cautious i n extrapolat ing predict ions based 
on C { / s f rom a narrow temperature range. T h e avai lable data indicate 
some temperature dependence i n C t ; for water , but the data are not 
accurate enough or avai lable over a w i d e range of condit ions to support 
temperature dependence for most systems. 

I n general , w i t h i n the sometimes stringent l i m i t a t i o n of temperature 
dependence of Ci} one can m a p the infinite d i l u t i o n fugacity of any po lar 
c o m p o u n d into hydrocarbon systems. F u r t h e r , i f the infinite d i l u t i o n 
behavior fo l lows k n o w n patterns w i t h hydrocarbon type, this can be made 
the basis for a correlat ion of Cq. T h i s ab i l i t y to incorporate po lar c om­
pounds over narrow ranges of concentrat ion is extremely useful i n ref ining 
a n d hydrocarbon processing appl icat ions . 

Some Unexpected and/or Unexplored Limitations 

A l t h o u g h R K methods are surpr is ing ly versati le , they have a var iety 
of l imitat ions . T h i s discussion w i l l concentrate on those w h i c h m i g h t be 
considered unexpected, or w h i c h serve to define the boundaries of the 
k n o w n region of va l id i ty . 

There is one k i n d of l i m i t a t i o n w h i c h , a l though difficult to summarize 
concisely, should be ment ioned , since i t might come as an unpleasant 
surprise to the un in i t ia ted . T h a t is that the R K J Z or Soave models cannot 
represent certain details of l ight hydrocarbon systems at subambient 
temperatures to anyth ing close to exper imental accuracy. T h i s k i n d of 
l i m i t a t i o n was difficult to d i s t inguish f rom systematic exper imental error 
before the development of more accurate exper imental techniques, 
notably b y K o b a y a s h i a n d co-workers a n d K a h r e , w h o have measured 
low-temperature phase behavior for methane binaries (32,33,34, 35,36). 

If one looks at dev iat ion trends for these systems, i t is apparent that 
no adjustment of C i ; w i l l a l l ow one to fit the heavy-component K - v a l u e , 
w h i l e m a i n t a i n i n g reasonable accuracy for methane at temperatures less 
than 50° to 75°C above the methane c r i t i ca l temperature ( that is, be low 
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about — 5 0 ° C ) at moderate to h i g h pressures (say, above 10 or 20 a t m ) . 
These systematic deviations (of 15 to 4 0 % ) seem to ind i cate prob lems i n 
character iz ing s imultaneously the extremes of m i x i n g effects ( or possibly , 
systematic exper imental error) i n expanded solvents a n d dense vapor , i n 
the reg ion where the l ightest c o m p o u n d is only s l ight ly supercr i t i ca l or is 
subcr i t i ca l . O n c e this effect was recognized as a source of confusion i n 
corre lat ing exper imental data , it was not very important i n the app l i ca t i on 
experience reported here. T h e Soave method is s l ight ly better t h a n the 
R K J Z method i n representing this reg ion , a n d it appears that the P e n g -
Rob inson method is substantial ly better. 

M o s t other workers treat ing these data have assumed that these 
discrepancies are s imply manifestations of the c o m m o n p r o b l e m of sys­
tematic exper imental error for heavy-component K - v a l u e f o u n d i n the 
o lder exper imental data for l ight hydrocarbons. F u r t h e r m o r e , these 
deviations are masked b y the c o m m o n pract ice of repor t ing deviations i n 
bubb le -po int pressure a n d i n absolute differences i n vapor mole fract ion, 
w h i c h are bo th re lat ive ly insensitive to deviations i n heavy-component 
K - v a l u e . Nevertheless , i f the h i g h prec is ion of the newer exper imental 
results is to be be l ieved , there are systematic errors i n these methods 
w h i c h might be important i n some appl icat ions . 

A re lated l imi ta t i on of the R K J Z or Soave methods, w h i c h again is 
diff icult to quant i fy , is also w o r t h ment ion ing because i t is not obvious 
f rom p u b l i s h e d results. T h e accuracy of these methods deteriorates i f 
one attempts to fit too w i d e a range of condit ions even for n o r m a l fluids. 
T h i s effect is often masked b y the general ly spotty q u a l i t y of the exper i ­
menta l data base, but one general ly can discern substantial systematic 
dev iat ion trends b y careful examinat ion of accurate data. T h u s , u l t imate ly 
the s impl i f ied vo lume dependence of the R K equat ion does p lace l i m i t a ­
tions on its accuracy. Consequent ly , one should keep i n perspective the 
c laims of Z u d k e v i t c h a n d Joffe ( 3 ) , to represent hydrocarbon systems 
based on C,-/s determined f rom one or two data points , or of Soave (2 ) 
to represent hydrocarbon systems w i t h dj = 0. These c laims are qu i te 
true i n the context i n w h i c h they were made, demonstrat ing the general ity 
of the R K methods. Nevertheless , w h e n highest accuracy is r equ i red , one 
should be reconc i led to different C i / s for different regions. 

Another l imi ta t i on i n a reg ion of apparent strength is i n the repre ­
sentation of cr i t i ca l - reg ion effects at very h i g h pressures, such as those 
o c c u r r i n g in mixtures of methane w i t h moderate ly heavy hydrocarbons. 
A n extreme example is shown i n F i g u r e 4, w h i c h shows ca lculated a n d 
exper imental phase boundaries at 100°F for the pseudobinary mixture of 
methane w i t h Kensol -16, a n a r r o w - b o i l i n g o i l w i t h carbon number i n the 
C i 5 to C 2 0 range. T h i s mixture was s tudied i n 1950 b y Rzasa a n d K a t z 
( 37 ) . T h e calculated-phase envelopes show the extreme sensit ivity of 
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14. G R A Y The Redlich-Kwong Equation 267 

mixture c r i t i ca l pressure ( ca l cu lated b y the R K J Z m e t h o d ) to Cis\ for 
Cij = 0, the ca lcu lated c r i t i ca l pressure is w e l l be low the exper imental 
va lue of about 12000 ps ia , w h i l e for C i y = 0.05, it is far above it . T h i s 
demonstrates that extreme care is necessary to represent cr i t i ca l - reg ion 
effects for mixtures w i t h large differences i n molecu lar size. 

I f molecular-s ize differences are too large, i t is not on ly the c r i t i ca l 
reg ion w h i c h should be of concern. N o t e i n F i g u r e 4 that the C i ; w h i c h 
represents the c r i t i c a l po int w o u l d not represent the dew-po int l ine very 
w e l l . M o r e s t r ik ing is F i g u r e 5, i n w h i c h the C i / s necessary to correlate 
methane -heavy hydrocarbon behavior ( recent ly measured b y Prausn i t z 
a n d co-workers (38,39, 40) ) are p lo t ted vs. the ratio of R K J Z parameters 
b2/bi (where 2 designates the solvent a n d 1 the m e t h a n e ) ; this rat io is 
essentially equivalent to the ratio of c r i t i ca l volumes. N o t e the d ivergent 
trends i n C{j necessary to correlate these h i g h l y asymmetr ic systems: as 
solvent molecu lar we ight increases, decreasing C i / s are needed to corre­
late Henry ' s constant for methane; but increasing C i / s are needed to 
correlate second v i r i a l cross-coefficients ( a n d thus dew-po int composi t ion 
at h i g h pressure) . These trends are for the R K J Z method ; s imi lar trends 
(a l though considerably d isp laced) occur for the Soave version. C l e a r l y 
the trends demonstrated i n F i g u r e 5 impose l imitat ions on the use of R K 
methods for asymmetr ic systems at h i g h pressures. F o r m a n y appl icat ions , 
the method w i l l be satisfactory p r o v i d e d one understands the nature of 
the l imitat ions . 

F i n a l l y , i t is w o r t h w h i l e not ing that the strengths of the R K J Z 
method—its capab i l i ty to represent cr i t i ca l - reg ion behavior , as w e l l as 
non idea l m i x i n g — c a n i n pract ice impose l imitat ions . A s noted b y Dei ters 
a n d Schneider (41), this capab i l i ty makes i t possible to represent phase 
behavior of r emarkab ly complex topology, especial ly for high-pressure 
systems. T h i s complex phase behavior is a lways potent ia l ly present, even 
though flash or d is t i l la t ion algorithms do not account for it . Consequent ly , 
a lgorithms w h i c h w o r k w e l l for the C h a o - S e a d e r method ( w h i c h repre ­
sents non idea l m i x i n g but not c r i t i ca l phenomena ) or one of the methods 
based on the B W R equation of state ( w h i c h represents c r i t i ca l phenomena 
but is not used usual ly for systems exh ib i t ing n o n i d e a l m i x i n g ) , m a y 
develop new pathology w h e n used w i t h a R K method . I n pract i ce , 
m a i n t a i n i n g a R K method can be expected to require more advanced 
expertise i n bo th p r o g r a m m i n g a n d a p p l i e d thermodynamics . 

The Next Generation of Equation-of-State Methods 

A log i ca l conc lus ion for this chapter is, based on this appl icat ions 
experience, to reflect on w h a t features i n a n e w generation of equations of 
state w o u l d represent desirable improvements over the R K methods for 
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268 E Q U A T I O N S O F S T A T E 

phase -equ i l i b r ium calculations. S u c h reflections are of general interest 
since the strengths a n d weaknesses of the R K methods seem to be shared 
b y any of the corresponding states methods us ing the V D W - 1 a p p r o x i m a ­
t ion . H e r e is a personal , but by no means or ig ina l , l ist of features: 

( a ) the accuracy ( a n d flexibility) of R K J Z or Soave methods i n re ­
g ion where these methods are satisfactory; 

( b ) good representation of density of bo th phases, i n c l u d i n g good 
representation of second v i r i a l coefficients; 

( c ) s imultaneous representation of pure-component c r i t i ca l proper ­
ties ( P c , (dP/dT)C9 T c , F c ) ; 

( d ) wel l -de f ined supercr i t i ca l extrapolat ion of temperature -depend­
ent parameters; 

(e ) we l l -understood extrapolat ion to h i g h molecu lar weights ; 
( f ) independent ly adjustable infinite d i l u t i o n fugacities for each 

component i n a b inary ; 
( g ) group contr ibut ion features b u i l t into pure-component a n d / o r 

mixture parameters; a n d 
( h ) special modif ications for po lar compounds i n a l l of the above. 
M a n y of these features are a lready i n some of the emerg ing methods, 

a n d a l l are at least under study somewhere. N o one has yet been 
ambit ious enough to inc lude a l l i n a single method . O b v i o u s l y , one 
cannot expect any modif ications of the s imple R K methods to combine 
a l l of these features, a l though some of them can be in t roduced b y various 
add-on artifices. T h u s , one can expect the R K methods eventual ly to be 
large ly supplanted i n app l i ca t i on w o r k where these features are impor tant 
b y the more elaborate methods n o w under development . 

It is outside the scope of this chapter to assess the potent ia l of these 
emerg ing methods, except to comment that for those of us interested i n 
a w i d e range of molecular size, the per turbed hard - cha in m o d e l of D o n o -
hue a n d Prausn i tz (42) appears to come closest to c o m b i n i n g a l l the 
features of interest. Regardless of w h i c h of the new methods u l t imate ly 
find w i d e use i n industr ia l appl icat ions , the process of selecting, adapt ing , 
a n d testing them for this purpose w i l l take years. D u r i n g this per i od , the 
R K methods w i l l p rov ide the benchmark b y w h i c h the emerging methods 
are judged . 

Glossary of Symbols 

a,b = parameters i n R e d l i c h - K w o n g equat ion of state, E q u a t i o n 1 
dij = interact ion parameter used i n ca l cu la t ing mixture parameter i n 

E q u a t i o n 5 
Cq = b i n a r y interact ion parameter defined b y E q u a t i o n 7 
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14. G R A Y The Redlich-Kwong Equation 269 

Ki = ratio of vapor mole fract ion to l i q u i d mole f ract ion of C o m p o n e n t 
i for vapor a n d l i q u i d i n e q u i l i b r i u m 

F = system pressure 
PCi = c r i t i ca l pressure of C o m p o n e n t i 

R = gas constant 
Τ = system temperature 
V = system vo lume 

V c = c r i t i ca l vo lume 
T c . = c r i t i ca l temperature of C o m p o n e n t i 
T r . = T/Tc. = r educed temperature of C o m p o n e n t i 
ilai = p r e m u l t i p l i e r to determine R e d l i c h - K w o n g a parameter 
Ω 6 . = p r e m u l t i p l i e r to determine R e d l i c h - K w o n g b parameter 

ω . = acentric factor for C o m p o n e n t i 
$ { = fugaci ty coefficient of C o m p o n e n t i i n mixture 
pc = c r i t i ca l density 
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Determination of the Critical Exponent δ for a 

Binary Mixture Using a Centrifugal Field 

RODOLFO SALINAS, H. S. HUANG,1 and JACK WINNICK2 

University of Missouri, Columbia, MO 65201 

A determination of the critical exponent δ has been made for 
the liquid-liquid system, n-decane-β,β' dichloroethyl ether 
(chlorex). Utilizing schlieren photographs of the system in 
an ultracentrifuge at a temperature slightly below the critical 
solution point, the density gradient was obtained as a func­
tion of radius. These gradients, used in conjunction with 
sedimentation theory, provided a means for calculating 
values for the exponent δ. The values thus obtained are 
consistent with accepted values for the exponents β and γ 
in two-fluid systems. They are, however, smaller than those 
found for pure fluids. 

n r h e behavior of b i n a r y solutions near their c r i t i ca l so lut ion po int has 
been studied extensively i n centr i fugal fields (1,2,3). T h i s behavior 

is s imi lar to that of a pure component at its g a s - l i q u i d c r i t i c a l po int , n o w 
k n o w n to be governed b y exponent ia l relations of the f o r m 

. r d i n ι r - 7 e l /H \ 

where ξ is the c r i t i ca l exponent for property Y as the c r i t i c a l temperature 
is approached (4). T h e cr i t i ca l isotherm is descr ibed b y 

« - l i m ^ f f - f f (2) 
v + vc din (V — Vc) 

1 Present address: Argonne National Laboratory, Argonne, IL 60439. 
* Present address: Georgia Institute of Technology, Atlanta, G A 30332. 
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272 E Q U A T I O N S O F S T A T E 

S i m i l a r behavior has been f o und for b i n a r y solutions at the ir c r i t i ca l 
po int . S imple transformations a l l ow E q u a t i o n 1 to be used ( 5 ) . I n 
par t i cu lar , the exponent δ describes the c h e m i c a l potent ia l , μ, a l ong the 
c r i t i c a l i so therm: 

I M I - M C I — C I xx - xc | δ at Τ = Tc, Ρ = PC (3) 

E x p e r i m e n t a l values for δ can be used to test the universal i ty of m o d e r n 
c r i t i ca l po int theory. H o w e v e r , its va lue i n b inary mixtures has not been 
determined w i t h m u c h prec is ion ( 6 ) . T h e r e are, i n fact, no exper imental 
measurements reported w h i c h can be used to ascertain δ to better than 
about ± 2 0 % . 

Theory 

Attempts to evaluate δ for b inary fluids have, u n t i l now, r e q u i r e d 
vapor pressure measurements ( 7 ) . These measurements, per formed a long 
several isotherms, a l l ow determinat ion of the G i b b s free energy as a 
funct ion of mole fract ion, x, a n d temperature , Γ. F i t t i n g these data to a 
semi -empir i ca l four-parameter equat ion permits derivatives to be taken 
analyt i ca l ly . T h e difference between dG/dx near a n d at the c r i t i ca l so lu­
t i on composi t ion at any temperature defines the quant i ty , Δ : 

F r o m scal ing ( 8 ) , however : 

Δ — Δ χ |Δ* I ^ A i F ) (5) 

where Δχ = (χ — xc)/xc a n d Y = c / Δ χ 1 7 3 a n d € = ( Γ — T c ) / T c . 
A value of δ is selected, and , us ing the values of Δ ca l cu lated f r om 

E q u a t i o n 4, h(Y) is determined at each temperature. T h e funct ion h(Y) 
so determined should be independent of temperatures near Tc. Since the 
derivatives r e q u i r e d by E q u a t i o n 4 magni fy any errors i n the data , 
accurate assessment of δ b y this technique is difficult. Therefore w e have 
used a method w h i c h avoids this p ro b l e m. 

Measurement of the concentrat ion d i s t r ibut ion i n a centr i fugal field 
leads d i rec t ly (9 ) to the gradient of the c h e m i c a l po tent ia l : 

dx[) dr ~~ 
( M i - pV1) ω 2 Γ (6) 
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15. S A L I N A S E T A L . Critical Exponent for a Binary Mixture 273 

where M i is the molecu lar w e i g h t of C o m p o n e n t 1, ρ the density of the 
solution, V i the p a r t i a l m o l a l vo lume of 1, a n d ω the speed of rotat ion. 
If E q u a t i o n 5 is dif ferentiated a n d c o m b i n e d w i t h the G i b b s - D u h e m 
E q u a t i o n 

£ - ( ^ ) i « r { . - » m - ^ } m 

where h'(Y) is the der ivat ive of h(Y) a n d h(Y) m a y be represented 
approximate ly b y (8 ) 

C o m b i n i n g this result w i t h (6) : 

E i ( i i r 1 ) | A : c | s " 1 { a / l ( y ) - ^ ] j x l } w = { M i ~ p V i ) ' a 2 r ( 9 ) 

where Εχ converts the dimensionless L H S to the dimensions of the RHS. 
T h i s equat ion is used, a long w i t h values of dx/dr w h i c h are determined 
exper imental ly , to find the value for δ w h i c h best represents the b i n a r y 
system under invest igat ion. It must be noted that c m a y vary w i t h r. 
T h i s is true since the cr i t i ca l temperature general ly w i l l be a funct ion of 
pressure and pressure varies i n a k n o w n manner w i t h rad ius : 

! - ( & ) ( & ) ( £ ) 

T h i s der ivat ive can be evaluated at any radius i f dTc/dP is k n o w n . 

Experimental 

T h e system invest igated was n -decane-β -β ' d i ch loroe thy l ether. T h i s 
system was chosen because of its convenient c r i t i c a l so lut ion temperature , 
26 .5°C ( 1 0 ) . Coexistence curve a n d index of re fract ion data have been 
reported prev ious ly b y C h u (10 ,11) . 

Samples. T h e n-decane used i n this s tudy was of research grade, 
obta ined f rom P h i l l i p 66 Petro l eum C h e m i c a l C o m p a n y . T h e p u r i t y was 
99 .95% as determined by the manufacturer f rom a chromatographic 
analysis. N o treatment (6) other than degassing was per formed on i t . 
β, β' d i ch loroe thy l ether was obta ined f r om K & K C h e m i c a l L a b o r a t o r y 
a n d was pur i f ied b y gas chromatography ( G C ) f o l l o w i n g the procedures 
descr ibed b y C h u (11). 
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274 E Q U A T I O N S O F S T A T E 

A pycnometer of approx imate ly 50 m L was c leaned w i t h hot c l eaning 
so lut ion for use i n p r e p a r i n g the mixtures. T h e rubber cap, syringes, a n d 
needles were r insed w i t h research-grade acetone. W e i g h i n g s of the 
pycnometer w i t h a n d w i t h o u t the samples were per formed i n a tempera­
ture - a n d humid i ty - c ont ro l l ed room us ing an ana ly t i ca l balance w i t h a 
prec is ion of 0.0002 g. T h e sample used was one at 0.3952 db 0.0001 m o l 
f ract ion n-decane, the reported composi t ion at the c r i t i c a l so lut ion po int 
( J O ) . T h e phase separation temperature was 26.9°C. 

Equipment. T h e M o d e l Ε a n a l y t i c a l u l tracentr i fuge , m a n u f a c t u r e d 
b y B e c k m a n Instruments, Inc. , was e q u i p p e d w i t h a schl ieren op t i ca l 
system a n d a photographic uni t to take pictures of the schl ieren patterns 
at various rotat ion speeds, u p to the m a x i m u m of 60,000 r p m . Rotor 
temperature was ma inta ined constant to w i t h i n ± 0.02°C (12) a n d rotor 
speed was contro l led e lectronical ly to w i t h i n db 0 . 2 % of any select ing 
setting. T h e pictures were measured us ing a Gaertner M 2 0 6 0 m i c r o c o m -
parator . B o t h the ul tracentr i fuge a n d the microcomparator are housed 
i n a temperature-contro l led room. 

T h e opt i ca l ce l l used for this invest igat ion was supp l i ed b y B e c k -
m a n . T h e ce l l has the f o l l o w i n g basic components : a centerpiece w h i c h 
contains the sample of invest igat ion, two sapphire w i n d o w s that seal the 
open ends of the centerpiece, w i n d o w holders , w i n d o w liners a n d gaskets, 
a n d a ce l l hous ing that contains a l l components ment ioned above. A 
screw r i n g holds these components i n the ce l l hous ing . 

T h e centerpiece is the central component of the ce l l assembly. I t 
is shaped to m i n i m i z e convect ion. T h e thickness of the centerpiece repre­
sents the thickness of the fluid c o l u m n t h r o u g h w h i c h the l i ght w i l l pass. 
A n a l u m i n u m centerpiece w i t h a thickness of 1.2 c m a n d a 2 V i ° sector 
angle was used i n this study. 

Determination of dTc/dP. T h e pressure dependence of the c r i t i c a l 
temperature was determined exper imental ly us ing a smal l sample ( 1 m L ) 
near c r i t i ca l composit ion. T h i s was inserted into a glass ampule a long 
w i t h a magnet ic s t i rr ing bar. T h i s was inserted into a glass a m p u l e 
a long w i t h a magnet ic s t i rr ing bar. T h e open ing of the ampule was 
connected b y a length of n y l o n t u b i n g to a cy l inder of n i trogen. T h e 
ampule was suspended i n a constant-temperature bath , m a i n t a i n e d to 
better than ± 0.001 ° C . Temperature was moni tored w i t h a quar tz 
thermometer . 

S t i r r i n g was done w i t h a h a n d - h e l d magnet on a l ong rod . T h e 
temperature corresponding to appearance of two phases was measured as 
n i t rogen pressure was a p p l i e d incrementa l ly , u p to 1.85 a tm. 

Results 

T h e schl ieren patterns d i sp layed i n the v i e w i n g screen a n d the 
photographic plates represent the refractive index gradient d i s t r ibut i on 
across the opt i ca l c e l l (see F i g u r e 1 ) . T h e he ight of the schl ieren l ine 
f r o m the base l ine , H , is re lated to the refract ive index gradient dn/dr 
b y the f o l l o w i n g expression (13); 

an H t a n f l 
dr L a m i m 2 
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15. S A L I N A S E T A L . Critical Exponent for a Binary Mixture 275 

Figure 1. Actual Schlieren photograph of interace for n-decane-chlorex (β,β 
dichloroethyl ether). Liquid-liquid interface is double line to left of center. The 
other two vertical lines are the pure decane reference and mixture vapor-liquid 

interfaces. 

where mi a n d m 2 are instrument constants, f o u n d f r om ca l ib ra t i on : 
m χ = 2.15; m 2 = 3.37; Η is the va lue of the index of re fract ion gradient 
as measured f r o m the base l ine i n centimeters; θ is the phase p late angle 
( 6 0 . 0 0 ° ) ; a the c e l l thickness (1.20 c m ) ; a n d L is the op t i ca l lever 
a r m (59.0 c m ) . 

T h e index of re fract ion η of the mixture is re lated to composi t ion 
t h r o u g h (14) 

(n2 ~ D T 7 „ ( n i 2 - D T 7 , ( t t 2 2 - D T 7 n « x 
(tf + 2) V - K { η ι % + 2)ν, + x2 ( - q j g j V2 (12) 

H e r e ni a n d n 2 are the refractive indices of pure n-decane a n d chlorex. 
These have been determined b y C h u (11) at the w a v e l e n g t h used (546 
n m ) to be 1.4100 a n d 1.4596, respectively. T h e mixture molar v o l u m e i s : 

V _ XlV1 + x2V2 + (13) 
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276 E Q U A T I O N S O F S T A T E 

H e r e V is the mixture mo lar vo lume , Vlt2 the pure component molar 
vo lume , a n d V e the molar excess vo lume. N o excess vo lumes were a v a i l ­
able for this system (11), r e q u i r i n g these measurements to be made as 
part of this study. 

Because the excess vo lume for this system was expected to be smal l 
( J O ) , and any effect is second order (15), only a f ew determinations 
were deemed necessary. A s tandard pycnometr i c technique was used 
( 16). T h e densities at 2 9 ° C of three samples of k n o w n mole f ract ion , i n 
a d d i t i o n to the pure components , were f ound . T h e excess vo lumes c a l c u ­
la ted f r om these results are shown as T a b l e I . F o r the accuracy requ i red 
b y the calculat ions , a va lue for V e of 1.0 c m 3 m o l " 1 , independent of c ompo­
sit ion over the range of χ considered, was sufficient. T h e effect of error 
i n V e is discussed later. Di f ferent iat ion of E q u a t i o n 12 then leads to 

dn 
dx 

[dn\ ( n 2 _ 1 ) ( n 2 + 1 ) dV*l[ _y*\ ( 1 4 ) 

ldx\0 Gn[xV1 + (1 -x)V2] d x j l 1 V J 

where dn/dx\0 is the gradient for the i d e a l mixture , e.g., w i t h V E = 0 
a n d dVE/dx = 0; 

dn { n + 2 ) Lfo* + 2) V l " W + 2) V* ( n 2 + 2) { V l V*>J 
dx ο 6n[xVx+ (1 -x)V2] 

(15) 

a n d χ = X i . 

E q u a t i o n 14, a long w i t h the measured values of dn/dr, y ie lds dx/dr: 

dx/dr = (dn/dr) / (dn/dx) (16) 
T h i s is subst ituted into E q u a t i o n 9. 

E x a c t values for V a n d dVE/dx c o u l d not be determined f rom the 
r o u g h excess vo lume results. H o w e v e r , the effect of the second t e rm i n 
E q u a t i o n 14 is very smal l , as shown later. T h e pure molar vo lume, V 3 , 
was used i n p lace of V i i n E q u a t i o n 9. H e r e the effect w i l l be seen only 

T a b l e I . Excess V o l u m e s at 2 9 ° C f o r w-Decane—Chlorex 

Xi Density (g/mL) Ve (mL/mol) 

0.00 1.2090 ± 5 X 10" 5 0 
0.2486 1.0287 ± 5 X 10" 5 0.98 ± 0.02 
0.4013 0.9462 ± 5 X 10" 5 0.96 ± 0.02 
0.6925 0.8197 ± 5 Χ 10" 5 1.04 ± 0.02 
1.00 0.7222 ± 5 X 10" 5 0 
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15. S A L I N A S E T A L . Critical Exponent for a Binary Mixture 277 

i n the va lue of Εχ as de termined i n the least-square fitting. T h e density 
of the mixture , p, i n E q u a t i o n 9 was ca l cu la ted us ing the exper imental 
excess vo lume rçsults. 

So lut ion of E q u a t i o n 9 requires values for χ a n d η as f ( r ) . Since 
these are not k n o w n precisely at any r, values must be guessed a n d an 
integrat ion of E q u a t i o n 16 per formed across the ce l l . I n pract ice i n i t i a l 
guesses were made at bo th sides of the meniscus. N u m e r i c a l integrat ion 
was per formed across the entire ce l l , f o l l owed b y a mass balance. Since 
the total sample is v is ib le i n the schl ieren p i c ture , the average mole 
f ract ion ca lcu lated must m a t c h that of the sample as inserted. 

F o r each guessed value for the left-side inter fac ia l composit ion, the 
r ight-s ide value was i terated u n t i l the mass ba lance was satisfied. T h i s 
p a i r of interface composit ions a l l o w e d regression of E q u a t i o n 9 to Tind 
the best values of Ε χ and δ, p r o v i d e d an exact va lue for xc was k n o w n . 
T h e values for β a n d y used i n E q u a t i o n 8 were 0.35 ( the most recent 
measurements (21) indicate β = 0.32) a n d 1.25, respectively . A s d is ­
cussed later, the exact values used do not have a signif icant effect on 
the value of δ that is f ound. Since the samples prepared here may have 
contaminants different f r om those i n other laboratories, a n d these samples 
show a change i n xc w i t h t ime (10), w e a l l o w e d xc to float i n this c o m ­
putat ion . T h e values obta ined were a lways w i t h i n 0.005 of Chu ' s one-
atmosphere results. 

T h e entire procedure is repeated w i t h new left-side interface guesses, 
p r o v i d i n g a set of Ε χ — δ pairs . T h e fit of E q u a t i o n 9 to the exper imental 
results was used for the final determinat ion of Εχ a n d δ. I n d o i n g this 
fitting, E q u a t i o n 10 must be integrated a long the radius to obta in c w h i c h 
is needed i n E q u a t i o n 9. T o do this integrat ion a va lue of c must be 
k n o w n at any radius . Since the temperature was not measured accurately , 
the decane-r ich inter fac ia l compositions were p laced on the l ine through 
C h u s data (see F i g u r e 2 ) , a n d the corresponding va lue of c obta ined was 
used. T h e exper imental va lue for dTc/dP is 0.0258 ° C / a t m . 

I n this final fitting, points w h i c h showed dev iat ion of more than t w o 
standard deviations were exc luded. These points were a lways very near 
the meniscus, where accurate measurement was difficult because of the 
steepness of the schl ieren trace. O n l y about two of the approx imate ly 
100 data points per set were exc luded. T h e best fit was that w h i c h gave 
the lowest sum of the squares difference between measured a n d ca lcu lated 
heights, H a n d H'. T h e rms difference between ca lculated and exper i ­
menta l points is 0.02 cm. , approx imate ly the prec is ion obtainable exper i ­
mental ly . 

T h e final results are shown i n F igures 2 a n d 3. F i g u r e 2 is a p lo t of 
the rms of the differences between the exper imental a n d ca lcu lated 
heights vs. δ. F i g u r e 3 shows h o w these residuals vary w i t h the radius 
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Figure 2. A plot of rms vs. 8: (Ο), 1; (Ώ), 2; and (A), 3. 
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a long the ce l l for three different values of δ. N o t e that close to the 
meniscus a change i n δ of 0.3 causes a h i g h l y significant dev iat ion between 
ca lcu lated a n d measured values. 

C o m p l e t e results are shown i n T a b l e I I . C o l u m n 2 lists the speed; 
C o l u m n s 3 a n d 4 show the results of the fitting technique descr ibed above. 
C o l u m n s 5 a n d 6 indicate the inter fac ia l composit ions, C o l u m n 7 lists the 
root -mean square difference between ca lculated a n d exper imental ly meas­
u r e d heights, a n d the final c o l u m n lists the c values for each r u n . 

T a b l e I I . E x p e r i m e n t a l Resul ts 

Run Speed 8 Et ΧβΛί rms° <X1(P 

1 10,000 
2 15,000 
3 15,000 

4.33 
4.17 
4.19 

3.93 Χ 10 5 

2.90 X 10 5 

2.78 X 10 s 

.4308 

.4460 

.4453 

.3680 

.3560 

.3554 

.033 

.030 

.019 

4.35 
11.7 
11.7 

" The term rms = - J S i f f . 

N o t e that for Runs 2 a n d 3 at 15,000 r p m the separation of the 
components is greater than for R u n 81 at 10,000, as is expected. A l so 
note that for Runs 2 a n d 3 the inter fac ia l composit ions are about the same. 

F i g u r e 4 is a reproduct ion of the coexistence curve for this system 
at one atmosphere pressure as presented b y C h u (10 ) . T h e exper imental 
composit ions f r om the present study at b o t h sides of the interface, de­
d u c e d b y the ca l cu la t i on procedure descr ibed above, are also p lot ted . 

Discussion 

T h e sensit ivity of the calculations to exper imental error a n d theo­
re t i ca l s impli f ications is examined now. 

E q u a t i o n 8 has been shown to fit c r i t i c a l reg ion data for gases a n d 
magnet ic substances (9,17). A l t h o u g h different values for E 2 have been 
suggested, no effect on our results was seen w h e n different values of this 
parameter were used. I n par t i cu lar the E 2 values tested were (17): 
E 2 = .32; E 2 — .37; E 2 = .25; a n d (JO) Y 0 = 0.076. 

T h e sensit ivity of the calculations to the values of β a n d γ were 
tested b y a l l o w i n g β a n d γ to take their c lassical values (β = 0.5, γ = 
1.0). T h e m i n i m u m sum of the squares i n R u n 1 ( rms = 0.041) was 
obta ined for a h igher va lue of δ (δ = 4.54) than w h e n the best values 
of β or δ were used. C l e a r l y no tendency for δ to approach its c lassical 
va lue was seen. 
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E q u a t i o n 1 2 has been tested for a large var iety of systems (14) a n d 
f o u n d to be an approx imat ion adequate enough for our purposes i f the 
true mo lar vo lume is used, i n c l u d i n g the excess vo lume on m i x i n g . T h e 
most noticeable of the i n d i v i d u a l effects of V e on the calculat ions is seen 
i n dn/dx, E q u a t i o n 1 4 . T h e effect of V E = 1.0 c m 3 m o l " 1 o n dn/dx is 
less than 1 % . T h e effect of dVE/dx = 0 . 5 c m 3 m o l " 1 is less than 0 . 2 5 % . 
T h e i r c o m b i n e d effect is less than 3 % on δ. 

T h e effect of the pressure gradient , caused b y rotat ion , o n the 
density of the mixture is even less than that of the excess vo lume. A t the 
highest speed of rotat ion, 1 5 , 0 0 0 r p m , the pressure at the meniscus is 
about 8 atm. J u d g i n g f r o m the pure-component compressibi l i t ies , this 
w i l l cause a density increase of about 0 . 0 8 % , or about 1 0 % of the excess 
vo lume effect. Since w e have no data on the mixture compressibi l i t ies , 
a n d since the effect is so sl ight, w e have ignored i t i n our calculat ions. 

T h e error i n measurement of the height , H, of the Schl ieren trace is 
est imated to be about ± 0 . 0 1 cm. T w o readings must be taken for each 
height , one for the mixture a n d one for the reference l ine (see F i g u r e 1 ) . 
T h e total error per d a t u m is then ± 0 . 0 2 c m . O t h e r errors (e.g., t e m ­
perature , impur i t ies i n the sample , a n d rotat ional speed fluctuations ) that 
are diff icult to estimate may a d d somewhat to this value . I t is, however , 
approx imate ly the same as the rms error shown i n T a b l e I I I . 

T h e thermodynamic consistency of the final results can be ascertained 
f rom the i n e q u a l i t y : 

7 > (17) 

T h e best values for y a n d β are : γ = 1 . 2 3 ± 0 . 0 2 ; β — 0 . 3 2 ± 0 . 0 1 . 
E q u a t i o n 1 7 then impl ies δ = 4 . 8 4 + 0 . 1 8 . T h u s , the present results l ie 
s l ight ly be low the expected ones. 

T h e method descr ibed here seems to have the potent ia l for a more 
precise determinat ion of δ for b inary systems. W o r k is current ly i n 
progress on the system: n-hexane-perf luoro-n-hexane. T h i s system is 
more stable over periods of t ime than the ch lorex -decane system yet it 
has an equal ly convenient c r i t i c a l temperature , 2 2 . 6 ° C (18,19,20). 

Glossary of Symbols 

Ε = constant i n sca l ing equat ion 
G = G i b b s free energy 
h = sca l ing funct ion def ined b y E q u a t i o n 8 

M = molecular we ight 
η = index of re fract ion 
F = pressure 
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15. S A L I N A S E T A L . Critical Exponent for a Binary Mixture 283 

r = radius i n centr i fugal field 
Tc = c r i t i ca l temperature 
V = mixture molar vo lume 

V i = molar vo lume of C o m p o n e n t 1 
V i = p a r t i a l mo lar vo lume of C o m p o n e n t 1 
V c = mole fract ion of C o m p o n e n t 1 
x1 = mole f ract ion of C o m p o n e n t 1 
xc = c r i t i ca l mole f ract ion 

Δχ = dimensionless composi t ion var iab le , def ined be low E q u a t i o n 5 
Y = dimensionless var iab le def ined b e l o w E q u a t i o n s 5 or, i n E q u a t i o n 

1, generic property . 

G r e e k 

c r i t i ca l exponents 

difference i n f u l l energy der ivat ive , E q u a t i o n 4 
dimensionless temperature 
generic c r i t i ca l exponent 
chemica l potent ia l 
mass density 
rotor speed 
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State-of-the-Art Determination of the Second 

Virial Coefficient of Ethylene for Temperatures 

from 0° to 175°C 

M. WAXMAN and H. A. DAVIS 

Thermophysics Division, Center for Thermodynamics and Molecular Science, 
National Bureau of Standards, Washington, DC 20234 

Values of the second virial coefficient of ethylene for tem-
peratures between 0° and 175°C have been determined to 
an estimated accuracy of 0.2 cm3/mol or less from low-pres­
sure Burnett PVT measurements. Our values, from —167 
to —52 cm3/mol, agree within an average of 0.2 cm3/mol 
with those recently obtained by Douslin and Harrison from 
a distinctly different experiment. This close agreement re­
flects the current state of the art for the determination of 
second virial coefficient values. The data and error analysis 
of the Burnett method are discussed. 

a span of m a n y decades, the v i r i a l coefficients associated w i t h the 
vo lumetr i c behavior of a gas have acqu i red , perhaps i n a fortuitous 

manner , scientific significance. T h e determinat ion of v i r i a l coefficients, 
either exper imental ly or theoret ical ly , s t i l l presents scientific challenges. 
Its h is tor i ca l background , w h i c h w e have summar i zed f r om M a s o n a n d 
S p u r l i n g ( I ) , suggests h o w the subject developed. 

H i s t o r i c a l . A b o u t a century ago, experimentalists a n d theoreticians 
independent ly p o p u l a r i z e d the use of various forms of p o l y n o m i a l expres­
sions for the mathemat i ca l descr ipt ion of p h y s i c a l behavior , e.g., the 
vo lumetr i c behavior of a gas. T h e early use was based solely o n con ­
venience, especial ly for interpo lat ion of data . Theore t i ca l significance was 
later established for m a n y cases. F o r the vo lumetr i c behavior of a gas, 
each te rm of an infinite series expansion i n density was g iven specific 
significance i n terms of intermolecular forces. 

This chapter not subject to U.S. copyright. 
Published 1979 American Chemical Society 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

16



286 E Q U A T I O N S O F S T A T E 

T h e first major contr ibut ion was made i n 1901 b y K a m e r l i n g h Onnes , 
w h o descr ibed the i sothermal vo lumetr i c behavior of a gas b y the finite 
p o l y n o m i a l series 

where F designates the gas pressure, υ its specific vo lume , and A", B " , C " , 
D", E", a n d F " designate the coefficients of the series. H i s comments 
concerning the app l i ca t i on of bo th finite a n d infinite series w i l l a lways be 
relevant. K a m e r l i n g h Onnes apprec iated the fact that the coefficients of 
such a finite series might differ f rom the corresponding terms of a n 
infinite series, par t i cu lar ly for terms of h igher p o w e r than quadrat i c . 
K a m e r l i n g h Onnes suggested the name " v i r i a l coefficients" for the series 
coefficients a n d further recommended that this name be reserved for the 
coefficients of the infinite series 

Pv 

where R denotes the gas constant a n d Γ is the absolute temperature. T h e 
name v i r i a l p robab ly was associated w i t h the c lassical v i r i a l theorem of 
C laus ius , i n w h i c h the t ime average k inet i c energy of a system of part ic les 
is equa l to a funct ion of the pos i t ion a n d the total force act ing o n each 
part i c le . C laus ius ca l l ed this funct ion the v i r i a l of the system. F o r a 
c losed system of gas molecules, the funct ion c o u l d be modi f ied to i n c l u d e 
on ly intermolecular forces. I f this modi f i ed funct ion were expanded as a 
p o w e r series i n density, the coefficient of the l e a d i n g term w o u l d be 
equivalent to the second v i r i a l coefficient, Β00. O t h e r significant c o n t r i b u ­
tions of K a m e r l i n g h Onnes concerned the expression of the equat ion of 
state i n a reduced , hence universa l , f o rm us ing c r i t i c a l constants a n d the 
corre lat ion of v i r i a l coefficients based on the p r i n c i p l e of corresponding 
states. H e suggested that the accuracy w i t h w h i c h the coefficients c o u l d 
be evaluated f r om experiments reduced w i t h increas ing powers to such 
an extent that on ly the first rew terms of the series were significant a n d 
the rest were to be considered co l lect ive ly as a " v i r i a l r emainder " to adjust 
the fit to the exper imental data. T h i s is because of the h i g h corre lat ion 
between the series coefficients. 

I n spite of the inherent l imitat ions of the inf inite density series, its 
theoret ical significance has g rown . I n fact, at the present t ime, theoret ica l 
calculations of the second v i r i a l coefficient, e.g., for argon f r om an inter ­
atomic potent ia l , are p u r p o r t e d to be more accurate than values obta ined 
f r om the best exper imental data. F o r fluids of more compl i ca ted mole -
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16. W A X M A N A N D D A V I S Second Virial Coefficient of Ethylene 287 

cules, the accuracy of the exper imental values s t i l l exceeds that of 
calculations based on theory; hence accurate data are needed to gu ide 
theory i n its development. F o r any gas, the accuracy to be expected 
f r o m state-of-the-art determinations of the second v i r i a l coefficient is 
about 0.2 c m 3 / m o l for values rang ing f rom —50 to —200 c m 3 / m o l . S u c h 
accuracy is i l lustrated for the second v i r i a l coefficient of ethylene b y our 
recent exper imental determinations, reported here b y us, a n d b y the 
independent results of D o u s l i n a n d H a r r i s o n ( 2 ) . I n d u s t r i a l demands 
presented the impetus for these ethylene determinations. 

Ethylene Thermodynamic Program. D u r i n g the early 1970's, the 
inadequacy of avai lable thermodynamic in format ion for i n d u s t r i a l p roc ­
essing of ethylene became apparent to concerned people i n this country 
as w e l l as i n the U n i t e d K i n g d o m , W e s t G e r m a n y , the Soviet U n i o n , a n d 
elsewhere. C o g n i z a n t of this need, the Office of S tandard Reference D a t a 
at N B S , i n cooperation w i t h U . S . industry , establ ished a comprehensive 
p r o g r a m to obta in h i g h - q u a l i t y exper imenta l data where they were 
r e q u i r e d a n d f r o m these data as w e l l as f rom the data to obta in a 
definit ive a n d wide-range correlat ion w i t h other thermodynamic proper ­
ties for ethylene. Several different laboratories w i t h proven exper imental 
capab i l i ty were asked to part i c ipate i n this program. Because of the 
su i tab i l i ty of our Burnet t apparatus for the accurate determinat ion of the 
equat ion of state of gases f rom l o w to moderate pressure measurements 
at moderate temperatures, w e were asked to determine the second v i r i a l 
coefficients of ethylene. I n this chapter, w e discuss the results of our 
measurements. O u r discussion inc ludes the pert inent aspects of the 
B u r n e t t exper imental method a n d the analysis of data obta ined w i t h such 
a method for the determinat ion of v i r i a l coefficients. F r o m the analysis 
of our ethylene Burne t t data , w e present values of the ethylene second 
v i r i a l coefficient for temperatures f rom 0° to 175 °C and w e compare these 
results w i t h other state-of-the-art results ( 2 ) . 

Burnett Method 

Methodology. I n general , the determinat ion of the four gas v a r i ­
ables—pressure P , vo lume V , quant i ty n, a n d temperature Τ—is necessary 
for the ca l cu lat ion of the compress ib i l i ty factor Ζ defined by the gas 
equat ion 

Z = PV/nRT. 

I n the Burnet t method , only two of these variables need to be measured 
( 3 ) . H e r e , Ρ a n d Τ variables are measured on an isotherm before a n d 
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288 E Q U A T I O N S O F S T A T E 

after stepwise expansion of the gas conta ined i n the sample v o l u m e into 
an evacuated expansion vo lume . A schematic B u r n e t t apparatus repre ­
sentative o f such a process is g iven i n F i g u r e 1. 

T h e use of the conservat ion of the quant i ty of gas d u r i n g a n expan­
sion a n d the gas equat ion leads to a relat ionship between the rat io of the 
measured pressures a n d the produc t of the ratios of the volumes ( V i + 
V n ) V / i a n d the compress ib i l i ty factors. S i m i l a r l y , f r o m the conservat ion 
of the quant i ty of gas, a re lat ionship results between the rat io of the 
densities a n d the rat io of the volumes. T h e unknowns are the compress i ­
b i l i t y factors, the vo lume rat io , a n d the gas densities. T h e i r eva luat ion is 

PISTON GAGE 

GAS 
INJECTOR 

FILLING 
a 

EVACUATION 

PRESSURE 
TRANSOUCER 

EXPANSION 
VALVE 

SAMPLE 
VOLUME 

EXPANSION 
VOLUME 

THERMOSTATIC BATH 

Figure 1. Schematic of Burnett P V T apparatus 
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16. W A X M A N A N D D A V I S Second Virial Coefficient of Ethylene 289 

Glossary of Symbols for Figure 4 

Symbol Definition 

φ = results for IV treated as a single parameter for a l l sequences 
of expansions 

Ο = results for Ν treated as a single parameter or as a parameter 
for each sequence of expansions 

P I = m a x i m u m pressure, 3 M P a 
P 2 = m a x i m u m pressure, 3.7 M P a 

G = results for the G u l f sample 
M = results for M a t h e s o n sample 
C = results for cub ic series 
Q = results for quadrat i c series 

^constant = Ν as constant 
I — standard dev iat ion of the i n d i v i d u a l quantit ies N , B 2 , a n d Ζ 

ΑΛ^ = A / parameter Ν constant 

A B 2 = B2 (^parameter) ~~ B2 ( N C O s n t a n t ) 

Δ Ζ = Ζ ( Nparameter ) ~~ Ζ ( N C 0 8 u t a n t ) 

made tractable b y the representation of the compress ib i l i ty factor as a 
truncated v i r i a l series i n pressure or density. T h i s leads to two nonl inear 
equations for constant temperature 

Nr Γΐ + É 6 < P r . 1 « - i ] 
V l L i = 2 J 

(1) 

ι + £ wv-1 
i = 2 

i n terms of a truncated v i r i a l expansion i n pressure, a n d 

p'°y„yr...̂ Rr[i+sB'U.Mr...̂ )'1'-] <2> 
i n terms of a finite v i r i a l expansion i n density. I n E q u a t i o n s 1 a n d 2 the 
s y m b o l p denotes the gas density, Nr the v o l u m e ratio ( V i + Vu)/Vi for 
the expansion r , bi the pressure v i r ia l s , a n d Bj the density v i r ia ls . T h e 
subscript ο denotes the i n i t i a l cond i t i on of the sample gas, r its c ond i t i on 
after the r t h expansion i n the sequence of expansions extending f r o m 
r = ο to r = J^, a n d r — 1 its cond i t i on just before the r t h expansion. 
F u r t h e r , Nr is defined as N, the va lue of the ratio of pressures P r - i a n d 
Pr i n the l i m i t of zero pressure p lus a sl ight correct ion for any distort ion 
of the Burnet t vo lumes o w i n g to pressure. T h e u n k n o w n parameters i n 
E q u a t i o n 1 are the pressure v i r ia ls (foi) a n d the vo lume ratio (N); i n 
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290 E Q U A T I O N S O F S T A T E 

E q u a t i o n 2 they are the density v ir ia ls ( B y ) , the vo lume ratio ( IV) , a n d 
the i n i t i a l density (p0). T h e theory of the Burnet t method is presented 
i n considerably more deta i l i n Refs. 3,4,5, 6, a n d 7. 

Data Analysis. Genera l l y , several sequences of expansions are neces­
sary to determine the vo lumetr i c behav ior of a gas. E i t h e r genera l i zed 
equat ion for the appropr iate pressure a n d temperature ranges m a y be 
a p p l i e d to exper imental data to f o rm an overdetermined set of nonl inear 
equations w h i c h , w h e n c o m b i n e d w i t h the least-squares constraint, can 
be evaluated for the u n k n o w n parameters and the true pressures. T h e 
procedure f o l l o w e d i n such nonl inear evaluations involves l i n e a r i z i n g the 
equations b y means of a first-order T a y l o r series expansion about estimates 
of the parameters and , opt ional ly , the variables , a n d then treat ing the 
resul t ing equations as a l inear regression p r o b l e m to obta in first-order 
corrections for the estimates (6-11). T h e process is i terated u n t i l the 
least-squares p r i n c i p l e is satisfied, i.e., u n t i l the values of the derivatives 
of the sum of the squares of the residuals w i t h respect to each parameter 
converge to zero. T h i s , obviously , means that the sum of squares should 
have a m i n i m u m value. T h e computer a lgor i thm used for the evaluat ion 
of the density-series equations read i ly permits the us ing least-squares 
convergence cr i ter ion ; its inc lus ion i n the a lgor i thm for the evaluat ion of 
the pressure equations is far more formidable . F o r algebraic s impl i c i ty , 
i t is c o m m o n pract ice to use the smallest va lue of the sum of the squares 
for the convergence cr i ter ion . H o w e v e r , the use of on ly this cr i ter ion 
can lead to erroneous results. Convergence requires that bo th the d e r i v a ­
t ive a n d the sum of the squares cr i ter ia be satisfied. W e inc lude bo th 
cr i ter ia i n our Burnet t a lgor ithms. O u r h e l i u m vo lume-rat io values, 
reported here in , p robab ly represent the first p u b l i s h e d results for w h i c h 
convergence has been p r o v e n i n the evaluat ion of pressure-series 
equations. 

T h e results themselves have a subtlety associated w i t h their interpre­
tat ion o w i n g to the presence of the vo lume-rat io parameter a n d , opt ional ly , 
the i n i t i a l density parameter . T h e B u r n e t t equations have more flexibility 
to fit Burnet t data than only a density series to PVT data . T h e statist ical 
uncertainties reflect the q u a l i t y of the exper imental data re lat ive to the 
par t i cu lar m o d e l used to describe the experiment. T h e est imation of 
accuracy for Burne t t results is necessarily somewhat subjective since the 
effect of systematic errors on parameter values is not expl i c i t i n nonl inear 
equations, such as the B u r n e t t equations. A c c u r a c y , however , can be 
est imated f rom a study of the effects of systematic errors i n computer 
m o d e l calculat ions a n d f r om the magni tude of the change i n the vo lume-
ratio value determined w i t h non idea l a n d nearly i d e a l gases. F o r these 
reasons, w e inc lude such in format ion a long w i t h our v i r i a l coefficient 
results for ethylene. 
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16. W A X M A N A N D D A V I S Second Virial Coefficient of Ethylene 291 

Experimental Apparatus 

T h e apparatus used i n this experiment is bas ical ly the same as the 
Burnet t PVT apparatus shown i n F i g u r e 2 a n d descr ibed i n our earl ier 
publ i cat ions (12,13). T h e only noteworthy modi f i cat ion stems f r om a 
need for ref inishing the surfaces exposed to the sample gas because of a 
chemica l react ion between the ethylene sample a n d the transducer back­
i n g surface d u r i n g our first ethylene measurements. I n this section w e 
describe the apparatus, discuss the nature of the react ion, a n d report 
the p u r i t y analyses for the gases—ethylene a n d h e l i u m — u s e d i n this 
experiment. 

T h e gas be ing s tudied was confined to the Burnet t volumes a n d 
separated f rom the pressure-measuring instrumentat ion b y a di f ferential 
pressure transducer. T h i s arrangement a l l o w e d a l l of the volumes con ­
t a i n i n g the sample gas to be thermostated together i n a forced-f low l i q u i d 
b a t h to w i t h i n 0.002 Κ of the desired isotherm temperature. T h e isotherm 
temperature , as def ined by the Internat ional P r a c t i c a l Temperature Scale 
of 1968, was de termined f rom the resistance measurement of a ca l ibrated 
capsule-type p l a t i n u m thermometer located i n the w a l l of the Burne t t 
vessel. T h e measured pressure was that of the counterba lanc ing gas 
used to n u l l the transducer. T h e transducer itself c ontr ibuted an error 
of less than 1 p p m i n the transfer pressure a n d i n the constancy of the 
sample vo lume. T h e pressure measurement was determined b y us ing t w o 
p r i m a r y gauges: a control led-c learance p is ton gauge w i t h the counter­
ba lanc ing gas as its pressure fluid a n d a mercury barometer. T h e pressure 
range, 0.3-3.7 M P a , was selected for o p t i m u m accuracy a n d prec is ion 
(better t h a n 0 .003% a n d 0 .001% ). T h e s tandard dev iat ion of the ana ly t i ca l 
fits to our pressure data was comparable w i t h this measurement prec is ion . 

A s t ime progressed, our i n i t i a l i sothermal ethylene measurements 
exhib i ted a s lowly decreasing or increas ing pressure t rend whose m a g n i ­
tude depended on the isotherm temperature. F o r the first measured 
isotherm at 0 ° C , the t rend bare ly exceeded our measurement prec is ion ; 
i n contrast, for the next isotherm at 25°C, the t rend increased by a factor 
of t w o to five, to 50 p p m . Consequent ly , w e rejected the 25 ° C data a n d 
disassembled the apparatus to determine the cause of the react ion. 

V i s u a l inspect ion suggested that, o w i n g to the presence of ethylene, 
the b a c k i n g surface of the transducer h a d corroded s l ight ly a l though this 
surface, as w e l l as the other gas-volume surfaces, h a d prev ious ly been 
go ld p la ted . T h i s b a c k i n g surface, w h i c h is s l ight ly concave to a l l o w 
only l i m i t e d deflection of the transducer d i a p h r a g m , h a d been opt i ca l ly 
l a p p e d before the go ld -p la t ing process. A p p a r e n t l y the abrasive mater ia l 
used i n the l a p p i n g process h a d become e m be dded i n the b a c k i n g surface 
a n d later, d u r i n g the experiment, reacted w i t h the ethylene. Subsequent ly , 
w e undertook a l i m i t e d study of possible ethylene chemisorpt ion o n m e t a l 
surfaces. W e exposed go ld -p lated a n d unp la ted stainless steel a n d n i c k e l 
sheets to instrument-grade ethylene at 150°C a n d 6 M P a . T h e sheets 
then were examined b y photospectral techniques. These qual i tat ive 
analyses, conducted b y N . E r i c k s o n of N B S , ind i ca ted the presence of a 
carbon peak considerably larger than that appear ing o n surfaces on ly 
exposed to the atmosphere (14). W i t h this background in format ion , the 
need for pass ivat ing the surfaces of the gas volumes b y p r i o r exposure to 
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Figure 2. Burnett P V T apparatus 

ethylene became evident. T h e t ime r e q u i r e d to passivate the surfaces 
increased w i t h increas ing temperature f r o m a f e w hours at 2 5 ° C to a f ew 
days at 175°C. P r i o r to the reassembly of the apparatus , a l l of the surfaces 
to be exposed to the sample gas were ref inished to remove a l l v i s ib le 
traces of surface contaminants ; they then were go ld p la ted . 

T w o different sources for the ethylene sample gas were used. T h e 
G u l f O i l C o m p a n y - U . S . , a par t i c ipant i n the O S R D ethylene p r o g r a m , 
contr ibuted a c y l i n d e r of h i g h p u r i t y ethylene for this p r o g r a m f r o m its 
C e d a r B a y o u olefin p lant . T h i s source was used for the isotherms f r o m 
0° to 100°C, w h i c h were de termined i n order of increas ing temperature . 
F o r the h igher temperature isotherms a n d for comparat ive in f o rmat i on at 
25° a n d 100°C, the source was changed to a cy l inder of c h e m i c a l l y p u r e 
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16. WAXMAN AND DAVIS Second Virial Coefficient of Ethylene 293 

ethylene obta ined f rom M a t h e s o n . T h e change occurred after gas 
chromatography ( G C ) for a n a l y z i n g h i g h - p u r i t y ethylene was deve loped 
at N B S i n the f ramework of the O S R D program. T h e analyses b y 
percentage vo lume for the p r i n c i p a l impur i t i es i n our two suppl ier w e r e : 

Gulf Oil Company Matheson 

Gulf NBS (average) NBS (average) 

C H 4 0.004 5 0.007o 0.002 2 

C H 2 H 6 .003o .003 9 .002 5 

E s t i m a t e d p u r i t y 99.99 99.98 6 99.99 3 

Results obta ined at 25° a n d 100 ° C for b o t h sample sources i n d i c a t e d 
that a l though the i m p u r i t y var ia t i on h a d l i t t le effect on the compressi ­
b i l i t y f a c t o r — 0 . 0 0 5 % at 25°C a n d 0 .006% at 100°C for our range of 
pressures—its effect was systematic. Impur i t ies h a d a more dramat i c 
effect at condit ions characterist ic of the c r i t i ca l region. T h i s is i l lustrated 
i n F i g u r e 3 for ethylene density results ob ta ined at 25° C b y us a n d others 
( 2 , 1 5 ) . F o r samples w i t h reported puri t ies of 99 .99% or better, the 

ι — ι — ι — ι — ι — ι — ι — ι — ι — ι — r 

p, 10 6 mol / cm 

Figure 3. Ethylene density comparison at 25° C, near the critical density: 
Ap = p(NBS) — p(Douslin) and pc — critical density. All gas sam­
ples involved in this comparison had reported purities of 99.99% or better. 

NBS: (O), Hastings and Levelt Sengers; Waxman and Davis. 
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294 EQUATIONS O F S T A T E 

Principal Impurities by Percentage Volume for Figure 3 

This Work Hastings (15) Douslin (2) 

C H 4 0 .002 2 (av) 0.005 n . l . 
C 2 H 2 < .0001 < .0001 0.0005 
C 2 H 6 .002 5 (av) .003 9 (av) < .001 
C 0 2 n .d. < . 0 0 0 2 .002 

densities vary as m u c h as 0 . 1 % near the c r i t i c a l density. H o w e v e r , i f the 
0 . 0 1 % i m p u r i t y h a d been ent ire ly a vo lat i le i m p u r i t y , such as methane, 
the effect w o u l d be only about 0 . 0 5 % . T h i s disagreement p r o b a b l y 
resulted f rom the in t roduc t i on of add i t i o na l impur i t ies into the ac tua l 
gas samples used rather t h a n f rom errors i n the p u r i t y analyses. T o 
preserve the sample qua l i ty d u r i n g the experiment, the apprartus was 
evacuated a n d flushed w i t h the sample gas pr i o r to the i n i t i a l filling of 
the sample vo lume. 

H e l i u m gas of 99 .999% p u r i t y was used to determine the va lue of 
the vo lume-rat io parameter for each isotherm. 

Results 

M u l t i p l e sets of Burnet t data were obta ined for each i so therm—three 
sets for ethylene a n d two sets for h e l i u m . E a c h set consisted of data f r o m 
a series of four consecutive expansions f r o m the highest to the lowest 
pressure compat ib le w i t h our o p t i m u m accuracy a n d prec is ion . T h e 
i n i t i a l pressure for each set was selected so as to intersperse the data 
f r om a l l of the sets over the entire pressure range of interest, 0.3 M P a 
to 3.7 M P a . Consistent w i t h the extent of the non idea l behavior of the 
gas, the density-series general ized equat ion was a p p l i e d to the ethylene 
data a n d the pressure-series general ized equat ion was a p p l i e d to the 
h e l i u m data. T h e parameters i n the resu l t ing overdetermined sets of 
equations then were evaluated us ing the least-squares constraint. 

T h e highest p o w e r of the series terms chosen to define each isotherm 
reflected the extent of the nonideal i ty . F o r the ethylene isotherms, a 
cub i c series was used for temperatures f r om 0° to 25 °C a n d a quadrat i c 
series was used for temperatures f rom 75° to 175°C. A t 50°C, a qμadratic 
series as w e l l as a cub i c series were used. F o r the h e l i u m isotherms, a 
quadrat i c series was used w i t h the v i r i a l coefficient of the quadrat i c t e rm 
treated as a constant obta ined f rom p u b l i s h e d values rather than as a 
parameter . T h e other parameters were evaluated more accurately w i t h 
the quadrat i c coefficient treated as a constant rather than as a parameter 
since the contr ibut i on of this t e rm was so smal l for our range of pressures. 
T h e t e rm funct ioned only as a v i r i a l remainder . I n the h e l i u m data 
analyses, the parameters were c o m m o n to a l l of the data. F o r the ethylene 
data analyses, on ly the v i r i a l coefficient parameters were c o m m o n to a l l 
of the data ; an i n i t i a l density parameter was r e q u i r e d for each sequence 
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16. W A X M A N A N D D A V I S Second Virial Coefficient of Ethylene 295 

of expansions a n d the vo lume-rat io parameter was treated i n three differ­
ent ways i n an attempt to assess accuracy. I n the first case, the v o l u m e -
ratio parameter was constrained to be the va lue de te rmined f r o m the 
h e l i u m data ; i n the second, it was a single parameter c o m m o n to a l l of 
the ethylene data ; a n d i n the t h i r d , it was considered to be an adjustable 
parameter for each sequence of expansions. I n a l l of these analyses, the 
parameters were evaluated s imultaneously a long w i t h estimates of the 
true pressures. 

I n T a b l e I w e present our ethylene Burne t t results, a n d i n F i g u r e 4 
w e compare results for Ν treated as a parameter w i t h respect to those 
for Ν treated as a constant. T o s impl i fy the comparison, average results 
for the different condit ions are used where differences are neg l ig ib le . 
T h e major i ty of the results f o l l ow a consistent pattern. T h a t is, they have 
a s tandard dev iat ion less than 10 p p m i n pressure a long w i t h variat ions 
among the different Ν treatments less than 0.13 c m 3 / m o l i n the second 
v i r i a l coefficient a n d less than 0 .004% i n the compress ib i l i ty factor. 
F u r t h e r , the differences between the results for IV treated as a s ingle 
parameter for a l l of the data a n d Ν treated as an adjustable parameter 
for each sequence of expansions are neg l ig ib le , namely , less t h a n 0.03 
c m 3 / m o l i n the second v i r i a l coefficient. F o r this s i tuat ion, l i t t le a m b i g u i t y 
arises i n the selection of values a n d w e can estimate accuracies based o n 
our knowledge of the effects of systematic errors. T h e r e are some results, 
e.g., i l lustrated b y those for the 50°C isotherm, w h i c h have larger v a r i a ­
tions a l though the pressure data are fitted w i t h an excellent s tandard 
dev iat ion of less than 10 p p m . I n this case, w e prefer the results that have 
been obta ined w i t h Ν treated as a constant for two reasons: first, w e are 
confident that the effect of an error i n the Ν va lue on the v i r i a l coefficients 
is smaller t h a n these larger variat ions; second, the in format ion conta ined 
i n the sample gas data is used exclusively to determine the properties of 
the gas, a n d not of the apparatus property as w e l l . E v e n i f Ν were fixed, 
some uncerta inty s t i l l has to be associated w i t h the results, as the v a r i a ­
tions do exist a n d usual ly are unexpla inable . T h e re lat ive independence 
of the prec is ion of fit to the measured pressures w i t h the different treat­
ments of Ν i l lustrates the po int w e made prev ious ly that the B u r n e t t 
density models have excessive flexibility i n fitting the pressure data. 

T h e effects of systematic errors are best s tudied b y analyses of 
accurate Burnet t data w i t h super imposed s imulated errors. F o r a re lat ive 
pressure offset of 0 . 0 0 3 % , w h i c h is comparable w i t h the accuracy of 
p i s ton gauges, the ethylene second v i r i a l coefficient of —167 c m 3 / m o l 
changes on ly b y 0.02 c m 3 / m o l . T h u s , this type of error is large ly c a n ­
ce l led i n the B u r n e t t method . A n offset i n Ν of 11 p p m , w h i c h is c o m ­
parab le w i t h the Ν var ia t ion w e expect, changes the same second v i r i a l 
coefficient b y 0.1 c m 3 / m o l . E r r o r s resul t ing f rom truncat ion of the series 
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296 EQUATIONS OF STATE 

Table I . Ethylene 

Tempera­
ture 
CO 

Ν Status 
( Case) 

105σ 
ΓΑΡ/Ρ; Ν (helium) lO5^ 

Number 
of Series 

105σ(Ν) Terms 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

0.42 
.44 
.33 

0.83 
.66 
.60 

1.77725 

1.77725 

- 1 
- 1 
- 1 

0 

3 
2 
3 
3 

0.6 
1.5 
1.1 
1.1 
1.1 
0.6 
1.3 
1.4 
2.2 
2.2 

25 

50 

1 
2 
3 (set 1) 

(set 2) 
(set 3) 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

0.62 
.57 
.66 

0.74 
.77 
.80 

0.58 
.60 
.57 

1.78070 

1.78070 

1.78075 

4 
4 
4 
4 

2 
0 
0 

-1 

-2 
-5 
-4 
-4 

0.5 
2.5 
3.5 
3.2 
3.1 
0.5 
3.3 
4.3 
3.8 
3.8 
0.6 
3.4 
3.8 
3.4 
3.6 

1 0.73 1.78075 0.6 
2 .65 3 1.6 
3 (setl) .70 3 1.8 

(set 2) 3 1.8 
(set 3) 3 1.8 

75 

100 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

1 
2 
3 (setl) 

(set 2) 
(set 3) 

0.61 
.62 
.66 

0.77 
.70 
.78 

0.81 
.84 
.83 

0.78 
.56 
.48 

1.78075 

1.78078 

1.78078 

1.78079 

-4 
-3 
-3 
-3 

-7 
-5 
-6 
-5 

1 
2 
1 
1 

5 
5 
4 
5 

0.6 
3.5 
4.1 
42 
4.2 
0.8 
4.0 
5.4 
5.0 
5.4 
0.8 
2.1 
2.2 
2.2 
2.2 
0.6 
1.5 
1.3 
1.0 
1.3 
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16. W A X M A N A N D D A V I S Second Vtrial Coefficient of Ethylene 297 

B u r n e t t R e s u l t s " 

Ρ max 

(10-3 (cm31mol) (cm31mol) a(Bt) mollcm3) 

-167.67 
0.04 

.03 

0.02 
.08 
.05 

1.88 

Ζ 105ΔΖ Gas Source 

0.71350 Gulf 
2 
2 

-167.75 
-0.13 
- .10 

0.02 
.05 
.05 

2.74 0.60265 
- 4 
- 2 

-139.69 
-0.18 
- .20 

0.03 
.12 
.16 

(1.88) 

1.86 

(0.71350) 

0.76550 

( -5) 
( -4 ) 

- 7 
- 7 

Gulf 

-139.82 
-0.09 

.01 

0.03 
.16 
.19 

0.76546 
- 3 

1 

Matheson 

-117.59 

-117.69 

-117.62 

0.11 
.11 

-0.10 
- .10 

0.17 
0.14 

0.04 
.18 
20 

0.02 
.04 
.04 

0.03 
0.19 
0.21 

1.58 

(0.88) 

1.58 

(0.88) 

0.88 

0.83054 

(0.90155) 

0.83053 

(0.90154) 

0.90155 

4 
11 

(4) 
(9) 

- 6 
- 6 

( -6) 
( -6) 

7 
6 

Gulf 

-99.53 
0.43 

.34 

0.06 
.25 
.33 

1.40 
1.40 
1.40 

0.87209 
16 
13 

Gulf 

-99.61 
-0.04 

.02 

0.02 
.08 
.08 

1.40 
1.40 
1.40 

0.87208 
- 2 
- 2 

-84.55 
-0.20 

.19 

0.02 
.06 
.06 

1.26 
126 
1.26 

0.90179 
-10 
-10 

Gulf 
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298 EQUATIONS O F S T A T E 

T a b l e I . 
Tempera­ Number 

ture Ν Status of Series 
CO ( Case) ΓΔΡ/Ρ; Ν (helium) Terms 

1 0.79 1.78079 0.6 2 
2 .85 0 2.7 
3 (setl) .76 1 2.5 

(set 2) 0 2.5 
125 1 0.59 1.78080 0.5 2 

2 .57 2 1.5 
3 (setl) .57 2 1.5 

(set 2) 2 1.6 
(set 3) 2 1.6 

150 1 0.62 1.78078 0.3 2 
2 .65 2 1.8 
3 (set 1) .70 2 2.0 

(set 2) 2 1.9 
(set 3) 2 1.9 

175 1 0.66 1.78077 0.7 2 
2 .69 - 1 1.9 
3 (setl) .70 - 1 1.9 

(set 2) - 1 2.0 
(set 3) - 1 1.9 

e 0 ° C data were obtained before the apparatus was refinished. In the data reduc­
tion, the maximum pressure was varied to determine whether the effect of sorption 
was significant. 

6 For Case 1, Ν is a constant determined from Burnett helium data; for Case 2, 
Ν is & single parameter; and for Case 3, Ν is a parameter for each designated set 
(sequence of expansions). 

d e p e n d o n the extent of the non idea l behavior of the gas. I n an earl ier 
analysis of Burne t t carbon d iox ide data at 0 ° C , an increase i n the p o w e r 
of the series f r o m quadrat i c to cub i c w i t h Ν constant or as a parameter 
changed the second v i r i a l coefficient of —150 c m 3 / m o l b y no more t h a n 
0.04 c m 3 / m o l ( S ) . F o r ethylene at 7 5 ° C , a s imi lar series modi f i cat ion 
for Ν constant changes the second v i r i a l coefficient of —99 c m 3 / m o l b y 
0.08 c m 3 / m o l . H o w e v e r , the change for Ν treated as an adjustable 
parameter is large i n compar ison , be ing 0.4 c m 3 / m o l . 

F o r this experiment, the treatment of Ν as a constant results i n the 
best approx imat i on of the series coefficients as v i r i a l coefficients. T h e 
most accurate as a true v i r i a l coefficient is , of course, the second ( l inear ) 
coefficient since the experiment was o p t i m i z e d for the determinat ion of 
the l inear behavior a n d not for the nonl inear behavior of the sample gas. 
H o w e v e r , the role of the nonl inear terms is more t h a n that of v i r i a l 
remainders terms to accommodate on ly the ana ly t i ca l fit to the data. T h e 
nonl inear coefficients are characterist ic of the true v i r i a l coefficients to 
the extent suggested to us b y the variat ions of the i r values a n d b y the 
definitiveness of the i r temperature behavior . O u r l i s ted values of the t h i r d 
v i r i a l coefficient agree w i t h i n 2 % w i t h those determined b y D o u s l i n a n d 
H a r r i s o n ( 2 ) . I n T a b l e I I , w e present w h a t w e consider to be our best 
values for the v i r i a l coefficients for Ν constant. W h e r e several groups of 
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16. W A X M A N A N D D A V I S Second Virial Coefficient of Ethylene 299 

C o n t i n u e d 

Β, ΔΒ* 
(cm31mol) (cm31mol) 

-84.63 

-72.11 

0.01 
- .03 

-0.09 
- .10 

σ(Β,) 

0.03 
.12 
.12 

0.02 
.07 
.07 

Pmxa 
(10~3 

mol I cm3) 

1.26 
1.26 
1.26 

1.14 
1.14 
1.14 

0.90174 

0.92407 

105AZ 

0 
- o 5 

Gas Source 

Matheson 

Matheson 

-61.34 

-0.01 
- .02 

0.02 

.10 

.11 

1.06 

1.06 
1.06 

0.93992 Matheson 

-52.19 
0.02 

.04 

0.02 
.11 
.11 

0.980 
0.980 
0.980 

0.95282 Matheson 

°ΔΖ = Ζ ( i V p a r a m e t e r ) " Ζ ( i V c o n s t a n t ) \ &N = i V p a r a m e t e r - N c o n - t a n t / &B2 = 
# 2 ( i V p a r a m e t e r ) — B2 ( ^ c o n s t a n t ) ; σ ( " ) = Standard deviation of (") ; and ΔΡ 
= measured pressure — "true" pressure. 

results are g iven for a n isotherm i n T a b l e I , w e have chosen, except for 
the 50°C isotherm, the values f r om the group w i t h the smallest variat ions . 
F o r the 50 °C isotherm, the values are averaged ones based on a l l of the 
l i s ted results. 

O u r estimate of accuracy for the second v i r i a l coefficient is inf luenced 
b y the pattern a n d magni tude of the variat ions for each isotherm. F o r 
isotherms w i t h variations no greater than 11 p p m i n Ν a n d 0.04 c m 3 / m o l 
i n B 2 , w e bel ieve that the m o d e l is characterist ic of the data to the extent 
that coefficients of a nonorthogonal series can be de termined exper i ­
menta l ly . F o r this s i tuat ion, the uncerta inty of the v o l u m e ratio deter­
m i n e d f r om h e l i u m data contributes the largest error to the va lue of the 
second v i r i a l coefficient. W e estimate this error to be 0.05 c m 3 / m o l or 
less for the t y p i c a l Ν uncerta inty of 4 p p m . A n y error caused b y t r u n c a ­
t i o n of the series should be no greater t h a n the largest var ia t i on of 0.04 
c m 3 / m o l . O u r ca lcu lated estimate of the effect of the sample impur i t i e s 
has the same t rend as that ind i ca ted b y results for the two different 
sample sources at 25° a n d 100°C. H o w e v e r , b o t h the m a g n i t u d e a n d 
uncerta inty of the ca l cu lated estimate are neg l ig ib le , at most 0.01 =t 
0.005 c m 3 / m o l , as compared w i t h 0.1 ± 0.1 c m 3 / m o l for the change i n 
the exper imental va lue of the second coefficient f r om one sample source 
to the other. T h e large exper imental uncerta inty is associated w i t h the 
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300 EQUATIONS O F S T A T E 
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Figure 4. Comparison of Ethylene Burnett results for Ν treated as a 
parameter to those for Ν treated as a constant 

presence of excess variat ions i n the results for the G u l f source at 25° 
a n d 100°C. T h e error analyses just discussed are app l i cab le to the 0 ° , 
75° , 100°, 150°, a n d 175°C isotherms. 

A n estimate of errors for the other isotherms is not as s t ra ight forward 
because of the large magni tude a n d inconsistent pat tern of the variat ions . 
F o r the 50°C isotherm, the va lue of the second v i r i a l coefficient for Ν 
treated as a constant changes b y 0.1 c m 3 / m o l depend ing on the series 
p o w e r a n d the m a x i m u m densi ty of the data . I n contrast, the va lue of 
the compress ib i l i ty factor remains essentially unchanged , 0.00001 or less. 
E a c h of the different fits for the 5 0 ° C ethylene data has at least one 
undes irable feature. F o r the c u b i c fit, the contr ibut i on of the cub i c p o w e r 
t e rm to the compress ib i l i ty factor is too smal l , b e i n g at most 0.00025, to 
a l l o w for a real ist ic evaluat ion of its coefficient. T h i s s l ight overfit c o u l d 
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16. W A X M A N A N D D A V I S Second Virial Coefficient of Ethylene 301 

T a b l e I I . E t h y l e n e V i r i a l Coefficients*'*•'·* 

Temperature 
(°C) (cm3/mol) 

B s 

( cm6/ mol2) ( cm9/mol3) ( 10'3 

pmax 
mol/cm3) 

O.OOo 
25.00ο 

50.00g 

75.01i 
100.01s 
125.01 9 

150.02 3 

175.02 T 

- 1 6 7 . 6 7 
- 1 3 9 . 8 2 
- 1 1 7 . 6 3 av 
- 1 1 7 . 6 9 " 

- 9 9 . 6 1 
- 8 4 . 6 1 
- 7 2 . 1 1 
- 6 1 . 3 4 
- 5 2 . 1 9 

7,775 
7,165 
6,560 a v 
6,000" 
5,885 
5,280 
4,820 
4,410 
4,140 

186,000 
114,000 

1.88 
1.86 

1.58 

1.40 
1.26 
1.14 
1.06 
0.98 

0 The overall accuracy for the B2 values is estimated to be 0.2 cm 3 /mol or less, 
for Bs values it is 4% or less, and for Z?4 values it is about 30%. The listed #3 values 
agree within 2% with those obtained by Douslin and Harrison (2). 

b The number of significant figures for B2, Bs, and B4 is not intended to reflect an 
associated accuracy; rather, it only serves to retain our computational accuracy for 
the compressibility factor to 0.001%. 

c The 0°C values correspond to the results for a maximum density of 0.00188 
cm 3 /mol . 

d Value corresponds to the results with the smallest standard deviations of B2 

and Β s for all treatments of N. 

adversely affect the other coefficients. T h e quadrat i c fit for the same 
m a x i m u m density of 0.00158 m o l / 3 has smal ler s tandard deviations of 
the parameters; however , the variat ions are large. F o r the quadrat i c fit 
w i t h a reduced m a x i m u m density, the standard deviations of the p a r a m ­
eters as w e l l as the variations are large. Because the choice of best values 
is not evident here, w e have used average values a n d have i n c l u d e d the 
average dev iat ion of 0.04 c m 3 / m o l as an add i t i ona l error contr ibut ion to 
the va lue of the second v i r i a l coefficient at 50°C. T h i s type of error is 
a t t r ibuted to the sl ight inadequacy of data qua l i ty re lat ive to the m o d e l . 
It also is i n c l u d e d i n the overa l l error for the values of the second v i r i a l 
coefficient at 25° a n d 125°C. Ref lect ing our unders tand ing of the effects 
of systematic errors, w e estimate the overa l l error i n our values of the 
second v i r i a l coefficient to be less t h a n 0.2 c m 3 / m o l at a l l l i s ted 
temperatures. 

I n F i g u r e 5, w e present a compar ison of our preferred values for the 
ethylene second v i r i a l coefficient w i t h comparable state of the art results 
obta ined b y D o u s l i n a n d H a r r i s o n ( 2 ) . T h e exper imental method a n d 
data analysis used b y D o u s l i n are independent f r om ours. I n Dous l in ' s 
experiment , a l l of the variables r e q u i r e d for the ca l cu lat ion of the c o m ­
press ib i l i ty factor are measured, whereas i n the Burne t t method on ly t w o 
variables are measured. A s l o , i n this experiment the same sample of gas 
is reta ined for the entire experiment; i n the Burnet t i sothermal method , 
the sample is changed for each sequence of measurements. F u r t h e r m o r e , 
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75 100 125 150 175 
TEMPERATURE. °C 

Figure 5. Ethylene second virial coefficient comparison. AB2=B2 (Dous­
lin) — Β2 (this chapter): (%), Douslin's graphical value; (O), least-squares 

value from Douslin s data. 

errors i n the variables propagate qui te dif ferently i n the data analyses 
used i n the two approaches. D o u s l i n obtains values for the v i r i a l coeffi­
cients graphica l ly f r om the re lat ionship 

b y i m p o s i n g the constraint of l inear extrapolat ion o n the func t i on Β,·*, 
w h i c h curves strongly at l o w densities i f the w r o n g choice of By is made . 
Just as i n a least-squares analysis , these g raph i ca l v i r i a l coefficients are 
h i g h l y correlated. W e ana lyzed D o u s l i n s data for moderate to h i g h 
densities at 25 °C b y least squares. T h e resu l t ing va lue of the second 
v i r i a l coefficient a n d the g r a p h i c a l va lue agree to w i t h i n the uncer ta inty 
of the least-squares analysis, 0.1 c m 3 / m o l . T h i s close agreement m a y not 
reflect the comparat ive mer i t of either data analysis used ; rather , i t m a y 
on ly be ind i cat ive of the excellent q u a l i t y of Dous l in ' s data. T h e differ­
ence between the values of the second v i r i a l coefficients ob ta ined f r o m 
the two experiments increases l inear ly w i t h increas ing temperature f r o m 
0.05 c m V m o l at 0 ° C to - 0 . 2 5 c m 3 / m o l at 150°C. A t 175°C, the differ-

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

16



16. W A X M A N A N D D A V I S Second Virial Coefficient of Ethylene 303 

ence decreases s l ight ly to —0.20 c m 3 / m o l . Perhaps the temperature 
t rend is to be expected as effects of chemisorpt ion a n d po lymer i za t i on on 
b o t h experiments, a l though different, w o u l d be more pronounced at the 
h igher temperatures. Nevertheless , w e k n o w of no case i n the l i terature 
where two independent sets of second v i r i a l coefficients obta ined b y 
d is t inct ly different methods agree to such an extent over such a w i d e 
range of temperatures. 

Glossary of Symbols 

A", B", C " , E", a n d F " = coefficients of a series used b y 
K a m e r l i n g h Onnes 

B00, C 0 0 , . . . M ° ° = - coefficients of a n infinite series used b y 
K a m e r l i n g h Onnes 

bi = coefficients ( v i r i a l ) of a pressure series to 
define the compress ib i l i ty factor 

Bj = coefficients ( v i r i a l ) of a density series to 
define the compress ib i l i ty factor 

η = quant i ty of gas 
Ν •= Burnet t vo lume ratio for the l i m i t of 

zero pressure 
Nr = B u r n e t t vo lume ratio for the Burne t t 

r t h expansion 
Ρ = pressure of the gas 
r = Burnet t expansion n u m b e r 

R = gas constant 
Τ = absolute temperature of the gas 
υ = specific vo lume of the gas 

V = vo lume of the gas 
V j = Burnet t sample vo lume 

V u = Burnet t expansion vo lume 
Ζ = gas compress ib i l i ty factor 
ρ = density of the gas 

pQ = i n i t i a l density of the Burnet t sample gas 
P r .= density of the Burne t t sample gas for the 

r t h expansion 
σ = s tandard dev iat ion 
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Thermodymanic Properties of Refrigerant 500 

A. P. KUDCHADKER1 

Thermodynamics Research Center and Department of Chemical Engineering, 
Texas A&M University, College Station, TX 77843 and 
Department of Chemical Engineering, Indian Institute of Technology, 
Kanpur, U. P., India 

For design calculations involving Refrigerant 500, a mini­
mum-boiling azeotrope of 39.4 mol % of 1,1-difluoroethane 
and 60.4 mol % of difluorodichloromethane, reliable real 
gas thermodynamic properties are required which have been 
calculated from 0.2 to 100 bar and from 220 to 540 Κ using 
the recently proposed Boublik-Adler-Chen-Kreglewski 
equation of state and the PVT data reported in the literature. 
This equation of state has 21 universal constants and only 
five adjustable constants which have been calculated for 
R-500 from the PVT data, saturated vapor pressure and 
liquid density, and the critical constants. In order to calcu­
late the absolute values of the real gas properties, the ref­
erence state properties, which are also reported here, are 
required. A l l properties are given in SI units. 

ecent appl icat ions of m i n i m u m - b o i l i n g azeotropes to the vapor 
compression refr igerat ion systems have ind i ca ted the ir superior i ty 

over their pure constituents under ident i ca l condit ions (1,2). W h i l e 
re ta in ing the merits of pure component refrigerants, the use of m i n i m u m -
b o i l i n g azeotropes has resulted i n increased capaci ty , attainment of l ower 
temperatures, and , consequently, i m p r o v e d coefficients of performance. 
Refr igerant 500 (R-500) is a m i n i m u m - b o i l i n g azeotrope of 26 w t % 
(39.4 m o l % ) of 1,1-difluoroethane (R-152a) a n d 74 w t % (61.6 m o l % ) 
of d i f luorodichloromethane ( R12 ). 

1 Present address: Department of Chemical Engineering, Indian Institute of Tech­
nology Bombay, Powai, Bombay 400 076, India. 

0-8412-0500-0/79/33-182-305$05.00/l 
© 1979 American Chemical Society 
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T h e B o u b l i k - A l d e r - C h e n - K r e g l e w s k i (henceforth referred to as 
B A C K ) equat ion so far has been successfully a p p l i e d to calculate the 
res idua l properties of sul fur d iox ide , hydrogen sulfide, benzene, n a p h ­
thalene, tetra l in , cis- a n d frans-decal in , furan , a n d te trahydro furan (3,4). 

I n the present invest igat ion, the compression factor, fugac i ty coeffi­
c ient , a n d res idua l thermodynamic funct ions of the rea l fluid R-500 have 
been ca l cu la ted us ing the B A C K equat ion of state. F o r this purpose , the 
exper imental data , i.e., c r i t i c a l constants, saturated l i q u i d density, satura­
t i on vapor pressure, a n d the PVT data have been u t i l i z e d . 

T h e PVT data for R-500 as reported b y S inka a n d M u r p h y (5 ) 
extends f rom 322 to 478 K , 14 to 58 bar , a n d 17 to 149 m 3 k m o l " 1 , a n d 
f rom 298.15 to 413.15 K , 0.2 to 7 bar , a n d 3 to 80 m 3 k m o l " 1 as stated b y 
P r a s a d a n d K u d c h a d k e r (6). 

A S H R A E (7 ) has reported the saturated a n d superheated propert ies 
of R-500 f rom 188 to 530 Κ a n d f rom 0.04 to 55 bar . These values are 
based u p o n the measurements of S i n k a a n d M u r p h y ( 5 ) . F o r the present 
calculat ions a l l temperatures were converted to IPTS-68 a n d a l l der ived 
properties are reported i n SI units . 

Basic Data 

C r i t i c a l constants ( 5 ) : T c = 378.65 K ; Pc = 44.26 bar ; V c — 0.200 
m 3 k m o l " 1 ; P c — 497 k g m" 3 . 

Saturated l i q u i d density ( 5 ) : the data were fitted to the modi f ied 
G u g g e n h e i m equat ion as proposed b y H a y n e s a n d H i z a ( δ ) . 

(ρ - pc) /m3 kmol"1 — 932.468 (1 - Τ Γ ) 0 · 3 5 + 1481.05 (1 - Tr) 
— 2421.08 (1 - T r ) 4 / 3 + 1442.92 (1 - Γ Γ ) 5 / 3 

Saturat ion vapor pressure ( 5 ) : the data were fitted to the W a g n e r equa ­
t i on (9). 

-7.04046[(1 - TT)/TT] + 1.47146[(1 - TrV'5/Tr] 

lnPr = -2.86953[(1 - TT)3/Tr] + 13.7355[(1 - Tr)7/Tr] 

—38.2370[ (1 - r r ) 9 / r r ] 

where Tt =T/TC. 

Derived Properties 

T h e B A C K equat ion of state used i n this w o r k contains 24 un iversa l 
constants a n d five characterist ic constants as reported i n T a b l e I . T h e 
equat ion w i t h 24 un iversa l constants fitted the exper imenta l data on 
R-500 m u c h better t h a n the equat ion w i t h 20 constants for h i g h - b o i l i n g 
l i qu ids (3). T h e five characterist ic constants were obta ined u s i n g the 
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17. K U D C H A D K E R Refrigerant 500 309 

above data a n d the nonl inear regression p r o g r a m f r o m the T h e r m o d y ­
namics Research Center computer p r o g r a m file. T h e saturated a n d super­
heated properties were c o m p u t e d f rom 0.2 to 100 bar a n d f r o m 220 to 
540 Κ us ing the formulae g iven i n Ref . 4 a n d are reported i n Tables I I 
a n d I I I . T h e properties are the compression factor Z , the fugac i ty coeffi­
c ient φ, the res idua l enthalpy (H — Hid)/RT, a n d res idua l entropy (S — 
S i d ) / R . T h e idea l gas t h e r m o d y n a m i c properties r e q u i r e d to calculate the 
absolute values of enthalpy a n d entropy are reported i n T a b l e I V . These 
are ca l cu la ted for R-500 us ing the f o l l o w i n g s tandard formulae for a m i x ­
ture f r o m its pure component d a t a : 

( f f i d - H°0)m = yA(H" - HQ
0)A + yB{H« - H\)B 

(Sid _ S o o ) m _ V A S O A + V B S O B _ V A R L N X A _ V B R L N Χ Β 

where m is R-500, A is 1,1-difluoroethane, Β is d i f luorodichloromethane, 
y is the mole f ract ion a n d C p ° is heat capac i ty at constant pressure. T h e 
i d e a l gas t h e r m o d y n a m i c propert ies of 1,1-fluoroethane a n d d i f luorod i ­
chloromethane were taken f r o m Ref . 3. T h e reference state is the i d e a l 
gas at 1.01325 bar a n d 0 K . 

Table II. Properties of Saturated Liquid and Vapor of R-500 0 

τ ρ Volume,m3 kmol'1 (Ή - W*)/RT (S - S " V / R 

(Κ) (bar) Liquid Vapor Liquid Vapor Liquid Vapor 

220 0.3922 0.0717 45.844 - 1 1 . 7 5 - 0 . 0 5 7 - 1 1 . 8 1 - 0 . 0 4 0 
230 0.6495 0.0731 28.721 - 1 0 . 9 5 - 0 . 0 8 2 - 1 1 . 0 2 - 0 . 0 5 7 
233.15 0.7539 0.0736 25.011 - 1 0 . 7 2 - 0 . 0 9 1 - 1 0 . 7 8 - 0 . 0 6 4 
239.67 1.01325 0.0746 19.004 - 1 0 . 2 5 - 0 . 1 1 1 - 1 0 . 3 1 - 0 . 0 7 8 
240 1.0272 0.0746 18.765 - 1 0 . 2 3 - 0 . 1 1 2 - 1 0 . 2 8 - 0 . 0 7 9 
250 1.5610 0.0762 12.706 - 9 . 5 6 3 - 0 . 1 5 0 - 9 . 6 0 7 - 0 . 1 0 5 
260 2.291 0.0778 8.870 - 8 . 9 5 0 - 0 . 1 9 6 - 8 . 9 7 5 - 0 . 1 3 7 
270 3.259 0.0796 6.357 - 8 . 3 8 0 - 0 . 2 4 9 - 8 . 3 8 4 - 0 . 1 7 6 
273.15 3.621 0.0802 5.751 - 8 . 2 1 0 - 0 . 2 6 8 - 8 . 2 0 5 - 0 . 1 8 9 
280 4.512 0.0816 4.659 - 7 . 8 5 1 - 0 . 3 1 2 - 7 . 8 2 8 - 0 . 2 2 0 
290 6.098 0.0837 3.479 - 7 . 3 5 5 - 0 . 3 8 6 - 7 . 3 0 4 - 0 . 2 7 8 
298.15 7.672 0.0857 2.774 - 6 . 9 7 3 - 0 . 4 5 4 - 6 . 8 9 6 - 0 . 3 2 3 
300 8.068 0.0862 2.638 - 6 . 8 8 9 - 0 . 4 7 0 - 6 . 8 0 6 - 0 . 3 3 5 
310 10.47 0.0890 2.025 - 6 . 4 4 8 - 0 . 5 6 8 - 6 . 3 3 1 - 0 . 4 0 8 
320 13.37 0.0922 1.568 - 6 . 0 2 7 - 0 . 6 8 2 - 5 . 8 7 4 - 0 . 4 9 4 
330 16.83 0.0960 1.220 - 5 . 6 2 1 - 0 . 8 1 6 - 5 . 4 2 9 - 0 . 5 9 8 
340 20.90 0.101 0.948 - 5 . 2 2 3 - 0 . 9 7 6 - 4 . 9 9 0 - 0 . 7 2 5 
350 25.68 0.107 0.731 - 4 . 8 2 4 - 1 . 1 7 5 - 4 . 5 4 8 - 0 . 8 8 8 
360 31.25 0.116 0.552 - 4 . 4 0 6 - 1 . 4 3 5 - 4 . 0 8 5 - 1 . 1 0 9 
370 37.74 0.130 0.392 - 3 . 9 2 1 - 1 . 8 2 6 - 3 . 5 5 2 - 1 . 4 5 6 
378.65 44.26 0.200 0.200 - 2 . 8 8 4 - 2 . 8 8 4 - 2 . 4 6 9 - 2 . 4 6 9 

β This assumes that the azeotropic composition is invariant with temperature and 
pressure. 
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310 E Q U A T I O N S O F S T A T E 

T a b l e I I I . Propert ies 

Η - H i ( i S - S i < l 

T(K) Ζ Φ R T R 

Ρ (bar) = 0.2 

220.00 .9914 .9915 - . 0 2 8 9 - . 0 2 0 3 
230.00 .9926 .9927 - . 0 2 4 6 - . 0 1 7 2 
233.15 .9929 .9930 - . 0 2 3 5 - . 0 1 6 4 
239.67 .9935 .9936 - . 0 2 1 3 - . 0 1 4 8 
240.00 .9936 .9936 - . 0 2 1 2 - . 0 1 4 8 
250.00 .9944 .9944 - . 0 1 8 3 - . 0 1 2 7 
260.00 .9951 .9951 - . 0 1 6 0 - . 0 1 1 1 
270.00 .9956 .9957 - . 0 1 4 1 - . 0 0 9 7 
273.15 .9958 .9958 - . 0 1 3 5 - . 0 0 9 3 
280.00 .9961 .9961 - . 0 1 2 4 - . 0 0 8 6 
290.00 .9965 .9965 - . 0 1 1 0 - . 0 0 7 6 
298.15 .9968 .9968 - . 0 1 0 1 - . 0 0 6 9 
300.00 .9969 .9969 - . 0 0 9 9 - . 0 0 6 8 
310.00 .9972 .9972 - . 0 0 8 9 - . 0 0 6 1 
320.00 .9975 .9975 - . 0 0 8 0 - . 0 0 5 5 
330.00 .9977 .9977 - . 0 0 7 2 - . 0 0 4 9 
340.00 .9979 .9979 - . 0 0 6 6 - . 0 0 4 5 
350.00 .9981 .9981 - . 0 0 6 0 - . 0 0 4 1 
360.00 .9982 .9982 - . 0 0 5 5 - . 0 0 3 7 
370.00 .9984 .9984 - . 0 0 5 1 - . 0 0 3 4 
378.65 .9985 .9985 - . 0 0 4 7 - . 0 0 3 2 
380.00 .9985 .9985 - . 0 0 4 7 - . 0 0 3 2 
400.00 .9987 .9987 - . 0 0 4 0 - . 0 0 2 7 
420.00 .9989 .9989 - . 0 0 3 4 - . 0 0 2 4 
440.00 .9991 .9991 - . 0 0 3 0 - . 0 0 2 1 
460.00 .9992 .9992 - . 0 0 2 6 - . 0 0 1 8 
480.00 .9993 .9993 - . 0 0 2 3 - . 0 0 1 6 
500.00 .9994 .9994 - . 0 0 2 1 - . 0 0 1 5 
520.00 .9995 .9995 - . 0 0 1 8 - . 0 0 1 3 
540.00 .9995 .9995 - . 0 0 1 7 - . 0 0 1 2 

Ρ (bar) 1.0 

220.00 .0039 ,118! - 1 1 . 7 5 0 4 - 1 0 . 8 7 8 3 
230.00 .0038 .6924 - 1 0 , 9 5 2 9 - 1 0 . 8 5 8 2 
233.15 .0038 .8023 - 1 0 . 7 1 7 5 - 1 0 . 4 9 7 2 

239.67 .9667 .9679 - . 1 0 9 7 - . 0 7 7 1 
240.00 .9669 .9680 - . 1 0 9 2 - . 0 7 6 7 
250.00 .9712 .9721 - . 0 9 4 2 - . 0 6 5 9 
260.00 .9748 .9754 - . 0 8 1 9 - . 0 5 7 0 
270.00 .9777 .9782 - . 0 7 1 8 - . 0 4 9 8 
273.15 .9786 .9790 - . 0 6 8 9 - . 0 4 7 8 
280.00 .9802 .9806 - . 0 6 3 3 - . 0 4 3 7 
290.00 .9824 .9827 - . 0 5 6 1 - . 0 3 8 7 
298.15 .9839 .9842 - . 0 5 1 1 - . 0 3 5 1 
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17. K U D C H A D K E R Refrigerant 500 311 

L i q u i d a n d V a p o r of R - 5 0 0 " 

Η - H « S - S i d 

Ζ Φ R T R 

Ρ (bar) -= 0.5 

.0020 .8345 - 1 1 . 7 5 1 5 - 1 1 . 5 7 0 6 

.9812 .9816 - . 0 6 2 4 - . 0 4 3 8 

.9821 .9824 - . 0 5 9 4 - . 0 4 1 7 

.9837 .9840 - . 0 5 3 8 - . 0 3 7 6 

.9838 .9840 - . 0 5 3 5 - . 0 3 7 4 

.9858 .9860 - . 0 4 6 3 - . 0 3 2 3 

.9876 .9877 - . 0 4 0 4 - . 0 2 8 0 

.9890 .9891 - . 0 3 5 4 - . 0 2 4 5 

.9894 .9895 - . 0 3 4 0 - . 0 2 3 5 

.9902 .9903 - . 0 3 1 3 - . 0 2 1 6 

.9913 .9914 - . 0 2 7 8 - . 0 1 9 1 

.9920 .9921 - . 0 2 5 3 - . 0 1 7 4 

.9922 .9922 - . 0 2 4 8 - . 0 1 7 0 

.9930 .9930 - . 0 2 2 3 - . 0 1 5 2 

.9936 .9937 - . 0 2 0 1 - . 0 1 3 7 

.9942 .9943 - . 0 1 8 2 - . 0 1 2 4 

.9947 .9948 - . 0 1 6 5 - . 0 1 1 3 

.9952 .9952 - . 0 1 5 1 - . 0 1 0 3 

.9956 .9956 - . 0 1 3 8 - . 0 0 9 4 

.9960 .9960 - . 0 1 2 7 - . 0 0 8 6 

.9963 .9963 - . 0 1 1 8 - . 0 0 8 1 

.9963 .9963 - . 0 1 1 7 - . 0 0 8 0 

.9969 .9969 - . 0 1 0 0 - . 0 0 6 8 

.9973 .9973 - . 0 0 8 6 - . 0 0 5 9 

.9977 .9977 - . 0 0 7 5 - . 0 0 5 2 

.9980 .9980 - . 0 0 6 6 - . 0 0 4 6 

.9983 .9983 - . 0 0 5 8 - . 0 0 4 1 

.9985 .9985 - . 0 0 5 2 - . 0 0 3 6 

.9987 .9987 - . 0 0 4 6 - . 0 0 3 3 

.9988 .9988 - . 0 0 4 1 - . 0 0 3 0 

ρ (bar) = 1.01325 

.0040 .4126 - 1 1 . 7 5 0 4 - 1 0 . 8 6 5 2 

.0039 .6833 - 1 0 . 9 5 2 8 - 1 0 . 5 7 2 0 

.0038 .7918 - 1 0 . 7 1 7 4 - 1 0 . 4 8 4 0 

.0038 1.0573 - 1 0 . 2 5 1 3 - 1 0 . 3 0 7 0 

.0038 1.0723 - 1 0 . 2 2 8 4 - 1 0 . 2 9 8 2 

.9708 .9717 - . 0 9 5 5 - . 0 6 6 8 

.9744 .9751 - . 0 8 3 1 - . 0 5 7 8 

.9774 .9780 - . 0 7 2 7 - . 0 5 0 5 

.9783 .9788 - . 0 6 9 9 - . 0 4 8 4 

.9800 .9804 - . 0 6 4 1 - . 0 4 4 3 

.9821 .9825 - . 0 5 6 9 - . 0 3 9 2 

.9837 .9839 - . 0 5 1 8 - . 0 3 5 6 
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312 E Q U A T I O N S O F S T A T E 

T a b l e I I I . 

Η - H i t f S - s« 
T(K) Ζ Φ R T R 

300.00 .9842 .9845 - . 0 5 0 1 - . 0 3 4 4 
310.00 .9858 .9860 - . 0 4 4 9 - . 0 3 0 8 
320.00 .9872 .9873 - . 0 4 0 4 - . 0 2 7 7 
330.00 .9884 .9885 - . 0 3 6 6 - . 0 2 5 0 
340.00 .9894 .9895 - . 0 3 3 2 - . 0 2 2 7 
350.00 .9904 .9904 - . 0 3 0 3 - . 0 2 0 7 
360.00 .9912 .9913 - . 0 2 7 7 - . 0 1 8 9 
370.00 .9919 .9920 - . 0 2 5 4 - . 0 1 7 4 
378.65 .9925 .9925 - . 0 2 3 7 - . 0 1 6 2 
380.00 .9926 .9926 - . 0 2 3 4 - . 0 1 6 0 
400.00 .9937 .9937 - . 0 2 0 0 - . 0 1 3 7 
420.00 .9946 .9946 - . 0 1 7 3 - . 0 1 1 9 
440.00 .9954 .9954 - . 0 1 5 0 - . 0 1 0 4 
460.00 .9960 .9960 - . 0 1 3 2 - . 0 0 9 2 
480.00 .9965 .9965 - . 0 1 1 6 - . 0 0 8 1 
500.00 .9970 .9970 - . 0 1 0 3 - . 0 0 7 3 
520.00 .9973 .9973 - . 0 0 9 2 - . 0 0 6 6 
540.00 .9977 .9977 - . 0 0 8 3 - . 0 0 5 9 

ρ (bar) -, 2.0 

220.00 .0078 .2099 - 1 1 . 7 4 8 2 - 1 0 . 1 8 6 9 
230.00 .0076 .3475 - 1 0 . 9 5 0 8 - 9 . 8 9 3 8 
233.15 .0076 .4027 - 1 0 . 7 1 5 4 - 9 . 8 0 5 8 
239.67 .0075 .5376 - 1 0 . 2 4 9 4 - 9 . 6 2 8 8 
240.00 .0075 .5453 - 1 0 . 2 2 6 5 - 9 . 6 2 0 0 
250.00 .0073 .8166 - 9 . 5 6 2 5 - 9 . 3 5 9 8 

260.00 .9480 .9507 - . 1 6 9 0 - . 1 1 8 5 
270.00 .9543 .9564 - . 1 4 7 5 - . 1 0 2 9 
273.15 .9561 .9580 - . 1 4 1 5 - . 0 9 8 6 
280.00 .9596 .9613 - . 1 2 9 6 - . 0 9 0 1 
290.00 .9641 .9654 - . 1 1 4 6 - . 0 7 9 4 
298.15 .9672 .9683 - . 1 0 4 2 - . 0 7 2 0 
300.00 .9679 .9689 - . 1 0 2 0 - . 0 7 0 4 
310.00 .9712 .9720 - . 0 9 1 2 - . 0 6 2 8 
320.00 .9740 .9747 - . 0 8 2 0 - . 0 5 6 4 
330.00 .9765 .9770 - . 0 7 4 1 - . 0 5 0 8 
340.00 .9786 .9791 - . 0 6 7 2 - . 0 4 6 1 
350.00 .9805 .9809 - . 0 6 1 2 - . 0 4 1 9 
360.00 .9822 .9825 - . 0 5 5 9 - . 0 3 8 3 
370.00 .9837 .9840 - . 0 5 1 3 - . 0 3 5 1 
378.65 .9849 .9851 - . 0 4 7 7 - . 0 3 2 7 
380.00 .9850 .9852 - . 0 4 7 2 - . 0 3 2 3 
400.00 .9873 .9875 - . 0 4 0 3 - . 0 2 7 6 
420.00 .9892 .9893 - . 0 3 4 7 - . 0 2 3 9 
440.00 .9907 .9908 - . 0 3 0 2 - . 0 2 0 9 
460.00 .9919 .9920 - . 0 2 6 4 - . 0 1 8 4 
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17. K U D C H A D K E R Refrigerant 500 313 

C o n t i n u e d 

Η - Η " S - S " 
ζ Φ R T R 

.9840 .9843 - . 0 5 0 7 - . 0 3 4 9 

.9856 .9858 - . 0 4 5 5 - . 0 3 1 2 

.9870 .9872 - . 0 4 1 0 - . 0 2 8 1 

.9882 .9884 - . 0 3 7 1 - . 0 2 5 3 

.9893 .9894 - . 0 3 3 7 - . 0 2 3 0 

.9902 .9903 - . 0 3 0 7 - . 0 2 1 0 

.9911 .9911 - . 0 2 8 1 - . 0 1 9 2 

.9918 .9919 - . 0 2 5 8 - . 0 1 7 6 

.9924 .9924 - . 0 2 4 0 - . 0 1 6 4 

.9925 .9925 - . 0 2 3 7 - . 0 1 6 2 

.9936 .9936 - . 0 2 0 3 - . 0 1 3 9 

.9945 .9946 - . 0 1 7 5 - . 0 1 2 0 

.9953 .9953 - . 0 1 5 2 - . 0 1 0 5 

.9959 .9959 - . 0 1 3 4 - . 0 0 9 3 

.9965 .9965 - . 0 1 1 8 - . 0 0 8 3 

.9969 .9969 - . 0 1 0 5 - . 0 0 7 4 

.9973 .9973 - . 0 0 9 3 - . 0 0 6 6 

.9976 .9976 - . 0 0 8 4 - . 0 0 6 0 

Ρ (bar) = 30. 

.0118 .1405 - 1 1 . 7 4 6 1 - 9 . 7 8 3 2 

.0115 .2326 - 1 0 . 9 4 8 7 - 9 . 4 9 0 1 

.0114 .2695 - 1 0 . 7 1 3 4 - 9 . 4 0 2 1 

.0112 .3598 - 1 0 . 2 4 7 4 - 9 . 2 2 5 2 

.0112 .3649 - 1 0 . 2 2 4 6 - 9 . 2 1 6 4 

.0110 .5464 - 9 . 5 6 0 8 - 8 . 9 5 6 3 

.0108 .7854 - 8 . 9 4 8 4 - 8 . 7 0 6 9 

.9296 .9345 - . 2 2 7 7 - . 1 6 0 0 

.9324 .9370 - . 2 1 8 2 - . 1 5 3 0 

.9380 .9418 - . 1 9 9 3 - . 1 3 9 3 

.9450 .9480 - . 1 7 5 7 - . 1 2 2 3 

.9499 .9524 - . 1 5 9 3 - . 1 1 0 6 

.9510 .9534 - . 1 5 5 9 - . 1 0 8 2 

.9561 .9580 - . 1 3 9 2 - . 0 9 6 3 

.9605 .9620 - . 1 2 4 9 - . 0 8 6 2 

.9643 .9655 - . 1 1 2 7 - . 0 7 7 6 
.9676 .9686 - . 1 0 2 0 - . 0 7 0 2 
.9705 .9713 - . 0 9 2 8 - . 0 6 3 7 
.9731 .9738 - . 0 8 4 7 - . 0 5 8 2 
.9754 .9759 - . 0 7 7 6 - . 0 5 3 3 
.9771 .9776 - . 0 7 2 2 - . 0 4 9 5 
.9774 .9779 - . 0 7 1 4 - . 0 4 9 0 
.9809 .9812 - . 0 6 0 8 - . 0 4 1 8 
.9837 .9839 - . 0 5 2 4 - . 0 3 6 1 
.9860 .9861 - . 0 4 5 5 - . 0 3 1 5 
.9879 .9880 - . 0 3 9 8 - . 0 2 7 8 
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314 E Q U A T I O N S O F S T A T E 

T a b l e I I I . 

Η - H i t f S - S " 
T(K) Ζ Φ R T R 

480.00 .9930 .9930 - . 0 2 3 3 - . 0 1 6 4 
500.00 .9939 .9939 - . 0 2 0 7 - . 0 1 4 6 
520.00 .9947 .9947 - . 0 1 8 5 - . 0 1 3 2 
540.00 .9953 .9954 - . 0 1 6 6 - . 0 1 1 9 

Ρ (bar) = 4-0 
220.00 .0157 .1058 - 1 1 . 7 4 3 9 - 9 . 4 9 7 3 
230.00 .0153 .1751 - 1 0 . 9 4 6 6 - 9 . 2 0 4 1 
233.15 .0152 .2029 - 1 0 . 7 1 1 4 - 9 . 1 1 6 2 
239.67 .0150 .2708 - 1 0 . 2 4 5 5 - 8 . 9 3 9 3 
240.00 .0149 .2747 - 1 0 . 2 2 2 6 - 8 . 9 3 0 5 
250.00 .0146 .4113 - 9 . 5 5 9 0 - 8 . 6 7 0 5 
260.00 .0144 .5912 - 8 . 9 4 6 9 - 8 . 4 2 1 3 
270.00 .0142 .8198 - 8 . 3 7 9 6 - 8 . 1 8 0 9 
273.15 .0141 .9025 - 8 . 2 0 9 2 - 8 . 1 0 6 7 

280.00 .9152 .9223 - . 2 7 2 9 - . 1 9 2 0 
290.00 .9251 .9306 - . 2 3 9 8 - . 1 6 7 8 
298.15 .9319 .9365 - . 2 1 6 9 - . 1 5 1 3 
300.00 .9334 .9378 - . 2 1 2 1 - . 1 4 7 9 
310.00 .9405 .9439 - . 1 8 8 9 - . 1 3 1 2 
320.00 .9465 .9493 - . 1 6 9 2 - . 1 1 7 2 
330.00 .9518 .9540 - . 1 5 2 3 - . 1 0 5 2 
340.00 .9563 .9581 - . 1 3 7 8 - . 0 9 5 0 
350.00 0603 .9618 - . 1 2 5 1 - . 0 8 6 2 
360.00 .9638 .9650 - . 1 1 4 1 - . 0 7 8 5 
370.00 .9669 .9679 - . 1 0 4 4 - . 0 7 1 9 
378.65 .9693 .9702 - . 0 9 7 0 - . 0 6 6 7 
380.00 .9697 .9705 - . 0 9 5 9 - . 0 6 6 0 
400.00 .9744 .9749 - . 0 8 1 6 - . 0 5 6 2 
420.00 .9781 .9785 - . 0 7 0 2 - . 0 4 8 5 
440.00 .9812 .9815 - . 0 6 0 9 - . 0 4 2 3 
460.00 .9838 .9840 - . 0 5 3 3 - . 0 3 7 2 
480.00 .9860 .9861 - . 0 4 7 0 - . 0 3 3 0 
500.00 .9878 .9879 - . 0 4 1 6 - . 0 2 9 4 
520.00 .9894 .9894 - . 0 3 7 1 - . 0 2 6 5 
540.00 .9907 .9907 - . 0 3 3 2 - . 0 2 3 9 

Ρ (bar) — 10.0 
220.00 .0391 .0433 - 1 1 . 7 3 0 8 - 8 . 5 9 1 4 
230.00 .0382 .0717 - 1 0 . 9 3 4 1 - 8 . 2 9 8 2 
233.15 .0379 .0830 - 1 0 . 6 9 9 1 - 8 . 2 1 0 4 
239.67 .0373 .1108 - 1 0 . 2 3 3 9 - 8 . 0 3 3 8 
240.00 .0373 .1124 - 1 0 . 2 1 1 0 - 8 . 0 2 5 0 
250.00 .0366 .1682 - 9 . 5 4 8 5 - 7 . 7 6 5 7 
260.00 .0359 .2416 - 8 . 9 3 7 7 - 7 . 5 1 7 4 
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17. K U D C H A D K E R Refrigerant 500 315 

C o n t i n u e d 

H - H " * S - S " 
Ζ φ R T R 

.9895 .9896 - . 0 3 5 1 - . 0 2 4 6 

.9909 .9909 - . 0 3 1 1 - . 0 2 2 0 

.9920 .9921 - . 0 2 7 8 - . 0 1 9 8 

.9930 .9930 - . 0 2 4 9 - . 0 1 7 9 

ρ (bar) — 5.0 

.0196 .0849 - 1 1 . 7 4 1 7 - 9 . 2 7 5 9 

.0191 .1406 - 1 0 . 9 4 4 5 - 9 . 9 8 2 7 

.0190 .1629 - 1 0 . 7 0 9 3 - 8 . 8 9 4 8 

.0187 .2175 - 1 0 . 2 4 3 6 - 8 . 7 1 7 9 

.0187 .2206 - 1 0 . 2 2 0 7 - 8 . 7 0 9 2 

.0183 .3302 - 9 . 5 5 7 3 - 8 . 4 4 9 3 

.0180 .4746 - 8 . 9 4 5 4 - 8 . 2 0 0 2 

.0177 .6581 - 8 . 3 7 8 3 - 7 . 9 6 0 0 

.0176 .7246 - 8 . 2 0 8 1 - 7 . 8 8 5 9 

.0175 .8840 - 7 . 8 5 0 3 - 7 . 7 2 7 0 

.9041 .9131 - . 3 0 7 1 - . 2 1 6 3 

.9132 .9206 - . 2 7 7 1 - . 1 9 4 3 

.9151 .9221 - . 2 7 0 8 - . 1 8 9 8 

.9243 .9299 - . 2 4 0 5 - . 1 6 7 8 

.9322 .9366 - . 2 1 4 9 - . 1 4 9 4 

.9389 .9425 - . 1 9 3 1 - . 1 3 3 9 

.9448 .9477 - . 1 7 4 4 - . 1 2 0 6 

.9499 .9523 - . 1 5 8 2 - . 1 0 9 3 

.9544 .9563 - . 1 4 4 1 - . 0 9 9 4 

.9583 .9599 - . 1 3 1 8 - . 0 9 0 9 

.9614 .9627 - . 1 2 2 3 - . 0 8 4 3 

.9618 .9632 - . 1 2 0 9 - . 0 8 3 4 

.9678 .9687 - . 1 0 2 7 - . 0 7 0 9 

.9726 .9732 - . 0 8 8 2 - . 0 6 1 1 

.9765 .9769 - . 0 7 6 5 - . 0 5 3 2 

.9797 .9800 - . 0 6 6 9 - . 0 4 6 7 

.9825 .9827 - . 0 5 8 9 - . 0 4 1 4 

.9847 .9849 - . 0 5 2 2 - . 0 3 6 9 

.9867 .9868 - . 0 4 6 5 - . 0 3 3 2 

.9884 .9884 - . 0 4 1 6 - . 0 3 0 0 

Ρ (bar) = 20.0 

.0781 .0225 - 1 1 . 7 0 9 0 - 7 . 9 1 5 5 

.0762 .0372 - 1 0 . 9 1 3 1 - 7 . 6 2 2 3 

.0756 .0431 - 1 0 . 6 7 8 6 - 7 . 5 3 4 6 

.0745 .0575 - 1 0 . 2 1 4 3 - 7 . 3 5 8 4 

.0745 .0583 - 1 0 . 1 9 1 5 - 7 . 3 4 9 6 

.0729 .0872 - 9 . 5 3 0 8 - 7 . 0 9 1 4 

.0716 .1252 - 8 . 9 2 2 1 - 6 . 8 4 4 5 
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316 E Q U A T I O N S O F S T A T E 

T a b l e I I I . 

Η - Η ' " S - S"* 
T(K) Ζ Φ R T R 

270.00 .0354 .3349 - 8 . 3 7 1 9 - 7 . 2 7 8 1 
273.15 .0352 .3687 - 8 . 2 0 2 1 - 7 . 2 0 4 4 
280.00 .0350 .4498 - 7 . 8 4 5 4 - 7 . 0 4 6 4 
290.00 .0347 .5872 - 7 . 3 5 2 7 - 6 . 8 2 0 3 
298.15 .0345 .7162 - 6 . 9 7 2 6 - 6 . 6 3 8 8 
300.00 .0345 .7475 - 6 . 8 8 8 7 - 6 . 5 9 7 7 

310.00 .8328 .8589 - . 5 3 6 0 - . 3 8 3 9 
320.00 .8524 .8727 - . 4 7 1 5 - . 3 3 5 3 
330.00 .8687 .8847 - . 4 1 8 4 - . 2 9 5 9 
340.00 .8825 .8952 - . 3 7 4 0 - . 2 6 3 3 
350.00 .8942 .9045 - . 3 3 6 4 - . 2 3 6 1 
360.00 .9044 .9127 - . 3 0 4 3 - . 2 1 2 9 
370.00 .9132 .9200 - . 2 7 6 6 - . 1 9 3 2 
378.65 .9199 .9256 - . 2 5 5 5 - . 1 7 8 2 
380.00 .9209 .9265 - . 2 5 2 4 - . 1 7 6 1 
400.00 .9338 .9376 - . 2 1 2 7 - . 1 4 8 2 
420.00 .9440 .9466 - . 1 8 1 5 - . 1 2 6 6 
440.00 .9522 .9541 - . 1 5 6 6 - . 1 0 9 5 
460.00 .9590 .9603 - . 1 3 6 3 - . 0 9 5 8 
480.00 .9646 .9655 - . 1 1 9 6 - . 0 8 4 5 
500.00 .9694 .9700 - . 1 0 5 7 - . 0 7 5 2 
520.00 .9734 .9738 - . 0 9 3 9 - . 0 6 7 3 
540.00 .9768 .9770 - . 0 8 3 9 - . 0 6 0 7 

Ρ (bar) = 30.0 

220.00 .1170 .0156 - 1 1 . 6 8 6 9 - 7 . 5 2 6 9 
230.00 .1141 .0258 - 1 0 . 8 9 2 0 - 7 . 2 3 3 7 
233.15 .1132 .0298 - 1 0 . 6 5 7 9 - 7 . 1 4 6 2 
239.67 .1115 .0398 - 1 0 . 1 9 4 6 - 6 . 9 7 0 4 
240.00 .1115 .0403 - 1 0 . 1 7 1 8 - 6 . 9 6 1 7 
250.00 .1091 .0603 - 9 . 5 1 2 8 - 6 . 7 0 4 3 
260.00 .1071 .0865 - 8 . 9 0 6 2 - 6 . 4 5 8 8 
270.00 .1054 .1198 - 8 . 3 4 5 1 - 6 . 2 2 3 2 
273.15 .1050 .1319 - 8 . 1 7 6 9 - 6 . 1 5 0 8 
280.00 .1040 .1607 - 7 . 8 2 4 0 - 5 . 9 9 6 1 
290.00 .1030 .2097 - 7 . 3 3 7 8 - 5 . 7 7 5 8 
298.15 .1024 .2557 - 6 . 9 6 4 1 - 5 . 6 0 0 3 
300.00 .1023 .2669 - 6 . 8 8 1 8 - 5 . 5 6 0 8 
310.00 .1021 .3321 - 6 . 4 5 1 2 - 5 . 3 4 8 8 
320.00 .1024 .4049 - 6 . 0 4 0 8 - 5 . 1 3 6 7 
330.00 .1033 .4847 - 5 . 6 4 4 5 - 4 . 9 2 0 2 
340.00 .1052 .5703 - 5 . 2 5 3 5 - 4 . 6 9 1 9 
350.00 .1088 .6603 - 4 . 8 5 1 1 - 4 . 4 3 6 1 

360.00 .6091 .7337 - 1 . 3 1 3 4 - 1 . 0 0 3 7 
370.00 .6692 .7582 - 1 . 1 0 4 4 - . 8 2 7 7 
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17. K U D C H A D K E R Refrigerant 500 317 

C o n t i n u e d 

Η - H i t f 

ζ Φ R T R 

.0705 .1735 - 8 . 3 5 8 8 - 6 . 6 0 7 1 

.0702 .1910 - 8 . 1 8 9 7 - 6 . 5 3 4 1 

.0696 .2329 - 7 . 8 3 5 0 - 6 . 3 7 7 8 

.0690 .3039 - 7 . 3 4 5 7 - 6 . 1 5 4 8 

.0687 .3706 - 6 . 9 6 9 0 - 5 . 9 7 6 4 

.0686 .3869 - 6 . 8 8 5 9 - 5 . 9 3 6 1 

.0685 .4814 - 6 . 4 5 0 4 - 5 . 7 1 9 3 

.0689 .5869 - 6 . 0 3 3 5 - 5 . 5 0 0 6 

.0697 .7022 - 5 . 6 2 7 3 - 5 . 2 7 3 8 

.7203 .7882 - . 9 1 0 8 - . 6 7 2 8 

.7564 .8078 - . 7 9 1 1 - . 5 7 7 6 

.7850 .8249 - . 6 9 7 4 - . 5 0 5 0 

.8084 .8399 - . 6 2 1 6 - . 4 4 7 1 

.8256 .8515 - . 5 6 6 5 - . 4 0 5 7 

.8280 .8532 - . 5 5 8 6 - . 3 9 9 8 

.8592 .8757 - . 4 5 9 8 - . 3 2 7 1 

.8828 .8939 - . 3 8 6 0 - . 2 7 3 8 

.9013 .9088 - . 3 2 8 9 - . 2 3 3 3 

.9161 .9213 - . 2 8 3 6 - . 2 0 1 6 

.9282 .9317 - . 2 4 7 0 - . 1 7 6 2 

.9382 .9406 - . 2 1 6 8 - . 1 5 5 6 

.9466 .9481 - . 1 9 1 7 - . 1 3 8 5 

.9537 .9546 - . 1 7 0 6 - . 1 2 4 1 

ρ (bar) = 40.0 

.1557 .0122 - 1 1 . 6 6 4 6 - 7 . 2 5 5 9 

.1518 .0201 - 1 0 . 8 7 0 7 - 6 . 9 6 2 7 

.1507 .0232 - 1 0 . 6 3 7 0 - 6 . 8 7 5 3 

.1484 .0310 - 1 0 . 1 7 4 6 - 6 . 6 9 9 9 

.1483 .0314 - 1 0 . 1 5 1 9 - 6 . 6 9 1 2 

.1452 .0469 - 9 . 4 9 4 6 - 6 . 4 3 4 7 

.1424 .0672 - 8 . 8 8 9 9 - 6 . 1 9 0 5 

.1401 .0931 - 8 . 3 3 1 1 - 5 . 9 5 6 6 

.1395 .1024 - 8 . 1 6 3 6 - 5 . 8 8 4 7 

.1382 .1248 - 7 . 8 1 2 4 - 5 . 7 3 1 4 

.1367 .1628 - 7 . 3 2 9 2 - 5 . 5 1 3 8 

.1359 .1984 - 6 . 9 5 8 2 - 5 . 3 4 0 8 

.1357 .2071 - 6 . 8 7 6 7 - 5 . 3 0 2 0 

.1353 .2576 - 6 . 4 5 0 3 - 5 . 0 9 4 1 

.1354 .3142 - 6 . 0 4 5 6 - 4 . 8 8 7 8 

.1362 .3762 - 5 . 6 5 7 3 - 4 . 6 7 9 6 

.1381 .4429 - 5 . 2 7 8 7 - 4 . 4 6 4 2 

.1416 .5133 - 4 . 8 9 9 4 - 4 . 2 3 2 5 

.1481 .5860 - 4 . 4 9 8 2 - 3 . 9 6 3 7 
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318 E Q U A T I O N S O F S T A T E 

T a b l e I I I . 

Η - H w S - S w 

T(K) Ζ Φ R T R 

378.65 .7071 .7766 - . 9 7 5 9 - . 7 2 3 2 
380.00 .7122 .7793 - . 9 5 8 6 - . 7 0 9 3 
400.00 .7730 .8141 - . 7 5 7 2 - . 5 5 1 6 
420.00 .8153 .8418 - . 6 2 0 4 - . 4 4 8 2 
440.00 .8468 .8644 - . 5 2 0 1 - . 3 7 4 3 
460.00 .8713 .8830 - . 4 4 3 3 - . 3 1 8 9 
480.00 .8908 .8986 - . 3 8 2 7 - . 2 7 5 8 
500.00 .9067 .9118 - . 3 3 3 8 - . 2 4 1 5 
520.00 .9198 .9321 - . 2 9 3 5 - . 2 1 3 5 
540.00 .9308 .9328 - . 2 6 0 0 - . 1 9 0 4 

Ρ (bar) 50.0 

220.00 .1944 .0101 - 1 1 . 6 4 2 2 - 7 . 0 4 9 3 
230.00 .1895 .0167 - 1 0 . 8 4 9 3 - 6 . 7 5 6 1 
233.15 .1880 .0193 - 1 0 . 6 1 6 0 - 6 . 6 6 8 8 
239.67 .1852 .0257 - 1 0 . 1 5 4 5 - 6 . 4 9 3 7 
240.00 .1850 .0261 - 1 0 . 1 3 1 8 - 6 . 4 8 5 0 
250.00 .1811 .0389 - 9 . 4 7 6 1 - 6 . 2 2 9 4 
260.00 .1776 .0557 - 8 . 8 7 3 3 - 5 . 9 8 6 3 
270.00 .1746 .0771 - 8 . 3 1 6 5 - 5 . 7 5 3 9 
273.15 .1738 .0848 - 8 . 1 4 9 8 - 5 . 6 8 2 7 
280.00 .1722 .1033 - 7 . 8 0 0 3 - 5 . 5 3 0 7 
290.00 .1702 .1347 - 7 . 3 1 9 8 - 5 . 3 1 5 4 
298.15 .1690 .1642 - 6 . 9 5 1 5 - 5 . 1 4 4 8 
300.00 .1688 .1714 - 6 . 8 7 0 5 - 5 . 1 0 6 5 
310.00 .1680 .2132 - 6 . 4 4 8 0 - 4 . 9 0 2 5 
320.00 .1679 .2600 - 6 . 0 4 8 3 - 4 . 7 0 1 0 
330.00 .1686 .3113 - 5 . 6 6 6 6 - 4 . 4 9 9 6 
340.00 .1704 .3667 - 5 . 2 9 7 7 - 4 . 2 9 4 3 
350.00 .1737 .4253 - 4 . 9 3 4 2 - 4 . 0 7 9 2 
360.00 .1794 .4862 - 4 . 5 6 4 3 - 3 . 8 4 3 1 
370.00 .1900 .5480 - 4 . 1 6 1 5 - 3 . 5 6 0 0 
378.65 .2110 .6004 - 3 . 7 1 4 7 - 3 . 2 0 4 6 
380.00 .2172 .6083 - 3 . 6 2 0 4 - 3 . 1 2 3 3 
400.00 .5357 .6893 - 1 . 6 8 1 7 - 1 . 3 0 9 6 
420.00 .6551 .7390 - 1 . 2 2 7 4 - . 9 2 5 0 
440.00 .7262 .7776 - . 9 7 6 0 - . 7 2 4 4 
460.00 .7761 .8088 - . 8 0 6 0 - . 5 9 3 9 
480.00 .8137 .8348 - . 6 8 1 1 - . 5 0 0 5 
500.00 .8431 .8566 - . 5 8 4 9 - . 4 3 0 1 
520.00 .8667 .8751 - . 5 0 8 4 - . 3 7 5 0 
540.00 .8861 .8910 - . 4 4 6 2 - . 3 3 0 8 
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17. K U D C H A D K E R Refrigerant 500 319 

C o n t i n u e d 

Η - H « 
ζ Φ RT R 

.1638 .6586 -3.9952 -3.5776 

.5276 .6984 -1.6564 -1.2974 

.5418 .7024 -1.6019 -1.2487 

.6692 .7523 -1.1374 -.8528 

.7399 .7902 -.8954 -.6600 

.7884 .8206 -.7343 -.5366 

.8245 .8455 -.6170 -.4492 

.8525 .8663 -.5274 -.3838 

.8748 .8838 -.4565 -.3330 

.8931 .8988 -.3992 -.2924 

.9082 .9116 -.3520 -.2594 

Ρ (bar) = 100.0 

.3859 .0061 -11.5284 -6.4360 

.3758 .0101 -10.7399 -6.1422 

.3728 .0116 -10.5082 -6.0551 

.3669 .0155 -10.0510 -5.8813 

.3666 .0157 -10.0286 -5.8727 

.3583 .0233 -9.3805 -5.6207 

.3509 .0333 -8.7863 -5.3827 

.3444 .0458 -8.2391 -5.1567 

.3426 .0504 -8.0756 -5.0878 

.3389 .0613 -7.7334 -4.9414 

.3342 .0797 -7.2645 -4.7356 

.3310 .0970 -6.9067 -4.5741 

.3304 .1013 -6.8282 -4.5381 

.3275 .1258 -6.4210 -4.3481 

.3256 .1533 -6.0392 -4.1640 

.3246 .1836 -5.6798 -3.9849 

.3248 .2164 -5.3396 -3.8092 

.3262 .2515 -5.0157 -3.6353 

.3292 .2884 -4.7049 -3.4614 

.3339 .3267 -4.4039 -3.2853 

.3399 .3607 -4.1488 -3.1290 

.3411 .3660 -4.1092 -3.1041 

.3660 .4452 -3.5221 -2.7129 

.4148 .5210 -2.9162 -2.2642 

.4915 .5885 -2.3313 -1.8012 

.5749 .6458 -1.8627 -1.4254 

.6474 .6937 -1.5204 -1.1548 

.7063 .7342 -1.2691 -.9602 

.7537 .7687 -1.0788 -.8158 

.7924 .7983 -.9302 -.7050 
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320 E Q U A T I O N S O F S T A T E 

T a b l e I I I . C o n t i n u e d 

H — H w S - S " 
T(K) Ζ Φ R T R 

Ρ (bar) = U-2 6 

220.00 .1722 .0112 - 1 1 . 6 5 5 1 - 7 . 1 6 1 8 
230.00 .1679 .0184 - 1 0 . 8 6 1 6 - 6 . 8 6 8 6 
233.15 .1666 .0213 - 1 0 . 6 2 8 0 - 6 . 7 8 1 2 
239.67 .1641 .0284 - 1 0 . 1 6 6 1 - 6 . 6 0 5 9 
240.00 .1640 .0288 - 1 0 . 1 4 3 4 - 6 . 5 9 7 2 
250.00 .1605 .0430 - 9 . 4 8 6 7 - 6 . 3 4 1 1 
260.00 .1574 .0617 - 8 . 8 8 2 9 - 6 . 0 9 7 4 
270.00 .1548 .0854 - 8 . 3 2 4 9 - 5 . 8 6 4 1 
273.15 .1541 .0939 - 8 . 1 5 7 8 - 5 . 7 9 2 6 
280.00 .1527 .1145 - 7 . 8 0 7 3 - 5 . 6 3 9 8 
290.00 .1510 .1493 - 7 . 3 2 5 3 - 5 . 4 2 3 2 
298.15 .1501 .1819 - 6 . 9 5 5 4 - 5 . 2 5 1 3 
300.00 .1499 .1899 - 6 . 8 7 4 1 - 5 . 2 1 2 7 
310.00 .1493 .2362 - 6 . 4 4 9 5 - 5 . 0 0 6 5 
320.00 .1493 .2881 - 6 . 0 4 7 0 - 4 . 8 0 2 4 
330.00 .1501 .3449 - 5 . 6 6 1 6 - 4 . 5 9 7 2 
340.00 .1520 .4061 - 5 . 2 8 7 4 - 4 . 3 8 6 4 
350.00 .1554 .4709 - 4 . 9 1 5 5 - 4 . 1 6 2 4 
360.00 .1615 .5379 - 4 . 5 2 9 7 - 3 . 9 0 9 7 
370.00 .1742 .6055 - 4 . 0 8 4 1 - 3 . 5 8 2 4 
378.65 .2812 .6609 - 2 . 8 8 3 6 - 2 . 4 6 9 4 
380.00 .3995 .6665 - 2 . 2 2 9 8 - 1 . 8 2 4 1 
400.00 .6170 .7257 - 1 . 3 4 1 1 - 1 . 0 2 0 4 
420.00 .7050 .7684 - 1 . 0 2 8 7 - . 7 6 5 2 
440.00 .7624 .8022 - . 8 3 3 6 - . 6 1 3 2 
460.00 .8040 .8298 - . 6 9 5 6 - . 5 0 9 0 
480.00 .8360 .8528 - . 5 9 1 7 - . 4 3 2 5 
500.00 .8613 .8721 - . 5 1 0 5 - . 3 7 3 7 
520.00 .8818 .8886 - . 4 4 5 3 - . 3 2 7 2 
540.00 .8987 .9027 - . 3 9 1 9 - . 2 8 9 5 

° Dashed lines separate gas and liquid phases. 

Discussion 

T h e enthalpies of vapor i za t i on , Δ Η ν , at selected temperatures have 
been ca lcu lated us ing the res idua l enthalpy data i n T a b l e II. These are 
compared w i t h the A S H R A E values (JO) i n T a b l e V . T h e uncerta inty 
i n our ca lcu lated values is est imated to be ± 0.2 k j m o l " 1 at l ower 
temperatures increasing to ± 1 . 0 k j m o l " 1 near the c r i t i ca l . T h e Δ Η ν 

value at 239.67 Κ ( b p 1.01325) ca lcu lated f r om the C l a p e y r o n equat ion , 
the vapor pressure data, a n d the compression data is 20.12 k j m o l " 1 . T h i s 
va lue is designated as the exper imental (expt . ) va lue i n T a b l e V . T h e 
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17. K U D C H A D K E R Refrigerant 500 321 

Table IV. Ideal Gas Thermodynamic Properties of R-500 
(J m o l 1 K " 1 ) 

(J mol1 k'1) 

(G° - H ° J ( H ° - Η V 

Τ (Κ) S 0 Τ Τ Η ° - Η ° β 

200 56.39 273.83 - 2 3 2 . 5 3 41.30 8259 
298.15 70.66 299.08 - 2 5 0 . 3 8 48.69 14518 
300 70.90 299.52 - 2 5 0 . 6 9 48.83 14648 
400 82.78 321.62 - 2 6 5 . 7 2 55.89 22356 
500 92.00 341.12 - 2 7 8 . 8 9 62.23 31114 
600 99.08 358.54 - 2 9 0 . 7 3 67.81 40684 
700 104.61 374.25 - 3 0 1 . 6 0 72.65 50851 
800 109.02 388.52 - 3 1 1 . 5 5 76.96 61571 
900 112.59 401.58 - 3 2 0 . 8 6 80.73 72654 

1000 115.53 413.59 - 3 2 9 . 5 2 84.07 84066 
1100 117.97 424.70 - 3 3 7 . 6 6 87.04 95742 
1200 120.41 435.09 - 3 4 5 . 3 9 89.71 107647 
1300 121.78 444.75 - 3 5 2 . 6 3 92.12 119757 
1400 123.38 453.90 - 3 5 9 . 6 0 94.30 132014 
1500 124.62 462.40 - 3 6 6 . 1 3 96.28 144416 

agreement between the Δ Η ν values at the n o r m a l b o i l i n g po int is satis­
factory as shown i n T a b l e V . H o w e v e r , the difference between our values 
a n d those of A S H R A E increases as the c r i t i c a l po int is approached but 
is w e l l w i t h i n our est imated uncerta inty . I n the superheated region, the 
difference between A S H R A E a n d our enthalpy values at extreme cond i ­
tions of temperature a n d pressure is about 5 % , our values b e i n g greater. 

It is felt that the thermodynamic properties reported here are closer 
to the true values, especial ly at l o w pressures. A l s o , the B A C K equat ion 
of state, w i t h only five adjustable constants, has n o w been used for the 
refrigerants. Ca l cu lat ions for 1,1-difluoroethane a n d di f luorodichloro ­
methane, the pure components m a k i n g u p R-500, are i n progress. 

Table V . Comparison of Enthalpy of Vaporization ( Δ Η ν ) of R-500 

Δ Η „ (kJ mol'1) 

T(K) This Work ASHRAE Expt. 

220 21.38 20.81 
239.67 20.20 19.97 20.12 
273.15 18.03 18.18 
298.15 16.16 16.44 
320 14.23 14.55 
340 11.99 12.32 
370 6.43 7.06 
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Calculation of Compressed Liquid Excess 

Volumes and Isothermal Compressibilities for 

Mixtures of Simple Species 

S. P. SINGH and R. C. MILLER 

Department of Mineral Engineering, University of Wyoming, 
Laramie, WY 82071 

Compressed liquid mixture excess volumes (VE) and iso­
thermal compressibilities have been measured recently for 
binary and ternary mixtures containing the components 
nitrogen, argon, methane, and ethane. Selected liquid-phase 
equations of state (and some corresponding-states methods) 
have been tested using these new data. Simple two-param­
eter equations of state, based on the model of hard spheres 
in a uniform potential field, accurately represent VE(P, T, x) 
for these mixtures. Two empirical binary mixing rule devia­
tion parameters were used, but they were highly correlated. 
Two methods of reducing the formulation to use only one 
parameter were shown to result in only small reductions in 
accuracy. The equations of state accurately predicted VE 

values for ternary mixtures and changes in isothermal com­
pressibility on mixing for all mixtures. 

" e q u a t i o n s of state have been t rad i t i ona l ly deve loped to describe the 
pressure -molar vo lume- tempera ture - compos i t i on (PVTx) behavior 

for fluid mixtures. I f an equat ion of state can describe the V(P, T, x) 
surface for a cryogenic l i q u i d mixture to an accuracy approach ing 0 . 1 % , 
then i t is satisfactory for a l l current i n d u s t r i a l needs, i n c l u d i n g custody 
transfer calculat ions. A n a l y t i c a l equations of this accuracy have been 
deve loped for certain pure cryogens. It is near ly impossible to general ize 
these compl i ca ted equations of state to mixtures , other t h a n b y corre­
sponding-states techniques. A c c u r a c y approach ing the r e q u i r e d l eve l has 

0-8412-0500-0/79/33-182-323$05.25/l 
© 1979 American Chemical Society 
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324 E Q U A T I O N S O F S T A T E 

been obta ined for corresponding-states calculations w h e n restr icted to 
l i m i t e d species a n d ranges of compos i t ion , as encountered i n l iquef ied 
natura l gas mixtures (1,2,3). 

A n alternative approach is to use an equat ion of state to describe 
behavior of the excess v o l u m e : VE(Ρ, T, x). Excess vo lume is defined i n 
terms of the mixture molar vo lume ( V ) a n d the component mo lar volumes 
(V{) at the same pressure a n d temperature : 

y= — y - 5>,ν* (i) 

A n equat ion of state is used to calculate V a n d the V» values, a n d the 
excess vo lume is then obta ined f rom E q u a t i o n 1. F o r prac t i ca l a p p l i c a ­
tions, V e f r om the equat ion of state must be c o m b i n e d w i t h k n o w n 
component molar volumes to obta in the mixture mo lar vo lume. T h e hope 
is that, due to a cancel lat ion of errors, m u c h s impler equations of state 
can be used to accurately describe V E ( Ρ , T, X) t h a n w o u l d be necessary 
to y i e l d d i rec t ly V(P, T, x) to the r e q u i r e d accuracy. T h e V e method is 
on ly of p rac t i ca l use w h e n the temperature of the solut ion is be l ow the 
c r i t i c a l temperatures of the major components. 

F r o m previous work (4,5,6) the f o l l o w i n g conclusions can be d r a w n 
concerning the use of equations of state to represent VE(Ρ, T, x) for 
s imple l i q u i d mixtures. T h e L o n g u e t - H i g g i n s a n d W i d o m ( L H W ) t w o -
parameter equat ion of state ( 7 ) , based on the m o d e l of h a r d spheres i n a 
u n i f o r m potent ia l field, can be used to accurately describe VE(T, x) at 
l o w pressures for mixtures of nonpolar , nearly spher i ca l species. W h e r e 
molecular size differences are not large, this re lat ive ly s imple equat ion 
works as w e l l or better than other equations tested, i n c l u d i n g those us ing 
more rigorous representations of the hard-sphere mixture compress ib i l i ty 
factor. 

A one- f luid theory is general ly superior to a two- f lu id theory i n 
genera l i z ing the L H W equat ion of state for mixtures. I n the one- f luid 
theory the same form of equat ion is used for the mixture as for the 
components, but the equat ion of state parameters are assumed to be 
compos i t ion dependent. V a n der W a a l s ( V D W ) forms, quadrat i c i n mole 
fractions, prove satisfactory to describe this composi t ion dependence for 
s imple species. 

Excess vo lume predict ions are extremely sensitive to the va lue used 
for the unl ike -molecule size parameter . S m a l l deviations must be a l l o w e d 
f rom the c o m m o n l y used ar i thmet i c m e a n m i x i n g ru le for size parameters 
i f quant i tat ive results are to be obta ined for V e s imultaneously w i t h other 
measurable excess t h e r m o d y n a m i c funct ions ( G E a n d HE ). I t shou ld be 
noted that s imi lar conclusions have been d r a w n for mixtures of g lobular 
molecules ( 8 ) . 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 325 

T h e method can be extended to inc lude nonpher i ca l , nonpo lar species 
( s u c h as the l ower molecu lar we ight alkanes) b y introduct ion of a t h i r d 
parameter i n the equat ion of state, namely the Pr igog ine factor for c h a i n -
type molecules ( 9 ) . T h i s modi f ied hard-sphere equat ion of state accu ­
rately describes V e ( Γ , x) for l iquef ied natura l gas mixtures at l o w pres­
sures. T e r n a r y a n d higher mixture V e values are accurately pred i c ted 
us ing only b inary m i x i n g ru le dev iat ion parameters. 

Signif icant deviations between the m o d e l predict ions a n d exper i ­
mentat ion occur i f the reduced temperature of a component present i n 
an apprec iable amount is h igher than about 0.85. T h e pure l i q u i d for 
this component becomes h i g h l y expanded at h i g h reduced temperatures, 
m a k i n g the u n i f o r m potent ia l field m o d e l suspect. 

A recent exper imental study (10,11) used die lectr ic constant meas­
urements to produce Ve(Ρ, T, x) for some b inary a n d ternary mixtures of 
the components nitrogen, argon, methane, a n d ethane. M i x t u r e iso­
t h e r m a l compressibi l i t ies [κ(Ρ, Τ, χ)] a n d changes i n isothermal c o m ­
press ib i l i ty on m i x i n g [ΔκΜ(Ρ, Τ, χ)] also were der ived f rom these results. 
T h e purpose of the present w o r k is to test the ab i l i ty of various s imple 
equation-of-state forms to fit the Ve(Ρ, T, x) surfaces for the b inary 
mixtures. A n intercomparison also is made w i t h the corresponding-states 
method (1,2). A l l fitting a n d comparisons are done on a consistent basis. 
Compar isons are made also between ca lcu lated a n d exper imental V E 

values for ternary mixtures a n d Δ κ Μ values for a l l mixtures. A recent 
corresponding states corre lat ion for isothermal compressibi l i t ies (12) is 
tested also. F u r t h e r details concerning the present invest igat ion can be 
f o u n d i n Reference 11. 

Equations of State for VE 

Development of Equations. A l l of the equation-of-state forms con ­
s idered are based on the m o d e l of h a r d convex part ic les i n a u n i f o r m 
potent ia l field. I n terms of compress ib i l i ty factor the general f o rm is 

VL _ 2 H P ? _ (o) 
RT RTV K 1 

where z H P is the compress ib i l i ty factor for the hard-part i c le fluid, a n d a 
is a parameter considered here to be independent of b o t h temperature 
a n d density. 

U s i n g the Pr igog ine approach for chain- type molecules ( 9 ) , 

2 H P = C2 H S, (3) 
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326 E Q U A T I O N S O F S T A T E 

where z H S is the compress ib i l i ty factor for the hard-sphere fluid a n d c 
is a parameter in t roduced to account for degrees of freedom w h i c h 
become restr icted at h i g h densities. F o r l i qu ids w h i c h are not h i g h l y 
expanded , c is treated as independent of Τ a n d V . T h e forms cons idered 
for z H S are due to V D W , F l o r y ( F L R ) ( 1 3 ) , L H W ( 7 ) , a n d C a r n a h a n 
a n d Star l ing ( C S ) (14): 

V D W z H S = , 1
 A , (4) 

1 - 4y ' 

F L R * H S = _ L _ _ (5) 

L H W 2 I I S = l + V\î> (6) (i - y) 

where y = & / 4 V , a n d & is a parameter considered independent of 
temperature a n d density. 

T h e parameters a a n d b were determined such that each equat ion 
of state reproduced the exper imental component V s a n d #c8 values for the 
saturated l i qu ids at 100 K . Va lues of c were taken d i rec t ly f r o m the w o r k 
of Rodosev i ch (6). T h e F s , V s , * 8 , a n d c values w h i c h were chosen (11) 
are g iven i n T a b l e I , a n d values of a a n d b w h i c h w e r e de termined are 
g iven i n T a b l e I I . T h e sensit ivity of V e calculations to the c values was 
tested b y some calculations on the L H W m o d e l us ing c = 1.00 for ethane. 
C o r r e s p o n d i n g values for a a n d b are 97.63 χ 10 4 J c m 3 m o l " 2 a n d 108.04 
c m 3 m o l " 1 . 

Table I. Component Liquid Molar Volumes (V s ) and Isothermal 
Compressibilities (#cs) at 100 Κ and Vapor Pressure (P s) 

Which Were Used along with Shape Factors (c or a) 
to Determine Equation-of-State Parameters a and b 

V s / c m ? 
Species P V M P a mol'1 κ'/GPa1 c a 

N i t r o g e n 0.7790 40.586 9.547 1.03 1.08 
A r g o n 0.3240 30.410 3.265 1.00 0.98 
M e t h a n e 0.0345 36.544 1.701 1.00 1.00 
E t h a n e 0.00001 46.886 0.604 1.50 1.22 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 327 

Table I I . Equation-of-State Parameters for Components 
a/J cm 3 mol" 2 and b/cm3 mol" 1 

VDW FLR LHW CS GIB 

Nitrogen 
1 0 " 4 X a 11.78 21.84 17.68 17.95 17.67 

b 28.74 96.84 55.53 56.79 54.29 

Argon 
1 0 " 4 X a 11.32 20.52 18.75 19.04 18.65 

b 23.64 82.03 49.21 50.40 49.54 

Methane 
1 0 " 4 X a 18.77 33.50 35.16 35.63 35.16 

b 30.63 109.91 69.11 70.84 69.11 

Ethane 
1 0 " 4 X a 52.34 92.44 113.69 114.66 104.74 

b 41.65 154.16 102.07 104.61 103.05 

A second method of h a n d l i n g nonspher i ca l part ic les i n the same 
general m o d e l is to use the scaled part i c le theory result of G i b b o n s ( G I B ) 
(15) for z H P : 

G I B ^-1\A^)fy\ (8) 

where A = Sa — 2, a n d Β = 1 + 3α 2 — 3α. I n this f o rmulat i on α is a 
shape factor for h a r d convex partic les . G r a b o s k i (16) has deve loped a 
corre lat ion for a i n terms of the P i t z e r accentric factor. Va lues l i s ted i n 
T a b l e I were taken f r o m this corre lat ion. T h e a a n d b values i n T a b l e I I 
were determined b y fit of V s a n d κ 8 at 100 K , descr ibed above for the 
other equations. 

T h e above equations of state were a p p l i e d to mixtures b y assuming 
a one-f luid theory us ing V D W relat ions: 

a = Σ Σ x&fiij, (9) 

ί? = Σ Σ z&jbij, (10) 

C = E E W J } ( U ) 
and 

« = Σ Σ XiXjotij. (12) 

T h e cross parameters were specified by (6 ) 

αυ = (ai(a„) >/»(!- k„) ( m , (13) 
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328 E Q U A T I O N S O F S T A T E 

(14) 

and 

Cij = i{cH + Cjj) (15) 

or 

« t ; = i(aii + otjj) (16) 

Some calculations also were per formed on the G I B m o d e l us ing the 
m i x i n g ru le suggested by G r a b o s k i (16): 

E q u a t i o n s 13 a n d 14 fo l low f rom the L o r e n t z - B e r t h e l o t rules, an a r i t h ­
met ic mean for unl ike -molecu le size parameters a n d a geometric m e a n 
for unl ike -molecu le energy parameters, w i t h deviations a l l owed for either 
ru le . 

There are two m i x i n g ru le dev iat ion parameters (&,·/ a n d ; y ) w h i c h 
must be evaluated for each p a i r of species i n a mixture . I n the present 
invest igat ion, only b inary mixture V e data were used i n the evaluat ion 
of these parameters. 

Discuss ion o f Resu l t s . F o r each b i n a r y system the t w o m i x i n g ru le 
dev iat ion parameters (k{j a n d ; i ; ) were first determined b y least squares 
fits of the V e ( F , T, x) data tabu la ted as "high-pressure d a t a " i n A p p e n d i x 
Β of Reference 11. These data are at temperatures f rom 91 to 115 K , w i t h 
pressures f rom near saturation to 50 M P a . T h e on ly data not used were 
for binaries conta in ing nitrogen at 115 Κ a n d pressures less t h a n 5.5 M P a . 
N i t r o g e n at 115 Κ ( reduced temperature of 0.91) is a h i g h l y expanded 
l i q u i d at lower pressures, a n d the assumption of a u n i f o r m potent ia l field 
is not v a l i d (5,17). These data were omit ted f rom a l l fitting w o r k 
reported i n this chapter. P u r e - f l u i d parameters were taken f r o m Tables I 
a n d I I , a n d m i x i n g rules 9-16 were used. T h e resul t ing b inary dev iat ion 
parameters a n d standard deviations for V e data fits are l isted i n T a b l e I I I . 

T h e results of the data fitting show l i tt le difference between the 
parameters or predict ions of the L H W a n d C S equations. E q u a t i o n s 6 a n d 
7 y i e l d nearly the same z H S for the range of y values encountered i n this 
study. 

T h e L H W , C S , a n d G I B models consistently have the lowest s tand­
a r d deviat ions; however , the V D W m o d e l is not greatly infer ior . T h e 
F L R m o d e l yields signif icantly h igher s tandard deviations only for N 2 + 
C H 4 a n d A r + C 2 H G . T h e r e is l i t t le f rom w h i c h to choose between the 
L H W a n d G I B equat ion fits. I n fact, calculations u s i n g L H W w i t h c = 

(17) 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 329 

Table III. Binary Interaction Parameters (ky and j y ) Obtained by 
Fitting V e Data [Reference 11, pp. 166-82] to Equations of State 0 

VDW FLR LHW CS GIB 

Nitrogen + Argon 
k - 0 . 0 1 7 5 0.0124 0.0072 0.0077 0.0067 
j 0.0022 - 0 . 0 0 0 8 0.0010 0.0009 0.0015 
s 0.029 0.032 0.028 0.028 0.029 

Nitrogen -\- Methane 
k - 0 . 0 0 1 8 0.0597 0.0597 0.0591 0.0565 
j 0.0044 0.0004 0.0036 0.0038 0.0036 
s 0.050 0.074 0.044 0.044 0.045 

Argon -\- Methane 
k 0.0273 0.0349 0.0379 0.0373 0.0389 
i 0.0052 0.0037 0.0041 0.0042 0.0043 
s 0.014 0.013 0.007 0.007 0.007 

Argon -f- Ethane 
k 0.0279 0.1054 0.1178 0.1176 0.1261 
i 0.0098 0.0113 0.0164 0.0165 0.0177 
s 0.030 0.062 0.024 0.025 0.029 

Methane + Ethane 
k - 0 . 0 4 2 5 0.0069 0.0181 0.0184 0.0292 
J 0.0014 0.0023 0.0044 0.0044 0.0055 
s 0.027 0.027 0.024 0.024 0.024 

α The standard deviations (s) are in cm 3 mol" 1 . 

1.00 for C 2 H 0 ( equivalent to G I B w i t h « = 1.00) gave fits of the A r + 
C 2 H 6 a n d C H 4 + C 2 H 6 data w i t h standard deviations of 0.026 a n d 0.023 
c m 3 m o l " 1 , respectively. These are almost ident i ca l w i t h the values i n 
T a b l e I I I , i n d i c a t i n g that the representation of V e ( Ρ , T , x) b y these 
equations of state is insensitive to c ( or a ) values. T h i s conc lus ion 
contradicts previous results ( 6 ) where b o t h V e a n d G E data were fit 
s imultaneously w i t h the same form of L H W equat ion. 

U s i n g E q u a t i o n 17 instead of E q u a t i o n 16 i n the m i x i n g rules for the 
G I B m o d e l d i d not greatly change the a b i l i t y of the equat ion to fit the 
V e data . There were only s l ight changes i n dev iat ion parameters a n d 
standard deviations for the N 2 -f- C H 4 a n d A r + C 2 H 6 systems. 

T h e ab i l i ty of the equations of state to fit V e data does depend to 
some extent on the component a a n d b values. I n previous studies ( 5 , 6 ) 
a a n d b were determined for the L H W m o d e l b y fitting a saturated l i q u i d 
mo lar vo lume a n d a heat of vapor i zat i on for each component. U s i n g 
these a a n d b values instead of the ones f r om T a b l e I I l e d to standard 
deviat ions for the b inary V e fits w h i c h were larger than those i n T a b l e I I I 
(cf. Ref . J l ) . T h e m a x i m u m increase was f rom 0.024 to 0.048 c m 3 m o l " 1 
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330 E Q U A T I O N S O F S T A T E 

for A r + C 2 H 6 . T h e compar ison indicates that pure - f lu id parameters are 
best de termined f r o m vo lumetr i c propert ies of the l i q u i d state, i f the 
purpose is to represent on ly V e data . 

Binary Deviation Parameters. T h e p r o b l e m w i t h fitting on ly one 
type of excess property is that the two b inary dev iat ion parameters are 
h i g h l y correlated. F igures 1 a n d 2 show some confidence ellipses for the 
N 2 + A r a n d A r + C 2 H e b inary parameters i n the L H W mode l . A n y 
po int inside a confidence el l ipse represents a set of a n d fa values w h i c h 
c a n reproduce the exper imental data w i t h i n the standard dev iat ion 
specif ied for the el l ipse. T h e so l id points represent the o p t i m u m p a r a m ­
eters ( f r om T a b l e I I I ) , for w h i c h the standard deviations are 0.028 c m 3 

m o l ' 1 for N 2 + A r a n d 0.024 c m 3 m o l " 1 for A r + C 2 H 6 . There is a rather 
w i d e range of sets of fa a n d values for either system w h i c h w i l l fit the 
V e data w i t h i n 0.04 c m 3 m o l ' 1 , w h i c h corresponds to about 0 . 1 % of the 
mixture molar volumes. T h i s is a reasonable l eve l for the average uncer ­
ta inty i n these V e data obta ined b y the die lectr ic constant method . 

j 
Figure 1. Optimum binary devia­
tion parameters (ki} and j^) and con­
fidence ellipses for the fit of the 
LHW equation of state to the N2 + 
Ar Ve data of Ref. 11, pp. 166-168 
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0.16 

0.14 

k 0.12 

0.08 

1 1 1 1 

\\·\\ 
— 

— $»0.04ατΡ mol"' ̂ \ \ \\ _ 
s«0.06 cm5 mol"1 " * \ \ 

1 1 1 1 
0.01 0.02 Q03 

j 
Figure 2. Optimum binary devia­
tion parameters (k^ and j y ) and con­
fidence ellipses for the fit of the 
LHW equation of state to the Ar + 
C2H6 Ve data of Ref. 11, pp. 1 7 5 -

179 

I f the high-pressure l i m i t i n g V e can be determined , then can be 
fixed independent ly . W h e n a p p l i e d to a b i n a r y mixture , any of the 
models except V D W y i e l d the f o l l o w i n g relations i n the l i m i t as the 
pressure approaches in f in i ty : 

6 = 4 V , (18) 

ρ » (b — Xibn — X2b22) ^jg^ 

a n d 

2[2V^/x1x2+(b11 + b22)/2]^ 
h 2 = ( 6 n 1 ' 8 + 6 2 2 1 / 8 ) 1 } 

F o r systems such as A r - f - C 2 H 6 a n d C H 4 + C 2 H 6 i t is obvious f r om the 
V e data that 50 M P a is not h i g h enough pressure to give a close estimate 
of y E o o F o r systems ( N 2 + A r , N 2 + C H 4 , a n d A r + C H 4 ) i t is 
not c lear f r om the data alone whether or not V e 0 0 has been atta ined. 
Extrapo lat ions of the V e data have been made us ing the C S m o d e l a n d 
the parameters f r om Tables I , I I , a n d I I I . F i g u r e s 3, 4, a n d 5 show the 
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1-

> 
-2 

~ I 10 100 1000 10000 

p/MPa 

Figure 3. VE VS. Ρ for equimohr 
N2 - f CHk as calculated by the CS 
equation of state (parameters from 

Tables /, II, and III) 

results for equ imolar mixtures of N 2 + C H 4 , C H 4 + C 2 H 6 , a n d A r + 
C H 4 . T h e V e 0 0 values were ca lcu lated f rom the j12 values f rom T a b l e I I I 
us ing E q u a t i o n 2 0 . These figures indicate that, even for pressures as 
h i g h as 1 0 , 0 0 0 M P a , the high-pressure l i m i t ( V e 0 0 ) is yet to be attained. 
A pressure of 1 0 , 0 0 0 M P a is considerably h igher than the so l id i fy ing 
pressures of these mixtures. I f the m o d e l behavior is qua l i ta t ive ly correct, 
it appears that direct determinat ion of V e 0 0 is not possible. T h u s , j12 can 
not be evaluated i n this fashion. 

There are a n u m b e r of other methods w h i c h can be used to uncoup le 
the ; ' i 2 a n d k12 parameters. O n e of the best ways w o u l d be to s imultane­
ously fit G E , HE, a n d V e data . T h i s w o r k has not proceeded to that stage 
as yet. 

T h e first method tr ied to uncouple j12 a n d k12 was to set V e 0 0 equa l 
to zero. T h i s is not equivalent to setting ; 1 2 equa l to zero. T h e result 
f r om E q u a t i o n s 1 4 a n d 2 0 is to use an ar i thmet ic mean rule d i rec t ly for 
the cross b parameter , 

bi2 = i(bn + b 2 2) (21) 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 333 
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Figure 4. VE VS. Ρ for equimolar 
CUh + C2H6 as calculated by the 
CS equation of state (parameters 

from Tables I, II, and III) 

T h e mixture b becomes the mole f ract ion average of component values : 

b — x1b11 + x2b22 (22) 

T h e r e m a i n i n g b inary dev iat ion parameter k12 was determined b y again 
fitting the 5 0 M P a V e data of Reference 11. These k12 values, the corre­
spond ing / i2 values f rom E q u a t i o n 20, a n d the standard deviations for 
the V e data fit are l isted i n T a b l e I V for the L H W ( V e 0 0 = 0 ) mode l . 
B y compar ison w i t h the T a b l e I I I L H W values (also l i s t e d ) , on ly for 
N 2 + C H 4 a n d A r + C 2 H 6 are the s tandard deviations signif icantly 
increased for this method . 

A second method used to uncouple /Ί 2 a n d kÎ2 was to use the R o b i n ­
son a n d H i z a (18) e m p i r i c a l observation that ki2 = 6j12. T h e b inary 
parameters k12 a n d ;Ί 2 were determined for the L H W m o d e l b y least 
squares fit of the same V e data, subject to the constraint k12 = 6/Ί 2. T h e 
resu l t ing parameters a n d standard deviations for the fits are l i s ted i n 
T a b l e I V as the L H W (Jt 1 2 = 6j12) mode l . T h e A r + C 2 H 6 data are 
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Figure 5. VE VS. Ρ for equimolar 
Ar + C H 4 as calculated by the CS 
equation of state (parameters from 

Tables I, II, and III) 

more closely fit than b y the V E 0 0 — 0 method , bu t the N 2 + C H 4 fit is 
s l ight ly worse. F o r the other systems the deviations are aga in near ly the 
same as the T a b l e I I I results. 

E i t h e r of the above methods is use fu l i n r e d u c i n g the n u m b e r of 
b i n a r y parameters w h i c h must be fit to exper imental V e data f r om two 
to one. I f other excess proper ty data are considered, a re -evaluat ion of 
these methods w i l l be necessary. 

Predictions for Ternary Mixtures. Excess vo lumes were ca l cu la ted 
f r om the equations of state for the nearly equ imo lar ternary mixtures of 
N 2 + A r - f C H 4 a n d A r + C H 4 + C 2 H 6 for w h i c h data are g iven i n 
A p p e n d i x Β of Reference 11. T h e root m e a n square deviations between 
the exper imental a n d ca lculated V e values are g iven i n T a b l e V . O n l y 
component a n d b inary parameters f rom Tables I , I I , a n d I I I were used 
i n these calculations. 

T h e deviations for the ternary mixtures are on the same order as 
those for the constituent binaries . These s imple equations of state can 
pred i c t ternary V e values for mixtures of N 2 , A r , C H 4 , a n d C 2 H 6 w i t h o u t 
r e q u i r i n g any ternary parameters i n the formulat ion . 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 335 

Table IV. Binary Interaction Parameters (kij and and Standard 
Deviations (s /cm 3 mol" 1) between Model Calculations and the 

Experimental V e Data from Reference 1 1 , pp. 1 6 6 — 8 2 

LHW LHW LHW 
(Table III) (v*- — 0) (kii=6jti) MOL1 MOLi 

Nitrogen + Argon 
h 0.0072 0.0099 0.0067 0.0007 — 
j 0.0010 0.0004 0.0011 0.0043 — s 0.028 0.028 0.028 0.022 — 

Nitrogen + Methane 
fc 0.0597 0.0717 0.0414 0.0340 0.032 
j 0.0036 0.0013 0.0069 0.0117 0.015 
s 0.044 0.053 0.062 0.027 0.044 

Argon -\- Methane 
fc 0.0379 0.0435 0.0313 0.0250 — 
j 0.0041 0.0032 0.0052 0.0165 — s 0.007 0.011 0.011 0.015 — 

Argon + Ethane 
fc 0.1178 0.1348 0.1062 0.0542 — 
j 0.0164 0.0144 0.0177 0.0319 — s 0.024 0.042 0.032 0.020 — 

Methane -f- Ethane 
k 0.0181 0.0198 0.0231 - 0 . 0 0 9 2 - 0 . 0 0 7 
i 0.0044 0.0042 0.0038 0.0048 0.004 
s 0.024 0.025 0.026 0.025 0.026 

Table V . Root Mean Square Deviations (cm 3 mol" 1) between Model 
Predictions and the Experimental V e Data for Nearly 

Equimolar Ternary Mixtures from Rerefence 11, pp. 1 8 3 — 1 8 4 

System VDW FLR LHW CS 

N 2 + A r + C H 4 0.039 0.054 0.029 0.029 
A r + C H 4 + C 2 H 6 0.034 0.044 0.022 0.022 
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336 E Q U A T I O N S O F S T A T E 

Predictions of Change in Isothermal Compressibility on Mixing. Λ 
quant i ty closely re lated to the change i n excess v o l u m e w i t h pressure 
at constant temperature a n d composi t ion is the change i n i sothermal 
compress ib i l i ty on m i x i n g : 

Δ κ Μ — κ - Σ (23) 

I n this equat ion #c is the mixture i sothermal compress ib i l i ty , a n d the x{ 

a n d Ki are the component mole fractions a n d isothermal compressibi l i t ies 
at the same temperature a n d pressure as the mixture . Va lues of Δ κ Μ 

were der ived f r om V e ( Ρ , T, x) i n Reference 11. T h i s quant i ty was qui te 
large for a l l the systems s tudied (10,11). Whereas the m a x i m u m V E 

observed was on the order of 1 0 % of the mixture V , the m a x i m u m Δ κ Μ 

ρ/ΜΡα 

Figure 6. Change in isothermal 
compressibility on mixing (ΔκΜ) vs. 
Ρ for a nearly equimolar mixture of 
N2 + CHh at 108 K: (·), Ref. 11, 
p. 170; (—), VDW; (——), FLR; 

( LHW. 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 337 

p/MPa 

Figure 7. Change in isothermal 
compressibility on mixing (ΔκΜ) vs. 
Ρ for a nearly equimolar mixture of 
Ar + C2H6 at 115 K: (·), Ref. 11, 
p. 176; (—), VDW; ( FLR; 

(—),LHW. 

was about 1 5 0 % of the mixture κ. T h e mixtures were always less c o m ­
pressible than a mole- fract ion average of component κ{ values w o u l d 
indicate . 

Compar isons have been made between Δ κ Μ values der ived f r om the 
exper imental V e data a n d predict ions of the equations of state. F igures 
6, 7, a n d 8 are plots of Δ κ Μ vs. Ρ for some near ly equ imolar mixtures of 
N 2 + C H 4 , A r + C 2 H 6 a n d A r + C H 4 + C 2 H 6 . T h e data are f rom 
A p p e n d i x Β of Reference 11. T h e curves were d r a w n b y us ing the V D W , 
F L R , a n d L H W equations w i t h parameters f rom Tables I , I I , a n d I I I . 

Predic t ions of Δ κ Μ b y a l l models appear to be i n fa i r ly good agree­
ment w i t h the exper imental data. M a x i m u m discrepancies are observed 
for the F L R equat ion at the lowest pressures. T h e V D W predict ions are 
i n s l ight ly better overal l agreement w i t h experiment than the L H W 
mode l , but bo th are qui te satisfactory w i t h average deviations on the 
order of 0.1 G P a " 1 . T h e C S a n d G I B models pred i c t Δ κ Μ values very 
close to those of the L H W mode l . 
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0 

20 40 

p/MPa 

Figure 8. Change in isothermal 
compressibility on mixing (ΔκΜ) vs. 
Ρ for a nearly equimolar mixture of 
Ar + CHk + C2H6 at 115 K: (·), 
Ref. 11, p. 184; (—), VDW; ( ), 

FLR; ( LHW. 

60 

Corresponding-States Calculations 

Extended Corresponding States. A n extended corresponding states 
method has recently been deve loped b y M o l l e r u p a n d R o w l i n s o n (1,2,3) 
for app l i ca t i on to l iquef ied n a t u r a l gas a n d other s imple l i q u i d mixtures . 
M e t h a n e is used as a reference substance w i t h properties for this fluid 
taken f rom G o o d w i n (19). Size a n d energy-reduc ing parameters are 
taken to be temperature dependent b y use of the shape factors deve loped 
b y L e a c h et a l . (20). M i x t u r e properties are ca lcu lated b y us ing V D W 
one-f luid equations, s imi lar i n f o rm to E q u a t i o n s 9, 10, 11, a n d 12. T w o 
b i n a r y interact ion parameters are used w h i c h are equivalent to /y a n d 
i n E q u a t i o n s 13 a n d 14. A l l calculations reported here were made us ing 
a computer p r o g r a m obtained d irect ly f rom M o l l e r u p (21). 

T h e two b i n a r y parameters were determined b y least squares fit of 
the b inary V e data (0 -50 M P a ) f r om A p p e n d i x Β of Reference 11, exactly 
as was done for the equations of state discussed above. B i n a r y parameters 
a n d s tandard deviations for the fits are compared w i t h those f rom T a b l e 
I I I for the L H W m o d e l i n T a b l e I V . M O L 1 is the extended corresponding 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 339 

states w i t h o p t i m i z e d b inary parameters f rom the V e fits, a n d M O L 2 uses 
b i n a r y parameters as determined b y M o l l e r u p (21) f r om simultaneously 
f i t t ing l iquef ied natura l gas a n d petro leum gas densities a n d phase 
e q u i l i b r i a data. M o l l e r u p d i d not report b inary parameters for systems 
conta in ing argon. F r o m the values i n T a b l e I V it is obvious that the 
extended corresponding states are capable of descr ib ing the Ve (Ρ, T, x) 
surfaces as accurately as the best of the s imple equation-of-state methods. 
I n fact, there is a sl ight improvement for the n i trogen-containing mixtures . 
It is encouraging that the parameters o p t i m i z e d to the V e data are not 
greatly different than those determined b y simultaneous fit of densities 
a n d phase e q u i l i b r i a for N 2 + C H 4 a n d C H 4 + C 2 H 6 . 

F igures 9 a n d 10 show comparisons of L H W a n d M O L 1 calculations 
w i t h exper imental V e values for nearly equ imolar mixtures of N 2 + C H 4 

a n d A r + C 2 H 6 . T h e two ca l cu lat iona l methods y i e l d curves s l ight ly 
different i n shape, but they both fit the data about equal ly w e l l . 

Va lues of Δ κ Μ have not been ca lculated us ing extended corresponding 
states. Since good V E V S . F curves at constant Τ a n d χ are obta ined , values 
of Δ κ Μ should be i n reasonable agreement w i t h experimentat ion. 

0 20 40 60 

p/MPa 

Figure 9. VE VS. Ρ for a nearly 
equimolar mixture of N2 + CH^ at 
108 K: (·), Ref. 11, p. 170; (—), 

MOLl;( ),LHW. 
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p/MPa 

Figure 10. VE VS. Ρ for a nearly 
equimolar mixture of Ar + C2H6 at 
115 K: (·), Ref. 11, p. 176; (—), 

MOLl;( ),LHW. 

Corresponding-States Correlation for Isothermal Compressibility. 
B r e l v i a n d O ' C o n n e l l (12) deve loped a corresponding-states corre lat ion 
for l i q u i d i sothermal compressibi l i t ies based on a f o rm suggested b y 
statist ical thermodynamics . A knowledge of the temperature, mo lar 
vo lume , a n d c r i t i c a l vo lume are r equ i red to calculate the i sothermal 
compress ib i l i ty at any g iven state for s imple l i qu ids . These authors 
a p p l i e d the corre lat ion to mixtures (22); however , there were no data 
avai lable for s imple l i q u i d mixtures. Based on data for more complex 
mixtures near r oom temperature, they conc luded that mole- fract ion or 
vo lume- fract ion averages of component values y i e l d close approximations 
to mixture isothermal compressibi l i t ies . Recent data (10,11) for s imple 
l i q u i d mixtures at l o w temperatures do not substantiate this conclusion. 
E x t r e m e l y large deviations f r om s imple component averages were 
observed for b inary a n d ternary mixtures of N 2 , A r , C H 4 , a n d C 2 H 6 . 

I n this w o r k component c r i t i c a l vo lumes were taken f rom R e i d et a l . 
(23). T h e y are g iven i n T a b l e V I , a long w i t h root mean square d e v i a ­
tions between the correlat ion predict ions a n d the i sothermal compress i ­
bi l i t ies tabulated i n A p p e n d i x A of Reference 11 (pressures u p to 50 
M P a ) . F o r A r , C H 4 , a n d C 2 H G the corre lat ion is qui te accurate, g i v i n g 
i sothermal compressibi l i t ies w i t h average deviations w i t h i n 5 % . D e v i a ­
tions for N 2 are on this order for 91 a n d 100 K , but they become 
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18. S I N G H A N D M I L L E R Mixtures of Simple Species 341 

Table VI . Component Critical Volumes (V c ) from Reference 23 and 
Root Mean Square Deviations (s) between the Βrelvi—O'Connell 

Correlation (12) and Component Isothermal Compressibilities 
from Reference 11, pp. 124-128 

Species Yc/cm3 mol'1 s/GPa 

N 2 89.5 1.00 
A r 74.9 0.09 
C H 4 99.0 0.08 
C o H 6 148.0 0.02 

progressively larger at 108 a n d 115 K . N i t r o g e n is h i g h l y compressible 
at 115 K . T h e average dev iat ion c o u l d be reduced somewhat b y us ing 
a s l ight ly h igher V c va lue for nitrogen. 

Three methods were tested for ca l cu la t ing mixture i sothermal c o m ­
pressibi l i t ies . T h e first used a mole fract ion average of component values : 

κ = Σ (24) 

E x p e r i m e n t a l component values were used rather than correlat ion pre ­
dict ions. T h e second a n d t h i r d methods were based on us ing a one- f luid 
mixture theory to a p p l y the B r e l v i - O ' C o n n e l l corresponding-states corre­
lat ion to mixtures : 

V< - Σ Σ Vcij (25) 

Cross parameters were ca lculated f rom 

V<i} = [i(VCi
1/s + V / S ) d + in)I3. i 2 6 ) 

w i t h the dev iat ion parameter (; i ;) either taken as zero or o p t i m i z e d to 
fit b inary mixture data . 

I n T a b l e V I I a compar ison is made between root mean square 
deviations f rom exper imental b inary data for the three methods. E x p e r i ­
menta l mixture isothermal compressibi l i t ies were taken f rom A p p e n d i x Β 
of Reference 11. C o m p o n e n t values for use i n E q u a t i o n 24 came f rom 
A p p e n d i x A of the same reference. U s e of κ{ values f r o m the corre lat ion 
w o u l d have y i e l d e d s l ight ly h igher deviations for the systems conta in ­
i n g N 2 . 

I t is general ly m u c h better to use the E q u a t i o n 25 approach than 
the mole- fract ion average of the component values to obta in mixture 
i sothermal compressibi l i t ies . V e r y l i t t le is ga ined b y t r y i n g to opt imize 
the dev iat ion parameters to b inary data. It w o u l d appear that /y = 0 is 
a satisfactory approx imat ion i n this method . 
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342 E Q U A T I O N S O F S T A T E 

Table VII. Root Mean Square Deviations (GPa - 1 ) between 
Calculated Mixture Isothermal Compressibilities and Experimental 

Values from Reference 1 1 , pp. 166—184, and Optimum Deviation 
Parameters (;) for Equation 26 

RMS Deviations in 
Equations 25 and 

t κ Using 
26 with Optimum 

System (k = 0) (Optimum \n) Values 

N 2 + A r 1.20 0.46 0.39 0.0059 
N 2 + C H 4 2.27 0.44 0.43 0.0035 
A r + C H 4 0.13 0.13 0.07 0.0052 
A r + C 2 H e 0.61 0.03 0.01 0.0030 
CH4 -4- C 2 H 6 0.19 0.06 0.03 - 0 . 0 0 5 0 
N 2 + A r + C H 4 1.68 0.41 — — A r + C H 4 + C 2 H e 0.53 0.05 — — 
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The Nonanalytic Equation of State for Pure 

Fluids Applied to Propane 

ROBERT D. GOODWIN 

Thermophysical Properties Division, Center for Mechanical Engineering and 
Process Technology, National Bureau of Standards, Boulder, CO 80303 

An isochoric equation is designed for computing thermo­
dynamic functions of fluids. It has its origin on the liquid-
vapor coexistence boundary, and it yields a maximum in 
isochoric specific heats at the critical point. Its basic 
structure is similar to that of the Beattie-Bridgeman equa­
tion. With only five least-squares coefficients, it describes a 
P(ρ,Τ) surface free of irregularities. A modified function 
in the equation is presented, for the problem of behavior in 
the limit of low densities, especially as required for integra­
tion of the thermodynamic equation of state, to obtain the 
change of internal energy along isotherms. Recently derived 
vapor pressures for propane at low temperatures also have 
been introduced. Constants are reported for all equations, 
as needed for computations on propane. 

An isochoric equat ion has been deve loped for c o m p u t i n g thermodynamic 
^ functions of pure fluids. It has its o r ig in on a g iven l i q u i d - v a p o r 

coexistence boundary , a n d it is s tructured to be consistent w i t h the k n o w n 
behavior of specific heats, especial ly about the c r i t i c a l po int . T h e n u m b e r 
of adjustable, least-squares coefficients has been m i n i m i z e d to a v o i d 
irregular i t ies i n the ca l cu la ted F(p,T) surface b y u s i n g selected, t e m ­
perature-dependent functions w h i c h are qua l i ta t ive ly consistent w i t h 
isochores a n d specific heats over the entire surface. Several nonl inear 
parameters appear i n these functions. A p p r o x i m a t e l y fourteen add i t i ona l 
constants appear i n aux i l iary equations, namely the vapor-pressure a n d 
orthobaric-densit ies equations, w h i c h prov ide the boundary for the 
P(p,T) equation-of-state surface. 

This chapter not subject to U.S. copyright. 
Published 1979 American Chemical Society 
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346 E Q U A T I O N S O F S T A T E 

T h e range of v a l i d i t y of the present equat ion of state is for a l l fluid 
states at densities to the t r ip le -po int l i q u i d density, temperatures f rom the 
tr ip le -po int to inf inity , a n d pressures to at least 700 bar. V a p o r pressures 
of the so l id at temperatures be low the tr ip le po int are rep laced b y a n 
extrapolat ion of the vapor-pressure curve to absolute zero temperature , 
a n d a complete ly n e w type of f o rmulat ion is presented for densities of 
saturated vapor f rom absolute zero to the cr i t i ca l -po int temperature . 

Some comments on accuracy are appropr iate i n this in troduct ion . 
T h e single mot ivat ion for the present w o r k is the fact that exper imental 
PpT data almost i n v a r i a b l y are of m u c h l ower absolute accuracy than 
r e q u i r e d for der ived t h e r m o d y n a m i c properties , such as specific heats. 
W i t h an excessive n u m b e r of adjustable, least-squares coefficients, one 
obtains a P(p,T) surface w i t h irregular i t ies i n the derivat ives . A t the 
c r i t i c a l po int , e.g., the derivat ives dp/dT a n d dp/dP become inf inite , such 
that the slightest inconsistencies i n temperature a n d / o r pressure scales 
be tween different laboratories must y i e l d gross deviat ions of densities 
f r o m any ca l cu la ted surface. F o r compressed l i q u i d at l o w temperatures 
the der ivat ive dP/dp becomes extremely large, such that very s m a l l 
i rregular i t ies i n the exper imental densities y i e l d deviations of pressure 
greatly exceeding the accuracy of pressure measurements. I n this d o m a i n , 
any equat ion of state shou ld be used only to find p(P,T). 

W e have attempted to depart f rom the fruitless procedure of us ing 
more least-squares coefficients to obta in a best possible " f i t " of a mass of 
PpT data , w h i c h do not have the accuracy needed to define an equat ion 
of state consistent w i t h the k n o w n behavior of specific heats. T h e present 
type of equat ion of state is more h i g h l y constrained than any prev ious ly 
k n o w n , a n d therefore serves as a re l iable smoothing a n d interpo lat ion 
funct ion b y w h i c h means the inaccuracies a n d inconsistencies of various 
exper imental data m a y be observed a n d intercompared . W e prefer to 
replace the quest ion " H o w accurate is the equat ion of state?" b y the 
quest ion " H o w accurate a n d consistent are the exper imental data used 
here?" I n present work , the answer is that, general ly , densities are w i t h i n 
a f ew tenths of one percent over the entire fluid d o m a i n (except for the 
c r i t i ca l reg ion where they are m u c h larger, but are w i t h i n exper imental 
uncertaint ies) (see Tables II a n d I I I ) . 

A n advantage of this equat ion is that specific heat data need not be 
i n c l u d e d i n the least-squares determinat ion of coefficients i n order to 
obta in acceptable agreement w i t h those data . T h e present equat ion thus 
m a y be used to estimate specific heats for some domains of the P(p,T) 
surface i n the absence of data other t h a n those for i d e a l gas states. 

Disadvantages of this equat ion i n c l u d e : (a ) lengthy t ime of develop­
ment for each substance; ( b ) i t cannot be integrated ana ly t i ca l ly 
( n u m e r i c a l integrations are per formed for each thermodynamic v a l u e ) ; 
a n d ( c ) i t is not defined inside the l i q u i d - v a p o r coexistence envelope. 
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19. G O O D W I N Nonanalytic Equation of State 347 

100 200 300 400 500 

T E M P E R A T U R E , Κ 

National Bureau of Standards (U.S.), Interagency Report 

Figure 1. Density-temperature diagram of propane (5) 

I n this chapter , w e shal l at first give a f u l l descr ipt ion of the l og i ca l 
development of the equat ion of state, necessarily repeat ing some p u b ­
l i shed mater ia l (1,2,3,4,5). Parameters a n d coefficients for propane are 
g iven i n the text, but the aux i l iary equations (vapor pressures a n d ortho-
bar i c densities ) are presented at the end of this chapter . 

I n the second part of this report w e describe alternative functions 
for use i n the equat ion of state, a n d comment o n their merits . 

F i n a l l y , w e resolve the long-standing p r o b l e m of behavior of this 
equat ion of state i n the l i m i t of l o w densities, w h i c h arises i n the integra ­
t i o n of the thermodynamic equat ion of state, to ob ta in the change of 
interna l energy as a funct ion of density a long isotherms. 

T h e dens i ty - temperature d iagram for propane is g iven b y F i g u r e 1. 
T h e upper , l e f t -hand corner of F i g u r e 1 gives the f reez ing l i q u i d l ine . 
Symbols a n d units are g iven i n A p p e n d i x A , a n d fixed-point values used 
for propane are i n T a b l e I. 

T a b l e I . F i x e d Po ints U s e d f o r Propane 

Temperature ( K ) 
Pressure (bar) 
D e n s i t y ( m o l / L ) 

vapor 
l i q u i d 

Triple Point Boiling Point Critical Point 

85.47 
1.6609 · 10" 9 

2.3373 · 1 0 1 0 

16.620 

231.0679 
1.01325 

0.05479 
13.1687 

369.80 
42.3974 

4.96 
4.96 

American Chemical 
Snniptv \ \U 
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348 E Q U A T I O N S O F S T A T E 

Developing the Equation of State 

E x p e r i m e n t a l specific heats, Cv(p,T), are k n o w n to increase a p p a r ­
ently w i thout l i m i t on the close approach to the c r i t i c a l po int . T h i s 
nonanalyt i c behav ior influences a far greater por t i on of the P(p,T) 
surface than general ly is apprec iated . T h e thermodynamic re lat ion be ­
tween specific heats and the equat ion of state a long isotherms is 

F i g u r e 2 shows behavior of the curvatures of isochores as i n d i c a t e d b y 
R o w l i n s o n (6) for consistency w i t h E q u a t i o n 1. 

F i g u r e 3 shows the zero slope a n d curvature of the c r i t i c a l i sotherm 
at the cr i t i ca l po int , w h i c h are needed for thermodynamic consistency 
w i t h the relations ( 6 ) , 

I n our experience, a necessary but insufficient c ond i t i on for a we l l - behaved 
c r i t i c a l i sotherm is that, at the c r i t i c a l po int , the slope of the c r i t i c a l 
isochore f rom the equat ion of state be e q u a l to the slope of the v a p o r -
pressure equat ion , dP/dT = dPa/dT. T h i s constraint a lways is a p p l i e d i n 
the f o l l o w i n g w o r k v i a the least-squares p r o g r a m ( 7 ) . 

T o obta in isochores whose curvatures become very large, approach ing 
the c r i t i ca l density a long the c r i t i c a l i sotherm, as r e q u i r e d b y E q u a t i o n 1, 
w e have designed an infinite curvature for isochores at a n o r i g i n , 0(p), 

(1) 

CP(P,T) = CV(P,T) + Τ • (dP/dT)*/(dP/dP)/p2 
(2) 

W(P,T) = [cp • (dP/dP)/cvy2 (3) 

Journal of Research of the National Bureau of Standards 

Figure 2. The locus of isochore inflection points (I) 
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19. G O O D W I N Nonanalytic Equation of State 349 

Τ 
\ 

Journal of Research of the National Bureau of Standards 

Figure 3. Behavior of the critical isotherm (1) 

inside the coexistence envelope, (see F i g u r e 4 ) . T h e funct ion g i v i n g this 
curvature shal l have a density-dependent coefficient w i t h a root at the 
cr i t i ca l density, such that the very large curvatures w i l l change s ign w h e n 
integrat ing E q u a t i o n 1 through the c r i t i c a l density, a n d the c r i t i c a l 
isochore w i l l be character ized b y d^/dT2 = 0 at the c r i t i c a l po int . 

\\ 
\\ 

Β 

C D 

j 

A 

TEMPERATURE 

Journal of Research of the National Bureau of Standards 

Figure 4. Behavior of the locus, Θ(ρ) (1) 
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350 E Q U A T I O N S O F S T A T E 

W i t h the above objectives i n m i n d , w e constra in the equat ion to the 
l i q u i d - v a p o r coexistence boundary . F o r any density , the coexistence 
temperature, Τσ(ρ), is obta ined b y iterat ion f rom equations for the ortho-
bar i c densities. T h u s the vapor pressure, Ρσ[Τσ(ρ)], is a func t i on of 
density. B y subtract ion 

Ρ _ Ρ Σ ( Ρ ) = PR* . [Τ - Τσ(ρ)] + P2R*TQ · f(p,T) (4) 

O n l y two temperature-dependent functions ( i n add i t i on to pR*T) 
are needed to describe the s igmoid shape of isochores at pc < ρ < 2 · pc 

(see F i g u r e 2 ) 

f(p,T)=B(p) · Φ(ρ,Τ) + C(p) · *(p,T) (5) 

where B(p) a n d C(p) are p o l y n o m i a l coefficients to be deve loped f rom 
PpT data b y least squares. 

T h e funct ion 

Φ(ρ,Τ) E E E X " 2 · l n [Τ/Τσ(Ρ)] (6) 

(see F i g u r e 5 ) has the va luab le property that θ 2 Φ / θ Γ 2 = 0 everywhere 
on the coexistence boundary at Τ = Τσ(ρ). Its weak, negative curvature 
at very h i g h temperatures corresponds to the decl ine of v i r i a l coefficients 
t o ward zero at these temperatures. 

Journal of Research of the National Bureau of Standards 

Figure 5. Behavior of the function, Φ(ρ,Τ) (1) 
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19. G O O D W I N Nonanalytic Equation of State 351 

i 

Journal of Research of the National Bureau of Standards 

Figure 6. Behavior of the function, Φ(ρ,Τ) (I) 

T h e funct ion Ψ(ρ,Τ) (see F i g u r e 6) y ie lds a m a x i m u m i n Cv(p,T) 
at the c r i t i c a l po in t v i a E q u a t i o n s 1 a n d 4. Its o r i g in is 

θ(ρ)=Τσ(ρ) · β χ ρ [ - α · f (p ) ] 
(7) 

f (P) — |p — i | V ( p t — D » 
where p t is the reduced density at the l i q u i d t r ip le po int . T h e funct ion 
ω(ρ,Τ) == ( 1 — θ (ρ) /Τ) is a n argument for E q u a t i o n 9 be low. A s * 
must be zero at coexistence, i t is defined as the difference 

Ψ ( ρ , Τ ) = φ{ρ,Τ) - ψ σ ( ρ ) (8) 

where ψσ(ρ) is obta ined f rom ψ(Ρ;Τ) mere ly b y rep lac ing Τ w i t h Τσ(ρ), 

φ(ρ,Τ) = δ · exp [c · (1 - χ)] + [1 - ω + ω · 1η (ω) ] (9) 

T h e parameter , 0 < δ < 1, i n E q u a t i o n 9 is for relative w e i g h t i n g of the 
analyt i c a n d nonanalyt i c parts. 

T a b l e I I summarizes the PpT data used here, as deta i led i n Ref . 5. 
E a r l i e r compi lat ions on propane are f ound i n Refs. 8 a n d 9. Parameters 
a n d coefficients for E q u a t i o n 1, deve loped as descr ibed i n Refs . 3 a n d 5 
are 

B(p) ^ Βί + B2 · ρ + Bs · p 2 + B 4 · p 3 (10) 

C(p) s d · ( P - 1) · (P - 2) • exp ( - γ · p 4) (11) 

α = 1, y = 0.07, δ = 2 / 3 , e=2 
Β, = 0.2555 5013 087 B4 = 0.0961 8894 561 

B2 = 0.8275 9684 245 d — - 0 . 3 6 8 1 8676 338 

ΒΆ = - 0 . 2 8 1 8 2856 341 
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352 E Q U A T I O N S O F S T A T E 

P R O P A N E 

ο 

ο 

- 1 
0 1 2 3 

P/Rc 

National Bureau of Standards (U.S.), Interagency Report 

Figure 7. Behavior of coefficients B(p), C(p) for propane (5) 

T h e behavior of B(p) a n d C(p) for propane is shown i n F i g u r e 7. T h e 
n u m b e r of PpT data used here for adjust ing the equat ion of state is 843, 
w i t h different least-squares weight ings than i n Refs . 3 a n d 5. O v e r a l l 
deviat ions, w i t h equa l w e i g h t i n g for a l l points , are 2.07 bar for the mean 
of absolute pressure deviations a n d 0 .34% for the rms of re lat ive density 
deviations. 

W e always examine the behavior of the ca lculated c r i t i ca l isotherm 
i n minute deta i l near the c r i t i c a l density ( ± 1 0 % ) . S m a l l adjustments 
i n values of parameters ( i n c l u d i n g the c r i t i c a l densi ty ) m a y be made to 
e l iminate any negative slopes (dP/dp)Tc, as descr ibed i n Ref. 3. 
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19. G O O D W I N Nonanalytic Equation of State 353 

T a b l e I I . S u m m a r y o f PpT D a t a f o r Propane 

Deviationsa 

Range of the Data Δά/d Mean 
( rms Δ Ρ 

Authors à(mc >l/L) Τ (Κ) Ρ (bar) NP %) (bar) 

G o o d w i n (5) 0.30 290--700 6 - 17 42 0.04 0.004 
B e a t t i e (12) 1.0 --10.0 370--548 23 - 310 110 1.39 1.00 
C h e r n e y (18) 0.04- - 2.6 323--398 11 - 50 25 0.37 0.038 
D a w s o n (14) 0.02- - 0.07 243--348 0 . 9 - 1.8 18 0.14 0.002 
Deschner (15) 0.03- - 9.5 303--609 1.Ο­ 142 236 1.93 1.04 
D i t t m a r (16) 7.3 --13.4 273-413 ΙΟ -1035 336 0.41 3.02 
E l y (17) 11.5 --14.8 166-322 2 . 5 - 428 222 0.06 2.54 
R e a m e r (18) 0.02- -13.0 311--511 1.0- 690 306 0.42 1.42 
T o m l i n s o n (19) 10.3 --12.0 277--327 20 - 137 40 0.07 0.94 

* Using Equations 7 and 8 for B(p), C(/>). 

6 — 
P R O P A N E 

Τ = T c 

ι 
CO 

1 

Ο 
r -
• 

Û. CM 
CM H 

1— J 

0 .5 1.0 1.5 

P'Pr. 

National Bureau of Standards (U.S.), Interagency Report 

Figure 8. Behavior of d 2 P / d T 2 on the critical isotherm (5) 
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19. G O O D W I N Nonanalytic Equation of State 355 

T h e nonanalyt ic character of E q u a t i o n 1 is seen c lear ly i n F i g u r e 8, 
w h i c h is a l ogar i thmic plot of absolute values of isochore curvatures 
\d2P/dT2\ a long the c r i t i c a l isotherm. T h e values of d2P/dT2 are negative 
at ρ < Pc. T h e l inear behavior of ca l cu lated specific heats a long the 
c r i t i ca l isochore, i n coordinates of F i g u r e 9, a n d close to the c r i t i c a l 
temperature, is i n agreement w i t h exper imental behavior , as discussed i n 
Ref. 3. 

Modified Functions 

T h e f o l l o w i n g modif ications are presented i n this separate section 
because they may be less general ly app l i cab le for a range of different 
substances than equations g iven above. It is va luable to recognize that 
different functions c a n be used to ac compl i sh essentially the same 
constraints on the PpT surface, a n d w e w i s h to give these options for 
invest igat ion i n future work . Some modif ications may give a better overa l l 
fit of PpT data than do others, w h i l e at the same t ime g iv ing a less 
satisfactory representation i n a par t i cu lar d o m a i n of the surface. 

T h e funct ion Φ(ρ,Τ) of E q u a t i o n 6 approaches inf in i ty as / o - » 0 , 
(Τσ(ρ) —» 0 ) . T h i s brings i n the question of its v a l i d i t y for use i n the 
thermodynamic equat ion of state. A t very l o w densities, however , the 
coexistence temperature d iminishes roughly only as the l ogar i thm of 
density, 1/Τσ(ρ) ~ l n ( l / p ) , a n d hence this behavior must y i e l d a finite 
integra l f rom the thermodynamic equat ion of state. 

A n alternative funct ion for Φ(ρ,Τ) has not been used for propane 
because it gave a s l ight ly less satisfactory representation of PpT data 
than E q u a t i o n 6. I t has been used successfully however for ethylene 
(10). T h i s modi f ied f orm is finite at ρ = 0, 

Φ(ρ,Τ) · exp [b · (1 - Τσ/Τ)] - χσ* (12) 

T h e va lue β = 3 / 4 yields weak, negative isochore curvatures at h i g h 
temperatures. F o r an inflection at Τ = Τσ(ρ) i t is necessary that 

6 ^ ( l - / ? ) + ( l - / ? ) 1 / 2 

T h e f o l l o w i n g t w o more h i g h l y constrained modif icat ions of the 
equat ion state m a y be useful i n future work . W e at first removed the 
second root f rom C(p), a l l o w i n g i t , instead, to d i m i n i s h strongly t o w a r d 
zero at h i g h densities, 

C O O E E S C X - - e x p ( - r p
4 ) (13) 

a = l, γ = 0.30, 8 = 2 / 3 , c = 2 

B1 = 0.3153 3388 360 B4 = 0.0752 9552 029 

B2 = 0.6834 4896 212 d — 0.6652 5273 915 

£ 3 = - 0 . 2 7 6 5 7101 050 
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356 EQUATIONS O F S T A T E 

O v e r a l l deviations are ΔΡ = 2.20 bar, a n d the rms of Ad/d = 0 . 3 9 % . 
Dev iat ions for i n d i v i d u a l authors appear i n the first par t of T a b l e I I I 
( w h i c h is a cont inuat ion of T a b l e I I ) . 

W e next r emoved the poss ib i l i ty for an inf lect ion i n B ( p ) , d e m a n d i n g 
ethane-l ike behavior (2,4), 

B(p) =B1 + B2- exp (η · ρ) (14) 

W i t h the n e w coefficients, E q u a t i o n s 13 a n d 14, 

« = 1, γ = 0.30, δ = 2 / 3 , c = 2, η = 0.65 

£ 1 = = 0.1679 3192 483 d = 0.4921 7046 074 

B2 = 0.3808 7177 242 

O v e r a l l deviations are ΔΡ = 2.02 bar a n d the rms of Ad/d = 0 . 3 3 % . 
Dev ia t i ons of the data of i n d i v i d u a l authors appear i n the second part 
of T a b l e I I I . 

Some comments are necessary concerning the different formulat ions 
invest igated here for B(p) a n d C(p), namely E q u a t i o n s 1 0 , 1 1 , 1 3 , a n d 14. 

P r i o r to the invest igat ion of propane, the mo lecu lar ly s impler sub­
stances invest igated apparent ly have r e q u i r e d only a quadrat i c for B ( p ) , 
( compare w i t h E q u a t i o n 10) . F o r the reader p l a n n i n g s imi lar w o r k on 
s imple substances, therefore, E q u a t i o n 14 might w e l l be used i n i t i a l l y . 

W i t h the exception of hydrogen ( I ) , the second root i n C(p), E q u a ­
t i on 11, not only seems unnatura l , but it leads bo th to r edundancy at ρ > 
2, a n d i n some cases to isochores h a v i n g derivatives d 3 P / d T 3 w h i c h are 
i rregular . Start ing any n e w w o r k w i t h E q u a t i o n 13, therefore, c o u l d be 
advantageous. 

Table I I I . Deviations with Alternate Coefficients 

Equations forB(p), C(p) 

Equations 7 and 9 Equations 10 and 9 

A d / d Mean Δ Ρ A d / d Mean Δ Ρ 
Authors (rms %) (bar) (rms %) (bar) 

G o o d w i n (5) 0.05 0.003 0.19 0.017 
B e a t t i e (12) 1.07 1.13 1.14 0.94 
C h e r n e y (13) 0.27 0.03 0.55 0.075 
D a w s o n (14) 0.17 0.002 0.22 0.002 
Deschner (15) 1.70 0.82 1.80 0.92 
D i t t m a r (16) 0.40 3.03 0.35 2.86 
E l y (17) 0.06 2.60 0.06 2.26 
R e a m e r (18) 0.54 1.76 0.43 1.60 
T o m l i n s o n (19) 0.07 1.04 0.07 1.00 
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19. G O O D W I N Nonanalytic Equation of State 357 

Behavior at Very Low Densities 

P l a c i n g E q u a t i o n 4 i n the thermodynamic equat ion of state y ie lds a 
l ead ing t e rm as fo l lows 

ΔΕ = [(Ζσ(Ρ) - 1 ) -RT*(p)/P + . · ·] 'dp (15) 

where ρ is the reduced density. A t ρ < 1, Ζσ is the compress ib i l i ty factor 
for saturated vapor , 

Ζσ(Ρ)=Ρσ(ρ)/[ρ·ΙΡ ·Τσ(ρ)] 

A n i n i t i a l p r o b l e m w i t h E q u a t i o n 15 is loss of significant figures as 
Ζσ —> 1. T h e more serious p r o b l e m is that i f independent equations are 
used for the vapor pressures, Ρσ[Τσ(ρ)], a n d for the saturated vapor 
densities, ρσ(Τ), w e find that i n the l i m i t ρ - » 0 ( a n d hence Τσ - » 0 ) , 
Ζ σ m a y approach values f rom zero to inf inity , depend ing on the f o r m u l a ­
tions for Ρσ a n d ρσ. 

T h i s dif f iculty arises only at extremely l o w densities, because under 
these condit ions the temperature diminishes mere ly as a l ogar i thmic func ­
t ion of density, 1/T ~ l n ( l / p ) . O u r n u m e r i c a l integrations for thermo­
d y n a m i c properties were per formed such that the equat ion of state was 
not ca l l ed at these extremely l o w densities ( 4 , 5 ) . 

A solution for the problems ment ioned above is to replace conven­
t i ona l formulat ions of the saturated vapor densities b y a f o rmulat i on of 
the compress ib i l i ty factor, Ζ σ ( Τ ) , for saturated vapor (see Saturated 
V a p o r Densit ies ). B y us ing this new formulat ion for substitutions, E q u a ­
t i on 15 can be transformed to 

AE = Γ [ ( Z c - 1) · (Za/Zc) - RTC · ί(χσ) + . . . ] · dp (16) 
J ο 

where Z c is the va lue of the compress ib i l i ty factor at the c r i t i ca l po int , 
Ζ σ = Ζ σ [ Τ σ ( ρ ) ] is the compress ib i l i ty factor for saturated vapor , χσ = 
Ta/Tc, a n d f (χσ) is finite i n the range 0 < χσ < 1. F o r any g iven density , 
Ρ < 1, the value of Τσ(ρ) is obta ined by i terat ion f rom E q u a t i o n 19 for 
Ζ σ ( Γ ) . 

Auxiliary Equations 

Vapor Pressures. A p p r o a c h i n g the t r ip l e po int , propane vapor pres­
sures become immeasurab ly smal l . F r o m Ref . 5 w e der ived n e w data 
f rom the tr ip le po int to the b o i l i n g po int b y t h e r m a l loops i n a procedure 
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358 E Q U A T I O N S O F S T A T E 

re lated to that recently presented by Y a r b r o u g h a n d T s a i (11). O u r n e w 
data n o w have been used i n an equat ion of the same f o r m as that for 
ethane (2,4). T h e arguments are defined as 

x(T) = (T — Tt)/(TC - Tt) u(T) = (1 - Tt/T)/(l - Tt/Tc) 

w h e n the equat ion ( for F i n b a r ) is 

In (P) — a + b · u + c · χ + d · x2 + e · x3 + / · χ · (1 - x)€ (17) 

where c = 1.30 a n d 

a — - 2 0 . 2 1 5 8 8450 d — 7.3102 3303 

b = 29.0773 3466 e — - 1 . 8 3 4 2 9015 

c _ - 1 0 . 5 9 0 3 0558 / — 0.7545 5673 

T h e rms relat ive dev iat ion for 104 equa l ly w e i g h t e d pressures is 0 . 2 1 % . 
T h e exponent, c = 1.30, was adjusted for a best fit of PpT data , because 
E q u a t i o n 17 is not h i g h l y sensitive to this exponent. 

Saturated Liquid Densities. Prec ise a n d consistent data are a v a i l ­
able f r om the tr ip le po int to the c r i t i ca l po int ( 5 ) . T h e variables are 
defined as 

x(T) = (Tc - T)/(TC - Tt) ; y(P) = (d - dc)/(dt - dc) 

Propane-saturated l i q u i d densities are descr ibed b y 

y = χ + (χ€ Χ) . (a + b · χ 2 + c · α:3) (18) 

c = 0.35 b = - 0 . 1 6 9 5 1563 

a = 0.7760 0858 c = 0.0818 6846 

F o r 83 equal ly we ighted densities, the relat ive dev iat ion is 0 .044%, 
comparable w i t h the accuracy of the data . 

Saturated Vapor Densities. W e formulate the compress ib i l i ty fac­
tor for saturated vapor as a funct ion of temperature b y us ing the vapor -
pressure equat ion . Subscripts are omit ted because w e refer a lways to 
saturated vapor a n d to the vapor pressure. W e define the constant, A 0 ΕΞ 
Z c — 1, where Z c is the value of the compress ib i l i ty factor at the c r i t i c a l 
po int , a n d the variables 

Π = P/Pc, χ = T/Tc, u = 1 - x, 

w h e n the equat ion for saturated vapor densities, d = P/[Z · R · T ] , is 
g iven b y 
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19. G O O D W I N Nonanalytic Equation of State 359 

Ζ = 1 + A0 · Π · χ •r2 • i(x) 

(19) 

i(x) = 1 +Ai · u € + Σ A* · u{ 

c = 0.38 

0.962 9549 

A 3 = 

A 4 = - 6.459 775 

1.466 673 

An — 1.090 712 A 3 = 11.837 60 

D a t a at l o w pressures were est imated f rom the present vapor-pres­
sure equat ion a n d the v i r i a l equat ion f rom Ref. 5. T h e rms relat ive 
dev iat ion for 30 equal ly we ighted , saturated-vapor densities is 0 . 17%. 
F o r most substances, the vapor pressures of the so l id are extremely smal l ; 
hence w e assume that differences at Τ < T t w i l l be neg l ig ib le for present 
purposes. 

Iteration for Coexisting Densities. O r t h o b a r i c densities near the 
c r i t i ca l po int general ly cannot be obta ined accurately f rom isochoric 
PpT data by extrapolat ion to the vapor-pressure curve because the iso­
chore curvatures become extremely large near the c r i t i c a l po int . T h e 
present, nonanalyt ic equat ion of state, however , can be used to estimate 
these densities by a s imple , i terative procedure . Assume that nonl inear 
parameters i n the equat ion of state have been estimated i n p r e l i m i n a r y 
work . F o r data a long a g iven exper imental isochore ( d e n s i t y ) , it is 
necessary merely to find the coexistence temperature , Τσ(ρ), b y t r i a l 
( i terat ion) for a best, least-squares fit of these data. 

Conclusion 

I n previous reports w e have shown graphica l ly the behavior of 
functions Φ ( ρ , Τ ) , * ( p , T ) , B(P), a n d C(P) for E q u a t i o n 4. I n Ref . 3 
w e i l lustrated nonanalyt ic behavior i n re lat ion to the m a x i m u m i n specific 
heats at the c r i t i ca l point . I n this chapter w e have g iven a solut ion for 
the long-standing p r o b l e m of behavior i n the l i m i t of l o w densities, 
namely , a complete ly new type of f o rmulat ion for the saturated-vapor 
densities, w h i c h extrapolates to Ζ σ = 1 at ρ = 0, Τσ = 0. 

U t i l i t y of the present type of equat ion of state for t a b u l a t i n g thermo­
d y n a m i c properties has been demonstrated i n major N B S publ i cat ions on 
methane, ethane, a n d propane. F o r readers accustomed to B W R - t y p e 
equations, w i t h their attendant difficulties, the p r o g r a m m i n g of the present 
equat ion , i n c l u d i n g n u m e r i c a l integrations, p r o b a b l y is no more c o m p l i ­
cated, a n d m a y be l og i ca l ly m u c h s impler . 
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360 EQUATIONS OF STATE 

Glossary of Symbols 

c, t = c r i t i c a l a n d l i q u i d t r ip le points 
σ = l i q u i d - v a p o r coexistence 
ο = idea l gas states 

α , β , γ , δ , c, η = nonl inear parameters i n the equat ion of state 
B(p),C(p) = density-dependent coefficients i n E q u a t i o n 1 

Cv(p,T) = isochoric specific heat, J / m o l / K 
Cp(p,T) = isobaric specific heat, J / m o l / K 

d = density, m o l / L 
E(p,T) = in ternal energy, J / m o l 

J = joule, 1 Ν · m 
L = l i ter , 1 0 " 3 m 3 

m o l = 44.09721 grams of propane ( C 1 2 scale) 
F = pressure i n bars, 1 bar == 1 0 5 N / m 2 , (1 a tm = 1.01325 bar) 

Ρσ(Τ) = vapor pressure, bar 
Ρσ(Ρ) =Ρσ[Τσ(Ρ)] for E q u a t i o n 4 

Φ(ρ,Τ) = defined funct ion for E q u a t i o n 4 
γ(ρ,Τ) = def ined funct ion for E q u a t i o n 4 

R = gas constant, 0.0831434 ( b a r - L / m o l ) / K 
R* = (0.0831434) · dc b a r / K for E q u a t i o n 4 

p = d/dc, reduced density 
pt = dt/dc, r educed density at the l i q u i d t r ip le po int 
Τ = temperature, Κ 

Τσ(ρ) = l i q u i d - v a p o r coexistence temperature 
θ(ρ) = def ined locus of temperatures, E q u a t i o n 7 

ω ( ρ , Γ ) — [ 1 -θ(Ρ)/Τ], for E q u a t i o n 9 
W(p,T) = speed of sound 

x(T) = T/Tc, r educed temperature for E q u a t i o n 4 
Χσ(ρ) = Τσ(ρ)/Τ?, reduced coexistence temperature 

Ζ ( Ρ , ρ , Γ ) = P/[d · R · T ] , the " compress ib i l i ty factor" 
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362 EQUATIONS O F S T A T E 

T a b l e I V . N u m e r i c a l 

Density 

.1000E - 02 164.868 1.30236 .99848 

.3000E - 02 178.349 1.15794 .99625 

.5Ό00Ε - 02 185.554 1.09453 .99434 

.7000E - 02 190.688 1.05445 .99258 

.9000E - 02 194.746 1.02551 .99093 

.1100E - 0 1 198.133 1.00306 .98936 

.1300E - 01 201.060 .98486 .98785 

.1500E - 01 203.648 .96963 .98639 

.1700E - 01 205.975 .95659 .98498 

.1900E - 01 208.095 .94523 .98360 

.2100E - 01 210.046 .93520 .98226 

.2300E - 01 211.856 .92625 .98095 

.2500E - 01 213.546 .91817 .97966 

.2700E - 01 215.133 .91084 .97840 

.2900E - 01 216.631 .90413 .97715 

.3100E - 01 218.050 .89796 .97593 

.3300E - 01 219.400 .89225 .97473 

.3500E - 01 220.687 .88695 .97355 

.3700E - 01 221.918 .88200 .97238 

.3900E - 01 223.099 .87738 .97123 

.4100E - 01 224.233 .87303 .97009 

.4300E - 01 225.325 .86894 .96896 

.4500E - 01 226.379 .86508 .96785 

.4700E - 01 227.397 .86143 .96675 

.4900E - 01 228.382 .85796 .96566 

"Numerical integration for ΔΕ of propane at 231 / K and up to a density of .050 
m o l / L . 

Addendum 

T h e behavior of E q u a t i o n 4 at l o w densities is important . T h i s 
equat ion m a y be w r i t t e n as 

Z(p,T) = 1 + [ZAP) - 1] · TAP)/T + (p/x) · f (p,T) (20) 

where Ζσ(ρ) -> 1 as ρ - » 0 (see E q u a t i o n 19) a n d the last t e rm vanishes; 
f o l l o w i n g are two examples of computat ions w h i c h start at zero density . 

T a b l e I V presents a step-by-step n u m e r i c a l integrat ion of E q u a t i o n 
16 for propane at Τ = 231 Κ u p to a density of 0.05 m o l / L . T h e first 
c o l u m n gives density at the m i d p o i n t of the 0.002 m o l / L in terva l . 

T a b l e V presents fugac i ty coefficients, f / P , at Γ = 260 Κ for gaseous 
a n d l i q u i d propane u p to Ρ = 700 bar , c omputed v i a 

In ( f / P ) = jP (Ζ - 1) - dP/P (21) 

b y us ing E q u a t i o n 19 at ρ < p c . 
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19. G O O D W I N Nonanalytic Equation of State 363 

I n t e g r a t i o n f o r Δ£ α 

ζ ί(ρ,Τ) Τ · Bffp, T)/dT Δ Ε 
.99917 .7882E + 00 .2116Ε + 01 -.5823Ε + 01 
.99769 .5998E + 00 .2127Ε + 01 -.1142Ε + 02 
.99627 .5060E + 00 .2136Ε + 01 -.1694Ε + 02 
.99487 .4417E + 00 .2144Ε + 01 -.2241Ε + 02 
.99349 .3924E + 00 .2150Ε + 01 -.2785Ε + 02 
.99212 .3522E + 00 .2157Ε + 01 -.3328Ε + 02 
.99076 .3181E + 00 .2163Ε + 01 -.3869Ε + 02 
.98940 .2885E + 00 .2169Ε + 01 -.4410Ε + 02 
.98804 .2623E + 00 .2174Ε + 01 -.4949Ε + 02 
.98669 .2387E + 00 .2180Ε + 01 -.5489Ε + 02 
.98534 .2172E + 00 .2185Ε + 01 -.6082Ε + 02 
.98399 .1975E + 00 .2191Ε + 01 -.6567Ε + 02 
.98264 .1793E + 00 .2196Ε + 01 -.7106Ε + 02 
.98129 .1623E + 00 .2202Ε + 01 -.7645Ε + 02 
.97995 .1464E + 00 .2207Ε + 01 -.8184Ε + 02 
.97860 .1315E + 00 .2212Ε + 01 -.8723Ε + 02 
.97725 .1174E + 00 .2218Ε + 01 -.9263Ε + 02 
.97590 .1041E + 00 .2223Ε + 01 -.9803Ε + 02 
.97456 .9138E - 0 1 .2229Ε + 01 -.1034Ε + 03 
.97321 .7929E - 0 1 .2234Ε + 01 -.1088Ε + 03 
.97186 .6773E - 01 .2240Ε + 01 -.1143Ε + 03 
.97051 .5667E - 0 1 .2245Ε + 01 -.1197Ε + 03 
.96916 .4604E - 01 .225 IE + 01 -.1251Ε + 03 
.96781 .3582E - 0 1 .2257E + 01 -.1305Ε + 03 
.96646 .2598E - 0 1 .2263E + 01 -.1360Ε + 03 

T a b l e V . F u g a c i t y Coeff ic ients 0 

Pressure, 
bar 

Density, 
mol/L 

.10000E + 00 .46388E - 0 2 .99723 -.00298 

.50000E + 00 .23430E - 0 1 .98718 -.01348 

.10133E + 01 .48113E - 01 .97420 -.02657 

.15000E + 01 .72161E - 0 1 .96158 -.03900 

.20000E + 01 .97568E - 0 1 .94824 -.05187 

.3OO0OE + 01 .15079E + 00 .92032 -.07807 

.31082E + 01 .15677E + 00 .91719 -.08095 

.31082E + 01 .12375E + 02 .01162 -.08095 

.40000E + 01 .12378E + 02 .01495 -.32984 

.50000E + 01 .12382E + 02 .01868 -.54924 

.60000E + 01 .12386E + 02 .02241 -.72782 

.70000E + 01 .12390E + 02 .02614 -.87824 

.80000E + 01 .12394E + 02 .02986 -1.00803 

.10000E + 02 .12402E + 02 .03730 -1.22370 

.12O0OE + 02 .12409E + 02 .04473 -1.39856 

.14000E + 02 .12417E + 02 .05216 -1.54526 

In (f/P) f/P 

.997021 

.986606 

.973778 

.961755 

.949457 

.924899 

.922240 

.922240 

.719036 

.577388 

.482959 

.415515 

.364936 

.294139 

.246952 

.213257 
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364 E Q U A T I O N S O F S T A T E 

Pressure, 
bar 

.160O0E + 02 

.18000E + 02 

.20000E + 02 

.24000E + 02 

.28000E + 02 

.320O0E + 02 

.36000E + 02 

.40000E + 02 

.41000E + 02 

.42000E + 02 

.43000E + 02 

.44000E + 02 

.46000E + 02 

.48000E + 02 

.50000E + 02 

.52000E + 02 

.55000E + 02 

.60000E + 02 

.70000E + 02 

.80000E + 02 

.90000E + 02 

.10000E + 03 

.11000E + 03 

.1200OE + 03 

.13000E + 03 

.14000E + 03 

.160OOE + 03 

.1800OE + 03 

.20000E + 03 

.22000E + 03 

.25000E + 03 

.30000E + 03 

.35000E + 03 

.40000E + 03 

.45000E + 03 

.50000E + 03 

.55000E + 03 

.60000E + 03 

.65000E + 03 
.70000E + 0 3 

T a b l e V . C o n t i n u e d 

Density, 
mol/L Ζ 

.12425E + 02 .05957 

.12432E + 02 .06698 

.12440E + 02 .07437 

.12454E + 02 .08914 

.12469E + 02 .10388 

.12484E + 02 .11858 

.12498E + 02 .13325 

.12512E + 02 .14788 

.12516E + 02 .15154 

.12520E + 02 .15519 

.12523E + 02 .15884 

.12527E + 02 .16249 

.12534E + 02 .16978 

.12541E + 02 .17706 

.12547E + 02 .18434 

.12554E + 02 .19161 

.12565E + 02 .20249 

.12582E + 02 .22060 

.12615E + 02 .25669 

.12647E + 02 .29261 

.12679E + 02 .32836 

.12710E + 02 .36396 

.12740E + 02 .39940 

.12770E + 02 .43469 

.12799E + 02 .46985 

.12828E + 02 .50486 

.12883E + 02 .57451 

.12937E + 02 .64366 

.12988E + 02 .71234 

.13038E + 02 .78059 

.13109E + 02 .88219 

.13221E + 02 1.04965 

.13326E + 02 1.21500 
.13423E + 02 1.37846 
.13515E + 02 1.54021 
.13602E + 02 1.70042 
.13685E + 02 1.85920 
.13763E + 02 2.01666 
.13838E + 02 2.17292 
.13909E + 02 2.32805 

In (f/P) f/P 

- 1 . 6 7 1 3 4 .187995 
- 1 . 7 8 1 6 8 .168356 
- 1 . 8 7 9 5 9 .152652 
- 2 . 0 4 7 0 5 .129116 
- 2 . 1 8 6 3 4 .112327 
- 2 . 3 0 5 0 4 .099754 
- 2 . 4 0 8 0 1 .089994 
- 2 . 4 9 8 5 7 .082202 
- 2 . 5 1 9 5 7 .080494 
- 2 . 5 3 9 9 7 .078869 
- 2 . 5 5 9 8 1 .077320 
- 2 . 5 7 9 1 0 .075842 
- 2 . 6 1 6 1 7 .073082 
- 2 . 6 5 1 3 5 .070556 
- 2 . 6 8 4 8 0 .068235 
- 2 . 7 1 6 6 5 .066096 
- 2 . 7 6 1 6 9 .063185 
- 2 . 8 3 0 3 0 .058995 
- 2 . 9 4 7 7 3 .052459 
- 3 . 0 4 4 6 4 .047614 
- 3 . 1 2 5 8 9 .043898 
- 3 . 1 9 4 8 1 .040974 
- 3 . 2 5 3 7 7 .038628 
- 3 . 3 0 4 5 1 .036717 
- 3 . 3 4 8 3 7 .035142 
- 3 . 3 8 6 3 8 .033831 
- 3 . 4 4 7 9 4 .031811 
- 3 . 4 9 4 0 6 .030377 
- 3 . 5 2 8 0 4 .029362 
- 3 . 5 5 2 2 5 .028660 
- 3 . 5 7 3 9 3 .028045 
- 3 . 5 8 0 5 7 .027860 
- 3 . 5 6 0 4 7 .028425 
- 3 . 5 2 1 0 7 .029568 
- 3 . 4 6 7 1 4 .031206 
- 3 . 4 0 1 9 1 .033309 
- 3 . 3 2 7 7 0 .035876 
- 3 . 2 4 6 1 8 .038923 
- 3 . 1 5 8 6 2 .042484 
- 3 . 0 6 6 0 2 .046606 

β Propane fugacity coefficients at 260 K . 
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An Equation for Liquid-Vapor Saturation 

Densities as a Function of Pressure 

PHILIP A. THOMPSON1 

Max-Planck-Institut für Strömungsforschung, D 34 Göttingen, 
Federal Republic of Germany 

The explicit formula /ρλr — 1/ = (1 — Pr)β for reduced satu­
ration density as a function of reduced pressure is proposed 
for the entire liquid-vapor saturation boundary. The expres­
sion λ ~ 1 depends on Pr; β ~ 0.35 depends weakly on Pr, 
corresponding at Pr = 1 to the critical exponent βc. The 
parameters λ and β can be related to the Pitzer factor ω. 
Special cases include the power law /ρr — 1/ = C(1 — Tr)βc 
. . . and the low-pressure vapor equation ρrλ0 = β0Ρr. The 
function λ — λc = g(Pr) is found from data to be a universal 
function for nonpolar substances. If λc is correlated with ω, 
the formula takes on the corresponding-states form ρr = 
ρr(Pr, ω). This form predicted the density of saturated liquid 
and vapor with 0.4% and 0.9% accuracy, respectively, for 38 
substances. 

H P h e smooth curve passing through the c r i t i ca l po int a n d b o u n d i n g the 
two-phase l i q u i d - v a p o r region i n a pressure -vo lume d iagram is 

f a m i l i a r to every student of thermodynamics . T h e mathemat i ca l descr ip ­
t ion p(P) of this coexistence curve or saturation boundary is the subject 
of this chapter. 

Descr ipt ions i n terms of temperature rather than pressure are w e l l 
k n o w n . T h e notable equations of G u g g e n h e i m ( J ) are, for l i q u i d a n d 
vapor , respect ively , 

1 Present address: Department of Mechanical Engineering, Rensselaer Polytechnic 
Institute, Troy, N Y 12181. 

Pr(l) - 1 + -1 (1 - T r ) + (1 - T r ) 1 / 3 (1) 

0-8412-0500-0/79/33-182-365$05.00/l 
© 1979 American Chemical Society 
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366 E Q U A T I O N S O F S T A T E 

a n d 

Pr(T> - 1 + -f- d - ττ) - \ d - Try* (2) 

where the subscript r denotes a reduced property , e.g., T r = T / T c . These 
equations incorporate the l a w of the rect i l inear d iameter p<i) + p ( v ) oc Τ 
a n d the near - c r i t i ca l p o w e r l a w Ρ { ϊ ) — p ( v ) <χ ( T c — T ) 1 / 3 . I n the latter 
result , the exponent 1/3 n o w is referred to as the c r i t i ca l exponent £ c . 
I n the interest of just a t t r ibut ion , it m a y be noted that the latter result , 
descr ibed b y G u g g e n h e i m as new, was g iven m u c h earl ier b y others 
(2,3,4,5). 

E x a m p l e s of modern substance-speci f ic dens i ty - temperature relations 
are f o u n d i n G o o d w i n (6) a n d i n Pentermann a n d W a g n e r (7). 

T h e equat ion p(?) for the saturation boundary presented i n this 
chapter has the f o r m 

U * - l |= (1 - P R ) B (3) 

where bo th λ ~ 1 a n d β ~ 0.35 are weak functions of pressure. T h i s 
f o r m inc ludes as special cases the near -cr i t i ca l temperature- form p o w e r 
l a w , 

| P r - l | - A ( l - r r ) ' . + . . . (4) 

the low-pressure expression for the vapor , 

Λ ( τ ) - βοΡτ + . . . (5) 

and the low-pressure expression r.or the l i q u i d 

Λ (1 ) = 2 - β0Ρτ + . . . (6) 

(These special forms w i l l be discussed i n the f o l l o w i n g section.) T h e 
basic E q u a t i o n 3 is a fortuitous result , rather than the produc t of an 
order ly development program. A c c o r d i n g l y , the appearance of Ρ (rather 
than T) as independent var iab le does not represent a del iberate choice. 
H o w e v e r , i t w o u l d be a defensible choice o n three grounds : (a ) b y 
app l i ca t i on of a vapor-pressure equat ion , n o r m a l l y accurately k n o w n , 
pressure a n d temperature are interchangeable ; ( b ) pressure is a na tura l 
p h y s i c a l constraint i n bo th static a n d d y n a m i c prob lems—the idea of a 
b o i l i n g po int is a s imple example ; a n d ( c ) there appears to be an inherent 
advantage, manifested i n E q u a t i o n 5, i n that pT ~ PT on the vapor side 
( on the l i q u i d side pT ~ 1 a n d there is l i t t le advantage either w a y ) . 
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20. T H O M P S O N 

Liquid-Vapor Saturation Densities 367 

G u g g e n h e i m E q u a t i o n s 1 a n d 2 are i n corresponding-states f o r m : 
that is, the reduced- form equations pr(TT) exp l i c i t ly conta in no mater ia l 
constants a n d are f o rmal ly app l i cab le to a l l substances ( i n pract ice , to 
substances h a v i n g smal l nearly spher ica l molecules , w i t h modest a c cu ­
r a c y ) . T h e desirable corresponding-states f o rmulat ion w i l l be reta ined i n 
the equat ion presented here i n a modi f ied f o rm, b y i n c l u d i n g (as is n o w 
usual ) the P i t z e r - C u r l acentric factor ω as an expl ic i t mater ia l constant: 

T h e n E q u a t i o n 3 takes the f o rm pr = ρτ(ω, P r ) a n d w i l l be convenient ly 
app l i cab le to nonpo lar or w e a k l y po lar substances. 

T h e a i m of the equat ion development is the accurate a n d reasonably 
s imple descr ipt ion of the entire saturation boundary , w i t h a clear repre ­
sentation of the corresponding-states pr inc ip l e . 

Development of the Equation 

T h e basic E q u a t i o n 3 becomes expl i c i t as soon as the parameters 
β(Ρτ) a n d λ ( Ρ Γ ) are specified. T h i s specif ication is the result of a lengthy 
t r i a l procedure , based on the f o l l o w i n g factors: ( a ) consistency w i t h 
k n o w n near - cr i t i ca l p o w e r laws, ( b ) approximate consistency w i t h the 
l a w of the rect i l inear diameter ; ( c ) the tendency of the low-pressure 
vapor curve to f o rm a straight l ine i n l ogar i thmic coordinates, as pred i c ted 
by E q u a t i o n 5; ( d ) impos i t i on of a definite f o rm of the corresponding-
states p r i n c i p l e ; a n d (e ) consistency w i t h a large co l lect ion of exper i ­
menta l data. 

T h e n u m e r i c a l va lue of the exponent β proves to be quite close to 
that of the c r i t i ca l exponent βο ~ 0.35 over the entire range of pressures. 
Genera l l y the exponent λ takes on different values on the vapor a n d 
l i q u i d branches of the saturation boundary . T h e n u m e r i c a l range of λ 
easily can be est imated, us ing the c r i t i ca l po int , the low-pressure vapor , 
a n d the low-pressure l i q u i d as reference points . N e a r the c r i t i ca l po int , 
the vapor-pressure equat ion is 

where Wi is a posi t ive constant sometimes ca l l ed the R i e d e l parameter . 
I n conjunct ion w i t h the power l a w ( E q u a t i o n 4 ) a n d the basic E q u a t i o n 
3 this y ie lds the c r i t i c a l va lue for λ : 

ω s - l o g 1 0 P r ( s ) (0.7) - 1 
(7) 

1 η Ρ Γ = -wx (1 - Tr) + .. . (8) 

(9) 
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368 E Q U A T I O N S O F S T A T E 

U s i n g the somewhat representative va lue Wi = 6.33 f r om ethylene data 
(8 ) a n d the G u g g e n h e i m values A = 7 / 4 a n d /? c = 1 /3 yie lds Ac ~ 1.06. 
F o r vapor i n the l i m i t of zero pressure, app l i ca t i on of a vapor-pressure 
equat ion such as l n P r = Wx ( T r — 1 ) / T r a n d assuming that the com­
press ib i l i ty factor Ζ = 1 y ie lds , after ca l cu lat ion w i t h E q u a t i o n 5, the 
l i m i t i n g va lue λ = 1. S i m i l a r l y , assuming a l i m i t i n g low-pressure l i q u i d 
density such as the V a n der W a a l s ( V D W ) value pr = 3 y ie lds w i t h 
E q u a t i o n 6 the l i m i t i n g va lue λ ~ 0.63. ( I t turns out that the l o w -
pressure vapor a n d l i q u i d estimates are independent of the value of β. ) 
T h u s the value of λ is est imated to be i n the range 0.6 to 1.1. 

Fixing the Value of β. T h e exponent β is assumed to v a r y l inear ly 
between a high-pressure l i m i t /? c ( the cr i t i ca l exponent) a n d a l o w -
pressure l i m i t β0 a ccord ing to 

β — βο + ( j 8 0 - j 8 c ) ( l - Pr) (10) 

T h e mater ia l constants β0 a n d β0 w i l l be re lated to ω. T h e value of 
βο(<») is taken f r om numerous exper imental determinations (as shown 
i n F i g u r e 1) w h i c h are represented b y the e m p i r i c a l equat ion 

-0.4 -0.2 0 0.2 0À 0.6 

ω 
Figure 1. Material constants β€ and β0 correlated with ω. Data from 
various sources are shown for the scaling exponent ββ. (—), Equations 
11 and 12; ( ), trend of β0 data from Refs. 9, 10, and 11. (Π), 

12; ( V j , 13; (A), 14; (O), 15; (+), 16; and (0), A. 
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20. T H O M P S O N Liquid-Vapor Saturation Densities 369 

( T h i s is not an easy choice; several recent a n d somewhat controversial 
determinations p u t the va lue of /? c close to .328 (9 ,10 ,11 ) . ) 

T h e value of β 0 ( ω ) was determined i n i t i a l l y f r om E q u a t i o n 5, b y 
fitting a straight l ine , i n l ogar i thmic coordinates, to low-pressure vapor 
data (this procedure also establ ished corresponding low-pressure values 
for λ ( ν ) ) . D a t a convenient ly were generated for this purpose b y u s i n g 
accurate substance-specific vapor-pressure equations i n conjunct ion w i t h 
a two- term v i r i a l equat ion , u s i n g the second v i r i a l coefficient of Tsono -
poulos ( 17 ) . T h e i n i t i a l results then were refined b y c o m p a r i n g ac tua l 
saturation-density data (w i thout assuming any par t i cu lar form for the 
density curve ) to y i e l d 

fl,-.321+ 1 + ^ ( - n ( 1 2 ) 

T h e straight- l ine f o rm ( E q u a t i o n 5) of the low-pressure p r e s s u r e -
density was f ound b y Y o u n g (18,19) a n d independent ly b y T h o m p s o n 
a n d S u l l i v a n (15) some 70 years later. It is interest ing to compare 
Young's results for β0 w i t h those f rom E q u a t i o n 12, a n d his results for 
λ ( ν ) w i t h those f o u n d be low. I n T a b l e I , Young's results are ind i ca ted 
b y subscript Y a n d the results of this w o r k by subscript T . Young 's 
values of λ were taken d i rec t ly f r o m his w o r k ; his values of β were c o m ­
p u t e d f rom his data , us ing m o d e r n values for P c a n d p c . T h e values λ τ

( ν ) 

tabu la ted here w i l l be def ined i n the f o l l o w i n g section. 

Table I . Comparison with Young's Results for 
the Low-Pressure Vapor 

Substance βγ° βτ° λγ('> \τ(υ) 

Benzene .299 .330 1.079 1.068 
n -Pentane .316 .327 1.070 1.064 
n - H e x a n e .307 .325 1.068 1.061 
n - H e p t a n e .309 .323 1.058 1.056 
n-Octane .308 .322 1.058 1.053 

Fixing the Value of λ. T h e funct ion λ ( Ρ Γ ) has t w o branches corre­
spond ing to saturated vapor a n d saturated l i q u i d : these branches meet 
at the c r i t i ca l po int where the c o m m o n va lue of λ is designated as A c . 
T h e two branches can be ca lcu lated f rom exper imental p r ( P r ) data f r om 
E q u a t i o n 3 rewr i t ten i n the f o rm 
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370 E Q U A T I O N S O F S T A T E 

where the upper a n d lower signs correspond to the vapor a n d l i q u i d 
branches, respectively. F r o m E q u a t i o n 3, the vapor va lue λ ( ν ) a n d l i q u i d 
va lue λ ( ΐ ) are related b y 

PTM ( P r ) W V + M L ) ( P r ) \ » « V = 2 (14) 

F o r convenience, the pressure scale is expanded b y the substitute 
independent var iab le x, 

x= - l n P P (15) 

( N o t e that χ « 1 - P r for χ < < 1.) 
It was observed early i n this study that the exper imental curves λ(χ) 

for various substances tended to co inc ide i f the curve for each substance 
were shi fted i n ampl i tude . T h i s corresponds to the f o rm 

\(x)=\€ + g(x) (16) 

where A c is a mater ia l proper ty a n d g ( x ) is a un iversa l func t i on w i t h 
two branches g ( v ) a n d g ( D , where g ( V ) (0 ) = g ( n ( 0 ) = 0. E q u a t i o n 16 
is an expl i c i t statement of the corresponding-states p r i n c i p l e . 

T h e qua l i ty of the approx imat ion corresponding to E q u a t i o n 16 
c o u l d be i m p r o v e d b y adjustments i n the funct ion β 0 ( ω ) , l ead ing to 
E q u a t i o n 12. T h e degree of co inc idence obta ined can be seen i n F i g u r e 
2, w h i c h inc ludes data for 34 substances shi fted accord ing to a n o p t i m u m 
choice for Xc. T h u s the p lo t is an exper imental representation of the 
funct ion g(x). T h e data invest igated covered the range 0 < χ < 18.9 
( larger values of χ are not shown i n the figure because of format 
l i m i t a t i o n s ) . 

Cons iderab le scatter i n the ne ighborhood of the c r i t i ca l po int is a 
result of the dif f iculty of measurement a n d the dev iat ion a m p l i f y i n g effect 
of the funct ion λ ( Ρ Γ ) for P r near un i ty . I n the case of smoothed data , a 
smoothing /? c w h i c h departs f rom E q u a t i o n 11 w i l l l ead to a s ingular i ty 
i n λ at the c r i t i ca l po int . S i m i l a r l y , deviant c r i t i c a l properties P c a n d V c 

w i l l l ead to a s ingular i ty i n λ at the c r i t i ca l po int ( for a deta i led discus­
sion, see T h o m p s o n (20)). 

T h e ana lyt i ca l forms for the functions g(x) are based on fits to the 
oxygen data of W e b e r (21). T h e f o rm 

= ( 1 7 ) 

was w e l l suited to bo th vapor a n d l i q u i d sides. T h e values of the 
exponents m a n d η were f o u n d b y t r i a l op t imizat i on , as i l lustrated for 
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20. T H O M P S O N Liquid-Vapor Saturation Densities 371 

1 0.1 0.01 0.001 0.0001 

0 2 U 6 8 10 

x = - In P r 

Figure 2. Universal plot of all λ — Xc data (x < 10) for the substances 
investigated. Labels V ana L designate vapor and liquid branches, re­
spectively. For quantum substances (ω < —0.1), only vapor points are 

shown. 

vapor i n F i g u r e 3. T h e vapor values m = 0.35 a n d n, = 2.00, a n d the 
l i q u i d values m = 0.60 a n d η = 0.95 were determined i n this w a y . W i t h 
coefficients a n d A c de termined b y least squares, the final results for 
g(x) were 

g(v)(z) 
r . 3 5 

31 + .14a;2 
(18) 

a n d 

g<i>(z) = 5.25 + . 5 4 r 9 5 
- . 0 0 0 9 ( x - 9 ) 1 / s 

where 

(19) 

- 9 x>9 

χ < 9 

T h e last term i n E q u a t i o n 19, 0 for χ < 9, is a smal l a d hoc correct ion to 
i m p r o v e the fit to l i q u i d data extending to large values of x, i.e., for the 
substances ethane a n d propane (22,23), a n d certa in others w h i c h have 
extremely l o w ( reduced ) t r ip le -po int pressures. 

T h e values of λ τ
( ν ) s h o w n i n T a b l e I w e r e ca l cu lated f r o m the 

m a x i m u m a m p l i t u d e ( ^ .052) i n E q u a t i o n 18. 
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0.05 

0.04 

0.03-

0.02 

1 1 1 
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2.80 \ , 

2.6oV 

2.4θ\ ^ Λ β ο 
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1 1 1 1 
0.32 0.34 0.36 038 0.40 0A2 

m 

Figure 3. Average absolute-value error ε (in percent) in the computed λ 
for oxygen vapor (21) as a function of the exponent m, for optimum 
exponent n. The numbers along the curve show the value of the optimum 

n; kc = 1.0313. 

A Near-Critical Series Development for λ ( χ ) . I t is interest ing to 
compare E q u a t i o n s 18 a n d 19 w i t h the forms w h i c h w o u l d be r e q u i r e d to 
satisfy a Guggenhe im- type p o w e r l a w , 

Pr = 1 =F (20) 

where τ = 1 — T r a n d the u p p e r a n d l ower signs consistently w i l l des ig ­
nate vapor a n d l i q u i d states, respectively . I n conjunct ion w i t h E q u a t i o n 
13 a n d a sca l ing f o rm vapor-pressure equat ion , 

X = Wi τ + w2 r 
.2- θ (21) 

w h i c h inc ludes the sca l ing exponent θ ~ 0.1, this defines a series expan­
sion for λ ( χ ) near χ = 0. T h e result is , w i t h β considered ident i ca l to β0, 

(λο - 1) (4AC + 1) 

Wl 

2 V e ι ο 

- i - θ 

12λο 
β kçW2 

w t
2 ' e 

(22) 

I t is apparent that m a n y of the above powers of χ are not represented 
i n E q u a t i o n s 18 a n d 19. I n par t i cu lar , the l ead ing t e r m χβ is not repre ­
sented o n the l i q u i d side, a l though i t manifests itself very d is t inct ly o n 
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20. T H O M P S O N Liquid-Vapor Saturation Densities 373 

the vapor side, as shown by the exponent op t imiza t i on ( F i g u r e 3 ) . T h e 
rect i l inear d iameter term x 1 " 3 , on the other h a n d , is represented exp l i c i t ly 
on ly on the l i q u i d side. R e m a r k a b l y , s t i l l more powers of χ w o u l d appear 
i n E q u a t i o n 22 i f a modern f o rm of the density expansion, consistent w i t h 
the renormal izat ion theory (24) h a d been used instead of the G u g g e n ­
h e i m form. 

A n exper imental test of the G u g g e n h e i m fo rm ( E q u a t i o n 20) is 
shown i n F i g u r e 4, where the n u m e r i c a l va lue of \(x) r e q u i r e d to exactly 
reproduce the p o w e r l a w ( o m i t t i n g the l inear , rect i l inear d iameter t e rm) 
is c ompared w i t h exper imental data for ethylene. 

τ 
ο σοι ao2 

0 0.05 0.10 0.15 

λ 
Figure 4. The \(x) required to reproduce the power law 20 for ethylene 
(—). Experimental data are from Ref. 13. ( ), Equations 18 and 19. 
Vapor pressure data are from Ref. 8; the assumed constants are β0 = 0.35 

and Xc = 1.025. 

Computed Results 

W i t h λ defined b y E q u a t i o n s 16, 18, a n d 19, a n d β def ined b y E q u a ­
tions 10, 11, a n d 12, the o p t i m u m values for A c were f o u n d for the 38 
substances (46 data sets) l i s ted i n T a b l e I I b y m i n i m i z i n g the average 
error i n the pred i c t ed density for each substance. 

T h e overa l l average error for a l l data sets was 0 .50% o n the vapor 
side a n d 0 .23% o n the l i q u i d side. These calculations do not inc lude 
l i qu id - s ide data for the q u a n t u m substances (ω < —0.1) , because they 
d i d not con form to the corresponding-states re la t i on ( E q u a t i o n 19 ) ; h o w ­
ever, vapor data seem to conform qui te w e l l . 
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374 E Q U A T I O N S O F S T A T E 

T a b l e I I . Substance D a t a a n d O p t i m u m A c
e 

Substance Ν %(v) 
%<l) ω 

βο 
βο 

Pc(bar) 
Tc(K) 

Vc(cm3/g) 

z„ H e 3 

(25, A , 25) 
18 

.3 
.40 
.40 

1.2085 
- . 4 9 0 

.3630 

.3630 
1.147 
3.310 

24.125 
.4025 

H e 4 

(26,27,27) 
8 
3.8 

.33 

.65 
1.1328 

- . 3 8 7 
.3629 
.3629 

2.274 
5.189 

14.360 
.3032 

n - H 2 

(28 ,29 ,29) 
8 
5.2 

.32 
1.17 

1.0754 
- . 2 1 7 

.3625 

.3621 
12.930 
32.980 

31.850 
.3028 

P - H 2 

(28 ,27 ,27) 
7 
5.1 

.55 

.14 
1.0760 

- . 2 1 8 
.3625 
.3621 

12.850 
32.935 

31.857 
.3014 

A r 
(30 ,27 ,27) 

35 
4.3 

.41 

.10 
1.0334 

- . 0 0 5 
.3579 
.3537 

48.650 
150.725 

1.8692 
.2899 

K r 
(31,27, A ) 

8 
4.0 

.42 

.19 
1.0322 

- . 0 0 2 
.3578 
.3535 

54.931 
209.286 

1.0810 
.2860 

X e 
(32, A , 27) 

12 
4.1 

.09 

.21 
1.0322 

.003 
.3575 
.3530 

57.800 
289.734 

.9009 

.2838 

o2 
(21 ,27 ,27) 

26 
10.4 

.12 

.03 
1.0313 

.022 
.3565 
.3512 

50.430 
154.580 

2.2925 
.2878 

o2 
(33, 27,27) 

21 
6.0 

.07 

.04 
1.0314 

.022 
.3565 
.3512 

50.430 
154.580 

2.2925 
.2878 

0 2 (v) 
( 7 ,27 ,27 ,34 ) 

71 
7.1 

.27 1.0316 
.022 

.3565 

.3512 
50.430 

154.580 
2.2925 

.2878 

0 2 (1) 
( 7 ,27 ,27 ,34 ) 

99 
8.5 .07 

1.0306 
.022 

.3565 

.3512 
50.430 

154.580 
2.2925 

.2878 

N 2 

(35 ,27 ,27) 
13 
5.3 

.34 

.23 
1.0315 

.038 
.3556 
.3495 

33.980 
126.240 

3.1857 
.2889 

N 2 0 
(36,37, A ) 

13 
4.3 

1.40 
.19 

1.0165 
.147 

.3483 

.3362 
72.060 

309.540 
2.2084 

.2722 

C 0 2 

(38,27 27) 
16 
2.7 

.97 

.38 
1.0164 

.260 
.3429 
.3264 

73.753 
304.127 

2.1377 
.2744 

C C 1 F 3 

(39,39, A ) 
33 

7.2 
.41 
.14 

1.0211 
.172 

.3468 

.3335 
38.700 

302.100 
1.7254 

.2777 
C C 1 2 F 2 

(40 ,41 , A ) 
20 

9.4 
.38 
.31 

1.0195 
.177 

.3465 

.3329 
41.240 

384.950 
1.7750 

.2765 

C C U 
(36, A , 36) 

21 
3.7 

.44 

.22 
1.0192 

.194 
.3456 
.3313 

46.200 
556.300 

1.7920 
.2932 

C3F8 
(42,42, A ) 

13 
5.0 

.86 

.37 
1.0224 

.325 
.3414 
.3236 

26.800 
345.050 

1.5975 
.2806 

C 3 F 5 H 3 

(43, A , A ) 
13 
4.5 

.22 

.13 
1.0099 

.304 
.3418 
.3243 

31.500 
380.120 

2.0137 
.2690 
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20. T H O M P S O N Liquid-Vapor Saturation Densities 375 

T a b l e I I . C o n t i n u e d 

Substance Ν %(v) 
ω 

βο 
βο 

VJbar) 
Te(K) 

Ve (cm3/g) 

C e F s H 
(44,45, 44,45) 

14 
6.2 .26 

1.0002 
.374 

.3408 

.3225 
35.310 

530.960 
1.9320 

.2597 

CeFe 
(44 ,46 ,44 ,47 ) 

14 
5.9 .18 

.9982 
.396 

.3406 

.3222 
32.732 

516.670 
1.8169 

.2576 

CeFe 
(46 ,46 ,44) 

6 
.3 

.30 
1.08 

.9982 

.396 
.3406 
.3222 

32.732 
516.670 

1.8169 
.2576 

C 7 F 5 H 3 

(44 ,45 ,44 , 45) 
14 

7.8 .32 
.9966 
.416 

.3405 

.3219 
31.260 

566.520 
2.1119 

.2552 

C H 4 

(48, 27,27) 
18 
6.0 

.68 

.37 
1.0305 

.007 
.3573 
.3526 

45.950 
190.555 

6.1463 
.2860 

C E U ( l ) 
(23, 27,27) 

11 
4.4 .03 

1.0326 
.007 

.3573 

.3526 
45.950 

190.555 
6.1463 

.2860 

C2H4 

(13,13,13) 
14 

1.1 
.10 
.14 

1.0214 
.086 

.3525 

.3438 
50.420 

282.350 
4.6690 

.2813 

C2H4 

(49,13,13) 
14 

5.2 
.47 
.40 

1.0234 
.086 

.3525 

.3438 
50.420 

282.350 
4.6690 

.2813 

C 2 H C 

(50, 22,51) 
12 

1.4 
.11 
.19 

1.0196 
.091 

.3521 

.3431 
48.714 

305.330 
4.8477 

.2797 

C 2 H 6 

(22,22, 51) 
22 
15.3 

.70 

.07 
1.0235 

.091 
.3521 
.3432 

48.714 
305.330 

4.8477 
.2797 

C 2 H 6 ( 1 ) 
(23 ,22 ,51 ,22 ) 

23 
13.0 .06 

1.0240 
.091 

.3521 

.3432 
48.714 

305.330 
4.8477 

.2797 

C s H e 
(49, 49, A ) 

17 
5.1 

.25 

.21 
1.Θ197 

.143 
.3486 
.3367 

46.130 
364.900 

4.3430 
.2779 

C 3 H e 
(52, 52, A ) 

22 
2.2 

.37 

.31 
1.0222 

.214 
.3447 
.3295 

55.790 
398.300 

3.8312 
.2716 

C 3 H 8 

(53,53, 53) 
26 

3.7 
.40 
.18 

1.0194 
.153 

.3480 

.3355 
42.497 

369.800 
4.5356 

.2764 

C 8 H 8 ( 1 ) 
(23,53, 53, 54) 

16 
18.9 .08 

1.0193 
.145 

.3484 

.3364 
42.497 

369.820 
4.5356 

.2764 

i s o - C 4 H 8 

(55, A , A ) 
29 

4.1 
.62 
.21 

1.0131 
.197 

.3455 

.3310 
39.800 

418.000 
4.2392 

.2724 

n - C 4 H i 0 

(53, 56, A ) 
11 

3.6 
.62 
.21 

1.0143 
.199 

.3454 

.3308 
37.970 

425.160 
4.3952 

.2744 

i s o - C 4 H 1 0 

(56, A , A ) 
16 
3.6 

1.60 
.44 

1.0166 
.182 

.3463 

.3324 
36.300 

408.130 
4.4221 

.2750 

n - C 5 H 1 2 

(36,58, A ) 
17 
3.4 

.84 

.23 
1.0119 

.243 
.3435 
.3274 

33.690 
469.650 

4.3144 
.2686 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

20



376 E Q U A T I O N S O F S T A T E 

T a b l e I I . C o n t i n u e d 

Substance Ν %<v) 
%<l> ω 

βο 
βο 

Vc(bar) 
TC(K) 

Vc(cm3/g) 

tt-C5H12 

(58, 58, A ) 
28 

3.5 
.41 
.68 

1.0122 
.252 

.3432 

.3268 
33.690 

469.650 
4.3144 

.2686 

iso -C r ) Hi2 
(59, 59, A ) 

18 
5.4 

.50 

.18 
1.0177 

.227 
.3441 
.3285 

34.110 
461.000 

4.2704 
.2742 

C5H12 
(60, A , A ) 

19 
1.7 

.08 

.15 
1.0196 

.196 
.3455 
.3311 

31.530 
433.750 

4.3280 
.2730 

CeHe 
(36,41,41) 

20 
3.6 

1.02 
.11 

1.0085 
.213 

.3447 

.3296 
48.980 

562.090 
3.3112 

.2711 

n - C 6 H 1 4 

(36, A , A ) 
16 

3.4 
.72 
.07 

1.0081 
.296 

.3420 

.3247 
30.150 

507.400 
4.2940 

.2491 

n - C 7 H 1 6 

(36, 41,41) 
17 
3.3 

.50 

.17 
1.0014 

.350 
.3411 
.3230 

27.360 
540.200 

4.3097 
.2631 

n - C 8 H i 8 
(61, A , A ) 

29 
7.2 

.61 

.12 
1.0011 

.394 
.3407 
.3222 

25.000 
568.760 

4.2886 
.2590 

n-CioH22 
(62, A , A ) 

7 
6.7 

.76 

.20 
.9976 
.490 

.3402 

.3214 
21.600 

617.400 
4.3493 

.2604 

Average Va lues .50 
.23 

" T h e given citations listed beneath the compound name refer respectively to: 
density data, P c , Vc, and vapor pressure (where conversion from temperature to 
pressure is required). The citation A refers to a value by the author. 

I n some cases (see T a b l e I I ) , the c r i t i ca l vo lume was adjusted by 
the author such that an independent fit of vapor a n d l i q u i d data y i e l d e d 
the same value of A c . I n a f ew cases, also noted i n the table , the c r i t i c a l 
pressure was adjusted so as to avo id a sharp s ingular i ty i n \ c (20). A 
representative case of adjusted c r i t i ca l properties is n-octane: 

Pc(bar) Vc(cm3/g) 

D a t a Source 24.97 4.2540 
A u t h o r 25.00 4.2886 

I n every case where several exper imental determinations of F c a n d t; c 

were avai lable , the adjusted values f e l l w e l l w i t h i n the field of the 
measured values. O f course, one can take the v i e w p o i n t that c r i t i ca l 
properties adjusted i n this w a y are actual ly pseudocr i t i ca l properties 
w h i c h are relevant only to the m o d e l g iven here. I n any case, it is qu i te 
easy to calculate c r i t i ca l properties f rom the m o d e l , e.g., f r o m l o w -
pressure l i q u i d data (2); see also Ref . 63. 
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20. T H O M P S O N Liquid-Vapor Saturation Densities 377 

T h e o p t i m u m values A c f r o m T a b l e I I are p l o t t e d i n F i g u r e 5 as a 
funct ion of ω (values for ω < 0.02 are not s h o w n ) . T h e fitted functions 
λ 0 (ω ) are 

Ac — 1.033 - . 0 8 2 ω ( ω > 0 ) (23) 

and 

Ac = 1.033 - .192 ω - 2.9 ω5 (ω < 0) (24) 

W i t h these equations, the corresponding-states f o rm ρ Γ (ω, P r ) is complete . 
T h i s correlat ion f orm yie lds an average error for the pred i c ted density of 
0 . 8 5 % on the vapor side a n d 0 . 3 7 % on the l i q u i d side for the substances 
shown i n T a b l e I I . M u c h of this increased error stems f rom the data for 
perf luoropropane a n d n-decane. 

A p lot of the saturation boundary i n pressure -vo lume coordinates is 
shown i n F i g u r e 6 for three different values of ω. O n the scale of this 
plot , no dev iat ion of the curves ( ca l cu lated f rom the corresponding-
states m o d e l ) f rom the data can be detected. 

A reasonably accurate representation of the entire vapor boundary 
is obta ined w i t h a constant β , constant λ m o d e l w i t h 

β = βο(ω), λ = λο(ω) + .05 (25) 

T h i s value of λ corresponds approx imate ly to the slope of the low-pressure, 
near ly straight- l ine curve i n the Ρ, V d iagram. Tested on oxygen data i n 

1.03 

1.02 

Ac 

1.01 

1.00 

" 9 ΟΪ 02 03 QJ*~ 

Figure 5. Optimum values of Xc as a function of ω, with the fit given by 
Equations 23 and 24. Only values with ω > —.02 are shown. 
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20. T H O M P S O N Liquid-Vapor Saturation Densities 379 

E q u a t i o n 3, this s imple m o d e l y i e l d e d the f o l l o w i n g average percent 
errors ( r i g h t - h a n d c o l u m n ) : 

Data Source Optimum Correlation Constant β, λ 

Weber (21) .12 .13 1.52 
W a g n e r (7) .27 .29 1.25 

Discussion 

T h e basic E q u a t i o n 3 seems to be successful i n p r e d i c t i n g the satu­
rat ion densities a n d p r o v i d i n g a c lear statement of the corresponding-
states p r inc ip l e . H o w e v e r , vexatious questions about the m o d e l r e m a i n , 
par t i cu lar ly for the near -cr i t i ca l region. T h e existence of a u n i q u e c r i t i c a l 
exponent /? c, w h i c h approaches a stationary va lue i n the ne ighborhood 
of the c r i t i c a l po int , is ca l l ed into quest ion b y recent experiments (9,10, 
11). T h e complexi ty of m o d e r n cr i t i ca l - reg ion theoret ica l models (24) 
m i g h t even suggest that no f u l l y consistent c losed-form algebraic descr ip ­
t i on of the type attempted here is possible. H o w e v e r , i t is w e l l to keep 
i n m i n d that current theoretical descriptions are themselves approximate 
models of the p h y s i c a l w o r l d . 

T h e avai lable data have a direct influence on the n u m e r i c a l constants 
der ived here. T h e data used were of h i g h l y var iab le q u a l i t y (20) a n d a 
more c r i t i ca l data selection process (7 ) w o u l d be desirable. T h e c r i t i c a l 
properties F c , a n d especial ly V c , have great influence a n d smal l accuracy. 
T h e accuracy p r o b l e m is i n part caused b y the dif f iculty of measurement. 

Glossary of Symbols 

Notation 

A = coefficient i n E q u a t i o n s 1 a n d 2 
C = coefficient 
g = universa l funct ion i n E q u a t i o n 16 

m, η = exponents i n E q u a t i o n 17 
Ν = number of data points 
Ρ = pressure 

R\ R~ = coefficients i n E q u a t i o n 20 
Τ = absolute temperature 
V = p'1, specific vo lume 

Wi, w2 = coefficients i n vapor -pressure equat ion 
χ = - l n Pr 

Ζ = PV/RT, compress ib i l i ty factor 
e = base of n a t u r a l l o g 
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380 E Q U A T I O N S O F S T A T E 

Greek 

β = exponent i n E q u a t i o n 3 
c = absolute percent error 
θ = scal ing exponent 
λ = exponent i n E q u a t i o n 3 
Ρ = V " 1 , density 
r = l - T r 

ω = P i t z e r - C u r l acentric factor 

Subscripts and Superscripts 

c = c r i t i ca l state 
1 =* l i q u i d ( saturation ) state 
r = reduced 

r l = reduced saturated l i q u i d state 
r v = reduced saturated vapor state 

s == saturation state 
Τ = T h o m p s o n 
v = vapor (saturat ion) state 
Y = Y o u n g 
ο = zero-pressure cond i t i on 
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Application of a Generalized Equation of State 

to Petroleum Reservoir Fluids 

LYMAN YARBOROUGH 

AMOCO Production Co., P.O. Box 5340 A, Mail Code 4507, Chicago IL 60680 

Generalized temperature- and component-dependent param­
eters are developed for the Redlich-Kwong equation of 
state. Binary vapor-liquid equilibrium data are used to 
determine interaction parameters which will be used in the 
combining equations for mixtures. Comparisons of calcu­
lated and experimental vapor-liquid equilibrium for several 
ternary systems indicated that only nonhydrocarbon-hydro-
carbon interaction parameters are required in the combining 
equations. A procedure for characterizing the effect of the 
complex molecular structure of the heptanes and heavier 
components on phase equilibrium was developed. The com­
bination of this characterization procedure with a gas chro­
matographic analysis of the heptanes and heavier fractions 
allowed the equation of state to be used to successfully 
predict the phase behavior of petroleum reservoir fluids, 
both crude oils and gas condensates. 

"X T a p o r a n d l i q u i d phases coexist i n v i r t u a l l y a l l areas of pe t ro leum 
* p r o d u c t i o n operations, i n c l u d i n g reservoirs, wel lbores , surface-pro­

d u c t i o n units , a n d gas-processing plants . K n o w l e d g e of fluid properties 
a n d phase behavior is r equ i red to calculate the fluid i n p lace , fluid 
recovery b y p r i m a r y deplet ion , a n d fluid recovery b y enhanced o i l 
recovery techniques such as gas c y c l i n g , h y d r o c a r b o n solvent in ject ion , 
a n d C 0 2 d isplacement. Because of the complex nature of pe tro leum 
reservoir fluids a n d the often c o m p l i c a t e d phase behavior observed at 
elevated temperature a n d pressure condit ions , the fluid properties a n d 
phase behavior h is tor i ca l ly have been measured exper imental ly . T h e 
complex nature of the fluids arises because of the supercr i t i ca l c o m ­
ponents w h i c h are dissolved i n the mixture o f paraff inic, naphthenic , a n d 

0-8412-0500-0/79/33-182-385$13.75/l 
© 1979 American Chemical Society 
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386 E Q U A T I O N S O F S T A T E 

aromatic hydrocarbons (or these heavier hydrocarbons disso lved i n the 
supercr i t i ca l gas m i x t u r e ) , w h i c h is often c o m p o u n d e d b y the presence 
of nonhydrocarbons (n i t rogen , C 0 2 , or H 2 S ) . T h e phase behav ior is 
c ompl i ca ted sometimes because the elevated pressure makes the heavier 
hydrocarbons very soluble i n the gas phase; it also makes the supercr i t i ca l 
(or gaseous) components very soluble i n the l i q u i d phase, resu l t ing i n 
near c r i t i c a l a n d retrograde behavior . A n accurate a n d re l iab le phase-
e q u i l i b r i a p red i c t i on method al lows the ca l cu la t i on of impor tant i n f o r m a ­
t i o n w i t h a considerable savings of t ime a n d cost t h a n i f exper imenta l 
measurements are requ i red . T h i s is par t i cu lar ly true for systems i n w h i c h 
large composi t ion variat ions occur, as i n some of the enhanced o i l 
recovery techniques. 

Therefore , a phase - equ i l i b r ium p r e d i c t i o n method general ly a p p l i c ­
able to petro leum reservoir fluids must be capable of b e i n g used w i t h 
supercr i t i ca l components i n c l u d i n g the nonhydrocarbons , n i trogen, C 0 2 , 
and H 2 S , i n add i t i o n to p r e d i c t i n g the effect of the different mo lecu lar 
types of hydrocarbons on phase e q u i l i b r i a . T h e pred i c t i on m e t h o d also 
must prov ide reasonable results i n the retrograde, near c r i t i c a l , a n d 
c r i t i c a l regions. Because of these requirements , a n equat ion of state 
w h i c h c o u l d be a p p l i e d to b o t h the vapor a n d l i q u i d phases was neces­
sary. T h e two constant R e d l i c h - K w o n g ( R K ) equations of state was 
selected for study because of its s i m p l i c i t y a n d accuracy relat ive to other 
s imple equations of state. T h e s impl i c i t y was considered to be a n asset 
because of the necessity to generalize the equat ion parameters based on 
properties read i ly obta ined for undef ined fractions of pe t ro leum fluids. 

Equation of State Parameters 

T h e e m p i r i c a l R K equat ion of state ( I ) 

(where Ρ = absolute pressure; Τ = absolute temperature ; V = mo lar 
vo lume ; a n d R = universa l gas constant; a = equat ion parameter ; b = 
equat ion parameter ) has t w o parameters , a a n d b, w h i c h c a n be deter­
m i n e d b y a p p l y i n g the c lass ical def ini t ion of the c r i t i c a l p o i n t 

(where subscript c denotes the c r i t i c a l po in t ) to the equat ion of state, 
or b y fitting the equat ion of state to exper imental vo lumetr i c data. A p p l y -

P = RT/(V - b) - α/Τ* V(V + b) (1) 

(dP/dV)Tc = 0 and (d2P/dV2)Tc = 0 (2) 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 387 

i n g the former method results i n general ized parameters w h i c h can be 
used for any component for w h i c h the c r i t i c a l temperature a n d pressure 
are k n o w n ( I ) . 

a — 0 . 4 2 7 8 f l 2 ! T c
2 - 5 / P c b — 0 . 0 8 6 7 # r c / P c (3) 

Several investigators have used the latter method of fitting the constants 
to vo lumetr i c data or a combinat i on of vo lumetr i c data a n d fugaci ty . A 
popular method for corre lat ing the fitted parameters is to use relat ionships 
s imi lar to those i n E q u a t i o n 3: 

a = QaR2Tc
25/Pc b = QbRTc/Pc (4) 

Cons iderab le success has been enjoyed b y investigators w h o a l l o w e d Ω α 

a n d Ω & to be temperature-dependent coefficients. 
T h e procedures for de te rmin ing Ω α a n d Ω δ w h i c h were suggested b y 

Z u d k e v i t c h a n d Joffe ( 2 ) , C h a n g a n d L u ( 3 ) , a n d Joffe, et a l . (4 ) are 
used i n this study except that genera l i zed correlations of vapor pressure 
( 5 , 6 ) , saturated l i q u i d density ( 7 ) , a n d saturated l i q u i d fugac i ty (8 ) 
are used i n place of pure component data . T h e resul t ing values of Ω α 

a n d Ω & are smooth functions of r educed temperature a n d the acentric 
factor. Va lues of Ω α a n d Ω & are ca l cu la ted for a r educed temperature 
range of 0.15 to 1.00 for acentric factors of 0 to 1.50. Selected results are 
shown i n F igures 1 a n d 2. T h e ca lculated values of Ω α a n d Ω & are fitted 
b y spl ine equations w h i c h are used because the first der ivat ive is c o n ­
t inuous, a n d the temperature der ivat ive of Ω α a n d Ω & is r e q u i r e d to 
calculate enthalpies. A l s o , the ca l cu lat ion of Ω α a n d Ω & v i a the spl ine 
equations requires very l i t t le computer t ime. T h e final equations c a n b e 
extrapolated to a n acentric factor of 1.60 a n d to a r educed temperature 
of 0.10. 

T h i s w o r k results i n correlations w h i c h can be used to pred i c t p a r a m ­
eters for the R K equat ion of state for hydrocarbon a n d other nonpo lar 
components for w h i c h the c r i t i c a l pressure, c r i t i ca l temperature , a n d 
acentric factor are k n o w n or c a n be est imated. H o w e v e r , the a p p l i c a b i l i t y 
of the correlations to large molecules is u n p r o v e n because the general ized 
correlations of p h y s i c a l a n d t h e r m o d y n a m i c properties used to develop 
Ω α a n d Ω & are based on components no heavier t h a n n-decane (acentr ic 
factor = 0.4885 ). A l t h o u g h the pred i c t ed parameters are based on p r o p ­
erties for the saturated l i q u i d phase, the parameters are a p p l i e d to b o t h 
vapor a n d l i q u i d phases. F o r components above the ir c r i t i ca l temperature 
(a reduced temperature greater than 1.00), the values of Ω α a n d Ω 6 

determined at a r educed temperature of u n i t y are used. 
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Application to Mixtures of Defined Components 

Rules are proposed b y R e d l i c h a n d K w o n g ( I ) for c o m b i n i n g the 
pure-component parameters so the equat ion of state can be a p p l i e d to 
mixtures 

a m = E Z l / t Vj (kj, where a{j = ( a i α>) ν* (5) 

bm — Σ Vi bi (6) 
i 

w h e r e y is the mole f ract ion . 

T a b l e I . B i n a r y System D a t a U s e d 
No. of Tempera­
Points ture Pressure 

System Used Range, °F Range, psia Refs. 

N i t r o g e n - M e t h a n e 13 - 2 5 6 140 29-600 9,10 
N i t r o g e n - E t h a n e 10 - 1 5 0 - 50 300-900 11 
N i t r o g e n - P r o p a n e 13 - 1 4 8 - 1 5 8 600-1,400 12 
N i t r o g e n - n - B u t a n e 39 - 1 8 4 - 2 8 0 236-4,020 13,14,15 
N i t r o g e n - n - H e x a n e 24 100-340 250-5,000 16 
N i t r o g e n - n - H e p t a n e 18 90 -360 1,020-10,025 17 
N i t r o g e n - n - D e c a n e 10 100-280 500-5,000 18 
N i t r o g e n - B e n z e n e 10 167-257 901-4,411 19 
N i t r o g e n - H 2 S 23 2-160 498-3,003 20 

N i t r o g e n - C 0 2 15 - 1 0 0 - 7 7 764-2,015 21,22 
M e t h a n e - C 0 2 17 - 6 5 - 5 0 600-1,188 23, 24 
C 0 2 - E t h a n e 15 - 6 0 - 6 8 114-821 25,26 
C 0 2 - P r o p a n e 18 - 4 - 1 8 0 200-900 27. 28 29 
C 0 2 - n - B u t a n e 14 80 -280 200-1,000 28, 30 
C 0 2 - n - P e n t a n e 8 100-250 400-1,000 28 
C 0 2 - n - D e c a n e 15 40 -460 300-2,000 31 
C 0 2 - B e n z e n e 12 86-140 300-1,200 32 
C C V - H a S 9 40 -180 400-1,200 33,34 
M e t h a n e - H 2 S 14 - 8 0 - 1 6 0 600-1,800 35,36 
E t h a n e - H 2 S 6 59-150 500-1,000 37 
H 2 S - P r o p a n e 10 76-183.7 300-1,000 38,39 
H 2 S - n - B u t a n e 10 100-250 284-1,050 40 
H 2 S - n - P e n t a n e 5 40 -220 100-1,000 41 
H 2 S - n - D e c a n e 10 40 -340 100-1,400 42 
H 2 S - B e n z e n e 3 77-158 147 43 
M e t h a n e - E t h a n e 50 - 2 2 5 - 5 0 35 -900 11,44,45 
Methane—Propane 66 - 2 2 5 - 1 6 0 34-1,300 44,46 Methane—Propane 

47,48 
M e t h a n e - i s o - B u t a n e 7 100-220 600-1,500 49 
M e t h a n e - n - B u t a n e 19 - 8 0 - 2 2 0 200-1,800 50,51 
M e t h a n e - i s o - P e n t a n e 8 160-280 400-1,000 52 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 391 

Z u d k e v i t c h a n d Joffe (2) suggest a modi f i cat ion to the mixture ru le 
for am for use w i t h mixtures of u n l i k e molecules : 

am = Σ Σ Vi Vs <kj, where α̂ · = ah i = ; (7) 

da = (1 — Ça) (a^) 1 /* , i ^ j 

a n d C f J is the u n l i k e p a i r interact ion parameter . 
E q u a t i o n s 6 and 7 are used i n this work . N o t e that w h e n the interact ion 
parameter is zero, E q u a t i o n 7 reduces to E q u a t i o n 5. 

T h e u n l i k e p a i r interact ion parameter is de termined us ing b i n a r y 
v a p o r - l i q u i d e q u i l i b r i u m data as descr ibed b y Z u d k e v i t c h a n d Joffe ( 2 ) . 
T h e systems used i n this study are g iven i n T a b l e I . T h e interact ion 

to Determine Interaction Parameters 

No. of Tempera­
Points ture Pressure 

System Used Range, °F Range, psia Refs. 

Methane—n-Pentane 12 100-280 400-2,000 53 
M e t h a n e - n - H e x a n e 18 77-340 500-2,500 54,55 
Methane—n-Heptane 22 - 1 0 0 - 4 6 0 600-3,000 56,57 
M e t h a n e - n - O c t a n e 8 77-302 588-1,029 58 
M e t h a n e - n - N o n a n e 16 - 1 3 - 3 0 2 588-4,410 59 
M e t h a n e - n - D e c a n e 19 0 -460 600-4,500 60,61,62 
Methane—n-Eicosane 3 104 588-882 63 
M e t h a n e - C y c l o h e x a n e 15 70-340 600-4,000 64 
M e t h a n e - M e t h y l - 8 - 1 0 0 - 0 600-3,000 65 

cyclohexane 
M e t h a n e - B e n z e n e 5 150 600-4,000 66 
M e t h a n e - T o l u e n e 15 - 1 0 0 - 1 5 0 500-5,000 66,67 
E t h a n e - P r o p a n e 31 - 1 0 0 - 1 8 0 8-550 10, 44,68,69 
E t h a n e - z s o - B u t a n e 24 - 9 4 - 2 5 0 4.6-701 10,20 
E t h a n e - n - B u t a n e 20 50 -250 200-805 70, 71 
E t h a n e - n - P e n t a n e 11 40 -280 150-900 72 
Ethane—n-Hexane 10 150-350 100-950 73 
E t h a n e - n - H e p t a n e 6 150-350 874-1,215 74 
E t h a n e - n - O c t a n e 4 104-212 529-588 75 
E t h a n e - n - D e c a n e 12 40 -460 300-1,500 76 
E t h a n e - n - E i c o s a n e 3 140 588-882 63 
E t h a n e - C y c l o h e x a n e 14 50-450 400-1,200 77 
Ethane—Benzene 7 230-419 800-1,400 78 
P r o p a n e - i s o - B u t a n e 21 - 4 - 2 0 0 15-489 10,79 
P r o p a n e - n - B u t a n e 15 - 4 - 2 5 0 10-400 10,80 
Propane -zso -Penane 8 32-167 29-368 81 
P r o p a n e - r i - P e n t a n e 7 160-280 150-550 82 
P r o p a n e - n - D e c a n e 7 160-460 300-1,000 83 
Propane—Benzene 5 28O-400 400-800 84 
n - B u t a n e - n - H e p t a n e 6 320-400 400-550 85 
η-Butane—n-Decane 5 280-460 300-700 86 
n - P e n t a n e - n - H e p t a n e 3 277-392 147-294 87 
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392 E Q U A T I O N S O F S T A T E 

Table II. Interaction Parameters 

Component Nitrogen co2 H2S 
N i t r o g e n 
C 0 2 - 0 . 0 5 5 
H 2 S 0.1985 0.1076 
M e t h a n e 0.028 0.0762 0.0847 
E t h a n e 0.061 0.1092 0.0905 
Propane 0.124 0.1373 0.0846 
i s o - B u t a n e 
n - B u t a n e 0.169 0.1359 0.052 
i so -Pentane 
n -Pentane 0.014 a 0.075 
n - H e x a n e 0.210 
n - H e p t a n e 0.187 
n -Octane 
n - N o n a n e 
n -Decane 0.1325 0.1369 0.053 
rc-Eicosane 
Cyc lohexane 
M e t h y l c y c l o h e x a n e 
Benzene 0.245 0.0843 0.115 
To luene 

β Results questionable, data suspect. 

parameters are v i r tua l l y independent of temperature a n d pressure for a 
b inary system. Average values determined i n this w o r k are g iven i n 
T a b l e I I . T h e interact ion parameters are correlated against the acentric 
factor of the less volat i le hydrocarbon component , as shown i n F igures 
3-6. These correlations are used to pred i c t interact ion parameters for 
miss ing pairs . 

T h e interact ion parameters for the h y d r o c a r b o n - h y d r o c a r b o n pairs 
are considerably less than those for the n o n h y d r o c a r b o n - h y d r o c a r b o n 
pairs . T o evaluate the need for the interact ion parameter for h y d r o ­
c a r b o n - h y d r o c a r b o n pairs , phase e q u i l i b r i a has been pred i c ted bo th w i t h 
a n d w i t h o u t interact ion parameters for ternary systems for w h i c h exper i ­
menta l data are avai lable . T h e ternary systems used a n d the results of 
the study are g iven i n T a b l e I I I . These results indicate that there is no 
significant advantage for us ing h y d r o c a r b o n - h y d r o c a r b o n interact ion 
parameters i n predict ions for ternary systems. Therefore , for general 
calculat ions, h y d r o c a r b o n - h y d r o c a r b o n interact ion parameters are set at 
zero, but nonzero interact ion parameters are used for n o n h y d r o c a r b o n -
hydrocarbon pairs . 

A d d i t i o n a l evaluat ion of the equat ion of state w i t h the general ized 
temperature-dependent parameters a n d the interact ion parameters has 
been carr ied out b y c o m p a r i n g pred i c ted Κ values w i t h exper imental 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 393 

O b t a i n e d f r o m B i n a r y D a t a 

Methane Ethane Propane η-Butane n-Pentane 

- 0 . 0 0 3 
0.005 0.001 
0.019 0.004 0.008 
0.023 0.009 0.012 
0.023 0.014 
0.019 0.0185 0.026 
0.030 0.038 
0.013 0.034 
0.027 0.006 
0.0155 
0.015 0.012 0.012 

0 0.006 
0.038 0.0276 
0.019 
0.029 0.036 0.025 
0.021 

data on a ten-component system (109) . T h e ranges of composi t ion , 
temperature , a n d pressure at w h i c h comparisons were made are g iven i n 
T a b l e I V . T h e overa l l average absolute deviations between the p r e d i c t e d 
values a n d the exper imental data for each component are g iven i n T a b l e 
V . T h e ni trogen results g iven i n T a b l e V are ca l cu lated us ing the 
interact ion parameters p r o v i d e d by the l ower curve i n F i g u r e 4. T h e 
h igher curve i n F i g u r e 4 resulted i n ni trogen Κ values that are general ly 
too h i g h . 

T h e in format ion i n T a b l e V provides general comparisons but does 
not show details of the deviations at various temperatures a n d pressures. 
B y s tudy ing the exper imental a n d pred i c ted Κ values on l o g Κ vs. l o g Ρ 
plots at several temperatures, details of the deviations for each component 
at various condit ions can be observed. Several examples of this type of 
compar ison are shown i n F igures 7-11. K n o w i n g the percent dev iat ion 
between the pred i c ted a n d exper imental Κ values does not prov ide a 
quant i ta t ive measure of errors i n the p r e d i c t e d v a p o r - t o - l i q u i d rat io a n d 
the saturat ion pressure-properties w h i c h are impor tant i n reservoir -engi ­
neer ing calculat ions. T h e best ind i ca t i on of the accuracy of a K - v a l u e 
pred i c t i on method for reservoir fluids w o u l d be a deta i led compar ison of 
component Κ values as w e l l as fractions of the fluid i n the vapor a n d 
l i q u i d phases a n d the saturation pressure. T h e latter comparisons are 
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398 E Q U A T I O N S O F S T A T E 

Table III. Effect of Hydrocarbon-Hydrocarbon Interaction Parameters 

Components in System 

1 2 3 

C l c 2 C 3 

Cx c 2 C 3 

C l C s n C 4 

C l c 2 n C s 

C l C 3 n C 5 

C l c 3 nCio 

C l nCe nCjo 

C l c 2 n C 7 

C l C 3 nC7 

C l C 3 n C 1 0 

C l n C e C y c l o -
hexane 

c 2 n C 4 nC-3 

c 2 n C 4 nC7 

N 2 C l c 2 

N 2 C l n C 4 

N 2 C l nCio 

C l C 0 2 nC4 

C i H 2 S nC4 

No. of Temperature 
Refs. Points Range, °F 

88 60 - 1 5 0 - 5 0 

89 45 - 1 7 5 - 7 5 

90 47 40 -160 

91 12 100 

92 33 100-220 
93 
94 55 40 -400 

95 59 40 -280 
96 
97 
98 13 - 6 0 - - 2 0 

99 6 - 4 0 20 

99 28 - 2 0 - 7 0 

100 50 32 -140 

101 54 
102 
103 58 150-350 
104 
105 20 - 1 5 1 . 1 

106 48 100-220 

107 64 100-280 

108 31 - 2 0 - 1 0 0 

108 28 - 2 0 - 1 0 0 

Summary of Overall Absolute Average 

Ci C2 Cs 11C4 

N o . of points 540 262 274 325 
W i t h o u t H C - H C Ctj 4.116 6.504 8.289 11.230 
W i t h H C - H C C i ; 5.077 7.517 9.799 13.430 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 399 

on Agreement of Predicted Values Compared to Experimental Data 

Absolute Average Percent Deviation 
between Predicted & Experimental 

Pressure HC-HC 
Range, psia C« Component 1 Component 2 Component 3 

100-1,100 N o 2.953 6.249 16.702 100-1,100 
Y e s 7.346 7.468 18.757 

32-875 N o 3.723 8.217 13.950 
Y e s 8.404 10.873 15.286 

200-1,500 N o 3.527 2.696 6.586 200-1,500 
Y e s 3.698 4.106 9.268 

500-2,000 N o 5.266 1.771 13.467 500-2,000 
Y e s 3.850 4.961 15.111 

500-3,000 N o 4.790 3.904 9.710 500-3,000 
Y e s 3.569 4.977 9.233 

400-4,000 N o 3.042 3.669 31.612 
Y e s 3.773 4.364 35.826 

600-4,000 N o 2.659 10.842 24.771 600-4,000 
Y e s 2.379 14.190 25.239 

200-1,000 N o 4.734 3.347 200-1,000 
Y e s 2.431 16.931 

201-993 N o 5.851 11.782 
Y e s 8.758 7.751 

292-1,023 N o 8.011 3.853 292-1,023 
Y e s 6.839 8.134 

711-2,987 N o 5.496 14.498 15.469 711-2,987 
Y e s 7.500 23.853 28.191 

451-888 N o 6.383 4.911 5.202 
Y e s 4.463 4.978 5.064 

453-1,102 N o 6.819 3.496 8.883 453-1,102 
Y e s 6.129 7.942 10.054 

197-402 N o 21.127 5.538 7.717 
Y e s 21.017 5.506 7.317 

1,000-3,000 N o 10.326 4.212 12.223 1,000-3,000 
Y e s 10.607 5.551 13.833 

1,000-5,000 N o 7.078 4.029 45.478 1,000-5,000 
Y e s 6.841 3.280 40.659 

400-1,200 N o 10.460 8.934 21.700 400-1,200 
Y e s 12.605 8.964 22.716 

400-1,200 N o 12.613 7.815 34.752 400-1,200 
Y e s 16.577 7.737 35.517 

Percent Deviations for Components 

Cyclo-
nCs hexane n C 7 r\C10 

99 50 50 58 178 
7.706 14.498 15.469 8.883 34.330 
7.761 23.853 28.191 10.054 34.055 
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400 E Q U A T I O N S O F S T A T E 

Table IV. Composition, Temperature, and Pressure Ranges 
for the Multicomponent System Data 

Composition Range in Overall 
Mixture, Mol % Component 

M e t h a n e 
E t h a n e 
Propane 
n - P e n t a n e 
n - H e p t a n e 
n -Decane 
To luene 
N i t r o g e n 
C a r b o n D i o x i d e 
H y d r o g e n Sul f ide 

Temperature range 
Pressure range 

44.0-85.0 
2.8-7.5 
2.0-3.1 
1.7-10.5 
1.3-7.4 
0.8-5.9 

0-16.0 
0-15.0 
0-15.0 
0-25.0 

- 5 0 - 2 5 0 ° F 
105-4496 psia 

Table V . Deviations between Predicted and Experimental 
Κ Values for a Multicomponent System 

Average 
Absolute Percent 

Component No. of Points Deviation0 

M e t h a n e 434 5.57 
E t h a n e 434 4.14 
Propane 434 4.89 
n -Pentane 434 7.94 
n - H e p t a n e 430 11.35 
n -Decane 427 26.51 
To luene 277 14.87 
N i t r o g e n 185 14.94 
C a r b o n dioxide 160 6.75 
H y d r o g e n sulfide 257 7.23 

β A A P D = [experimental Κ — calculated K\/experimental K. 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 
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402 E Q U A T I O N S O F S T A T E 

100 r r 

10 

h METHANE 

ETHANE 

1 .0 

I n-PENTANE 

0.1 

0.01 

.001 

PROPANE 

t η-HEPTANE 

μ n-DECANE 

100 
J L 1 M M -

B 

J I I I I I I I 
1.000 1.000 

PRESSURE. PS IA • 
10.000 

Figure 8. Comparisons between predicted and experimental Κ values for 
a multicomponent system: ( ), predicted; (O), experimental data. (A), 

Mixture 89 200°F; (B), Mixture 7, 200°F. 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 403 

'NITROGEN 

.0001 
100 

I I I I J L _LU 
Β 

I I 1 I I I I 
1.000 1.000 

PRESSURE. PS IA • 
10.000 

Figure 9. Comparisons between predicted and experimental Κ values 
for a multicomponent system: ( ), predicted; (O), experimental data. 

(A), Mixture 20B, 100°F; (B), Mixture 20,100°F. 
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1 0 0 

0 . 0 1 tr 

. 0 0 0 1 

. 0 0 0 0 1 
1 0 0 

Β 

J_LL 
1 . 0 0 0 1 . 0 0 0 

PRESSURE. PSI8 
1 0 . 0 0 0 

Figure 10. Comparisons between predicted and experimental Κ values 
for a multicomponent system: ( ), predicted; (O), experimental data. 

(A), Mixture 16, 0°F; (B), Mixture 15B, 0°F. 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 405 

PRESSURE, PS IA • 

Figure 11. Comparisons between predicted and experimental Κ values 
for a multicomponent system: ( ), predicted; (O), experimental data. 

Mixture 16B, - 4 5 ° F . 
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406 E Q U A T I O N S O F S T A T E 

VOLUME 7. LIQUID 
Figure 12. Comparisons between predicted and experimental phase dis­
tribution for multicomponent systems: ( ), predicted. Experimental 

data:(A), Mixture 7, 200° F ; (Ο), Mixture 20,100eF. 
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Figure 13. Comparisons between predicted and experimental phase dis­
tribution for multicomponent systems: ( ), predicted. Experimental 

data: (O), Mixture 15B, 0°F; (A), Mixture 8, 200°F. 
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408 E Q U A T I O N S O F S T A T E 

4000 

VOLUME PERCENT LIQUID 

Figure 14. Comparisons between predicted and experimental phase dis­
tribution for multicomponent systems: ( ), predicted. Experimental 

data: (O), Mixture 4, 200°F; (A), Mixture 20B, 100°F. 
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Figure 15. Comparisons between predicted and experimental phase dis­
tribution for multicomponent systems: ( ), predicted. Experimental 

data: (O), Mixture 16. 0°F; (A), Mixture 16B9 -45°F. 
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Figure 16. Comparisons between predicted and expenmental densities 
in the single-phase region for multicomponent systems: ( ), predicted. 
Expenmental data: (O), Mixture 4, 200° F ; (Π), Mixture 7, 200°F; (Δ), 

Mixture 16, 0°F;(0), Mixture 16B, -45°F. 
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Figure 17. Comparisons between predicted and experimental densities 
in the single-phase for multicomponent systems (calculated 0.4332 g/cc 
at 5800 psia): ( ), predicted. Experimental data: Mixture 8, 
200°F; (O), Mixture 20B, 100°F; (A), Mixture 20, 100°F; (0), Mixture 

15B, 0°F. 
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412 E Q U A T I O N S O F S T A T E 

shown i n F igures 12-15 for the same systems shown i n F i g u r e s 7 -11 . 
T h e flash ca l cu lat ion provides the re lat ive amounts of vapor a n d l i q u i d 
on a molar basis, a n d molar volumes are r equ i red to calculate the relat ive 
amounts of vapor a n d l i q u i d on a vo lume basis for compar ison w i t h the 
exper imental data. Accurate phase densities are requ i red , a n d these are 
ca lculated w h e n so lv ing the equat ion of state. Compar isons between the 
ca lculated a n d exper imental densities i n the single-phase region are shown 
i n F igures 16 a n d 17. 

T h e l i m i t e d n u m b e r of comparisons shown for the ten-component 
system inc lude some of the best as w e l l as some of the poorest agreement 
observed between the pred i c ted a n d exper imental results. Genera l ly , the 
predict ions are i n better agreement w i t h the exper imental data at the 
h igher temperatures. A s the system pressure approaches the saturation 
pressure, the pred i c ted Κ values do not converge t oward u n i t y as r a p i d l y 
as the exper imental Κ values, par t i cu lar ly at the l ower temperatures. 
T h i s results i n a pred i c ted saturat ion pressure w h i c h is greater t h a n the 
exper imental va lue , a n d i n erroneous l iqu id - to -vapor ratios at e levated 
pressures. T h i s appears to be a p r o b l e m w h i c h w o u l d be expected to 
occur i n reservoir fluid systems. T h e pred i c t ed results correct ly accounted 
for the effect of the add i t i on of an aromatic component to an otherwise 
η-paraffin system. 

Application to Petroleum Reservoir Fluids 

O n c e general ized parameters are avai lab le for an equat ion of state, 
the major p r o b l e m is the development of a method to proper ly charac­
terize the heavy components of the fluid. G o o d def init ion of the major 
nonhydrocarbon components , n i trogen, C 0 2 , a n d H 2 S , a n d the l i gh t -
hydrocarbon components through n-pentane is ava i lab le b y n o r m a l a n a l ­
yses f rom m a n y laboratories. T h e hexanes a n d heavier ( or heptanes a n d 
heavier ) components h is tor i ca l ly have been reported as a c o m b i n e d 
fract ion because of the complex i ty of these components a n d because no 
analyt i ca l method has been avai lable to prov ide add i t i ona l in format ion 
at a reasonable cost. T h e c o m b i n e d f ract ion can conta in molecules w i t h 
as m a n y as 20 to 30 carbon atoms ( gas condensates ) to as m a n y as 50 to 
60 carbon atoms ( c rude o i l s ) . A l l c o m b i n e d fractions conta in various 
amounts of the different molecular types of hydrocarbons (n-paraffins, 
cycloparaffins or naphthenes, a n d aromatics ) as w e l l as molecules w h i c h 
consist of at least two of the molecu lar types ( " m i x e d " mo lecu les ) . T h e 
latter type of molecule causes problems i n t r y i n g to determine the paraf -
fin-naphthene-aromatic ( P N A ) analysis for character i z ing the c o m b i n e d 
fract ion (110,111), but a major p r o b l e m arises i n correct ly i d e n t i f y i n g 
the molecules w h i c h are a mixture of more than one molecu lar type , 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.c
h0

21



21. Y A R B O R O U G H Petroleum Reservoir Fluids 413 

par t i cu lar ly for crude oils a n d some condensates. F o r the l ighter fluids, 
such as l ow-molecu lar -we ight lean oils a n d l ight-gas condensates, the 
m i x e d molecules can be fragmented b y a mass spectrometer ( M S ) to 
prov ide a representative P N A analysis. T h e heavier fluids cannot be 
ana lyzed adequately i n this manner , a n d a P N A analysis b y c h e m i c a l 
methods does not prov ide representative results. 

Jacoby (112) i l lustrated that the molecu lar w e i g h t a n d specific 
gravi ty of pure components can be used to reflect the nonparaff inic nature 
of the naphthenic , aromatic , a n d m i x e d molecules as shown i n F i g u r e 18. 
Since the molecu lar we ight a n d specific grav i ty often are measured for 
the c o m b i n e d f ract ion of reservoir fluids, these properties are selected as 
the basic parameters for reflecting the nature of the c o m b i n e d f ract ion . 
Since the c o m b i n e d fract ion inc ludes a w i d e range of components, i t is 
also necessary to separate the total f ract ion i n a manner such that the 
vapor izat ion behavior can be m o d e l e d accurately . H i s t o r i c a l l y , this 
separation or b r e a k d o w n of the c o m b i n e d f ract ion has been done us ing 
a d i s t i l la t i on analysis. M o r e recently , a temperature -programmed chro­
matographic analysis of the c o m b i n e d fract ion is becoming common. T h e 
advantages a n d disadvantages of each analysis for separat ing the c om­
b i n e d fract ion a n d for character iz ing each separate subfract ion are 
g iven be low. 

Distillation Analysis Chromatographic Analysis 

Advantages 1. Sufficient m a t e r i a l is 
collected to measure 
molecular weight and 
specific g r a v i t y 

2. Average bo i l ing po int 
ava i lab l e 

D isadvantages 1. T i m e consuming and 
re la t i ve ly expensive 

2. P o o r s e p a r a b i l i t y — 
Azeotropes common 

3. Separations through 
about C 2 o to ^ 2 5 » even 
w i t h best techniques 

1. G o o d s e p a r a b i l i t y — d e f i n i ­
t i on of components to C 5 0 

2. F a s t and re la t ive ly cheap 

3. C a r b o n number and average 
bo i l ing point ava i lab le v i a 
c a l i b r a t i o n curves—molecu ­
lar weight k n o w n w i t h i n 
s m a l l dev iat ion 

1. N o mater ia l collected for 
specific g r a v i t y de termina ­
t i on (unless preparat ive 
chromatograph is used) 

T h e chromatograph analysis method is the pre ferred method to use 
i f the specific grav i ty for the subfractions ( ca rbon n u m b e r fractions i n 
this case) can be obtained. T h e results of specific gravi ty measurements 
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416 E Q U A T I O N S O F S T A T E 

on n a r r o w b o i l i n g fractions obta ined f rom several true b o i l i n g po int 
dist i l lat ions of gas condensates a n d l ight crude oils are p lo t ted against 
molecu lar we ight i n a manner suggested b y Jacoby. E a c h carbon n u m b e r 
is assigned a molecular w e i g h t value , a n d several arb i t rary curves are 
d r a w n to depict the dev iat ion f rom η-parafïin behavior , as shown i n F i g u r e 
19. These curves deviate f rom those of Jacoby to reflect the behavior of 
the d is t i l la t ion fractions for carbon numbers u p to C i 3 ; also the heavier 
subfractions are re lat ive ly more naphthenic and aromatic than the l ighter 
subfractions (113). O n c e F i g u r e 19 is established, then for each carbon-
number fract ion obta ined f rom a chromatographic analysis, one molecu lar 
we ight a n d several specific gravi ty values c ou ld be obtained. T h e carbon-
n u m b e r fractions can be c o m b i n e d to prov ide a ca lcu lated molecu lar 
we ight a n d several ca l cu la ted specific gravities for the c o m b i n e d f ract ion 
for comparison w i t h the molecular we ight a n d specific gravi ty measured 
on the c o m b i n e d fract ion. T h e curve w h i c h proper ly represents the fluid 
of interest w i l l p rov ide the p h y s i c a l properties r e q u i r e d to estimate the 
mean b o i l i n g po int , c r i t i ca l temperature, a n d cr i t i ca l pressure of each 
carbon-number fract ion (114). T h e acentric factor of each f ract ion can 
be est imated then (115) . Sufficient in format ion has been deve loped to 
calculate the equation-of-state parameters. F o r oils , the acentric factor 
l imi ta t i on of 1.6 restricts the carbon-number b r e a k d o w n to about C 4 o-

Comparisons with Data on Petroleum Reservoir Fluids 

Several comparisons are made w i t h p u b l i s h e d data a n d some of the 
results are shown. T h e first system is data p u b l i s h e d b y H o f f m a n , C r u m p , 
a n d Hoco t t (116) for a gas condensate system. T h e composi t ion is 
reported for carbon-number fractions t h r o u g h C 2 2 a l ong w i t h Κ values at 
six pressures a n d a phase-d istr ibut ion curve. T h e molecular w e i g h t a n d 
specific gravi ty are reported for each fract ion. Compar i sons of the 
pred i c ted Κ values a n d the measured data are shown i n F igures 20 a n d 
21a. Exce l l ent agreement is shown between the pred i c ted a n d exper i ­
menta l saturation pressures a n d phase-d is tr ibut ion curve. Re la t ive ly 
good agreement is shown for the methane a n d ethane Κ values, bu t 
somewhat poor agreement is shown for most of the heavier components . 
Some of the disagreement c o u l d be the result of the smoothing techniques 
used b y H o f f m a n et a l . 

T h e second system is data p u b l i s h e d b y R o l a n d , S m i t h , a n d K a v e l e r 
(117) for a gas condensate system. T h e heptanes p lus f ract ion is d i v i d e d 
us ing a d is t i l la t ion analysis reported b y those authors. T h e comparisons 
between the pred i c ted a n d exper imental Κ values at three temperatures 
are shown i n F igures 21b a n d 22. T h e agreement between the pred i c t ed 
a n d exper imental Κ values is good except for the heptanes p lus Κ va lue 
at 120° a n d 200°F. 
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4000 
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VOLUME 7. LIQUID 

Figure 20. Comparison of experimental (data of Hoffmann, Crump, and 
Hocott) and predicted dew-point and phase distribution for a lean gas 
condensate fluid. The temperature is 201°F. ( ), Predicted; (O), 

experimental. 
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418 E Q U A T I O N S O F S T A T E 

100 1000 1000 10.00Q 
PRESSURE. PS IA • 

Figure 21. Comparisons of experimental and predicted Κ values for two 
gas condensate fluids: ( ), predicted. (A) (O, • , Δ), Data of Hoff­
mann, Crump, and Hocott, 201°F; (B) (O, • , Δ ) , data of Rofond, Smith, 

and Kaveler, 40°F. 
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Figure 23. Comparisons of experimental and predicted Κ values for a 
black oil at 200° F : (Ο), data of Katz and Hachmuth; ( ), predicted. 
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422 E Q U A T I O N S O F S T A T E 

Figure 25. Comparisons of experimental and predicted Κ values for a 
black oil at 40° F : (Ο), data of Katz and Hachmuth; ( ), predicted. 
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Figure 26. Comparisons of experimental and predicted Κ values for a 
volatile oil at 190°F: ( , ), predicted; (O, • , Δ ) , data of Evans 
and Hams. (A) ( ), C7's+ into 14 fractions using the reported USBM 
distilhtion; ( ), lumped C 75+. (B) ( ), C 7 5 + into 34 fractions 
via chromatographic analysis of Bismarck-Fuhrmann unit oil (also 7 

fractions). 
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424 E Q U A T I O N S O F S T A T E 

T h e t h i r d system is data for a natura l gas - crude o i l system p u b l i s h e d 
b y K a t z a n d H a c h m u t h (118) w h i c h is t y p i c a l of a b lack o i l . T h e hep ­
tanes plus is separated a n d character ized us ing a chromatographic 
analysis for an o i l w h i c h has a molecular w e i g h t a n d specific gravi ty 
s imi lar to the o i l used b y K a t z a n d H a c h m u t h . Compar isons between the 
exper imental a n d pred i c ted Κ values at three temperatures are shown i n 
F igures 23-25. T h e agreement is good except for ethane at 200° a n d 
120°F. 

T h e f our th system tested is a high-shr inkage-to -vo lat i le - type o i l 
reported by E v a n s a n d H a r r i s (119). F o u r methods are used to charac­
terize the heptanes p lus fract ion for the predict ions . O n e method uses 
the combined heptanes plus as as one fract ion. A second method uses 
the d is t i l la t ion reported b y those authors. Compar isons between the 
exper imental Κ values a n d those pred i c ted b y the two character izat ion 
methods ment ioned are s h o w n i n F i g u r e 26a. F o r b o t h methods the 
ca lculated methane Κ va lue is too l ow , resul t ing i n the pred i c ted b u b b l e -
po int pressure b e i n g lower than that est imated by E v a n s a n d H a r r i s . A n 
interact ion parameter between methane a n d the heavy components c a n 
be f ound w h i c h w i l l p rov ide good agreement between the pred i c ted 
a n d exper imental methane Κ values and the bubble -po int pressure, but 
after considerable study of this approach , i t has been rejected because 
no consistency i n the interact ion parameters was noted from one system 
to another. T h i s conclusion is supported b y the results of an independent 
study (120). T h e t h i r d method used to characterize the heptanes plus 
fract ion uses a chromatographic analysis for an o i l w h i c h has a molecu lar 
we ight a n d specific gravi ty s imi lar to the o i l used b y E v a n s a n d H a r r i s . 
A f t e r the phys i ca l properties are obta ined for the 34 subfractions ( C 7 

through C 4 0
+ ) , these fractions are c o m b i n e d to give only 7 subfractions 

( f our th character izat ion m e t h o d ) . T h e Κ values pred i c ted us ing both 
the 34 a n d 7 subfractions are shown i n F i g u r e 26b. T h e component-by-
component agreement is general ly good, a n d the pred i c ted saturation 
pressure is just greater than 5,400 ps ia as compared w i t h the va lue of 
between 5,200 a n d 5,300 ps ia estimated by E v a n s a n d H a r r i s based on 
their laboratory data. 

T h e results just discussed indicate that for bubb le -po in t systems, the 
l ight -component Κ values are re lat ive ly insensit ive to the number of 
subfractions (between 7 a n d 34) used for the heptanes p lus , especial ly 
w h e n the heptanes plus is character ized proper ly . T h i s behavior has been 
noted for several oils and is important for two reasons: (1 ) i n a compos i ­
t ional reservoir m o d e l study, the number of components must be l i m i t e d 
to 14-18 to keep computer t ime a n d costs f rom be ing proh ib i t i ve ly h i g h ; 
a n d (2 ) w h e n vapor izat ion of an o i l is be ing ca lculated , extremely h i g h 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 425 

saturation pressures a n d erroneous phase -equ i l i b r ium results can be p r e ­
d i c ted w h e n the heptanes plus is d i v i d e d through C 4 0

+ . ( A n example of 
the latter case is i l lustrated i n the next system. ) 

T h e fifth system tested is that of R o l a n d (121). T h i s system is 
unusua l i n that R o l a n d c o m b i n e d a natura l gas a n d a crude o i l i n propor ­
tions s imi lar to that p r o d u c e d f rom a gas condensate reservoir. T h e 
resul t ing mixture w i l l not occur normal ly i n a reservoir but c o u l d be 
s imi lar to a system w h i c h w o u l d result f r o m gas in ject ion into an o i l 
reservoir at very h i g h pressure. F o r the predict ions , the o i l was separated 
into 34 fractions us ing a chromatographic analysis for an o i l w h i c h has a 
molecu lar we ight a n d specific gravi ty s imi lar to the o i l used by R o l a n d . 
T h e predict ions made us ing the phys i ca l properties obta ined i n the usua l 
w a y gave l ight -component Κ values w h i c h were higher than the exper i ­
menta l values. T o decrease the l ight -component Κ values, the b o i l i n g 
po int a n d crit icals for the subfractions were adjusted to reflect more 
paraffinic behavior than pred i c ted us ing the specific gravi ty curve i n 
F i g u r e 19 selected i n the n o r m a l manner . T h i s add i t i ona l correct ion is 
r e q u i r e d for oils f rom several p r o d u c i n g horizons i n the w o r l d . A f t e r 
the adjustments were made, the pred i c ted Κ values for the l ight c om­
ponents show good agreement w i t h the exper imental data at pressures 
u p to about 5,000 ps ia . A t pressures greater than 5,000 ps ia , the l ight -
component Κ values d iverged f rom un i ty instead of c on t inu ing to converge 
t o w a r d unity . W h e n the 34 fractions were c o m b i n e d into 7 fractions, the 
pred i c ted Κ values shown i n F i g u r e 27 ( two temperatures) were obta ined . 
T h e measured a n d pred i c ted Κ values show excellent agreement for a l l 
components at bo th temperatures. Compar isons between the p r e d i c t e d 
and measured molecular weights a n d specific gravities for the c o m b i n e d 
heptanes plus fractions i n bo th the vapor a n d l i q u i d phases are shown i n 
F i g u r e 28. T h e agreement is w i t h i n exper imental error at bo th tempera ­
tures for pressures f rom 1,000 to 9,400 ps ia , i n d i c a t i n g that the heavy-
component Κ values are correct w h i c h agrees w i t h the results shown i n 
F i g u r e 27. T h e mole percent of the total fluid i n the l i q u i d phase was re­
por ted b y R o l a n d based on mater ia l balance calculat ions for methane a n d 
heptanes plus . T h e results at 200°F are shown i n F i g u r e 29 a long w i t h 
the pred i c ted values. T h e agreement is excellent at pressures u p to 6,700 
ps ia , a n d the pred i c ted dew-po int pressure is w i t h i n 250 ps i of the value 
est imated by R o l a n d . 

T h e sixth system used for comparison is a gas condensate fluid. F o u r 
sets of companion separator samples were col lected d u r i n g the i n i t i a l 
flow tests on the p r o d u c i n g w e l l , a n d an exper imental phase -d is tr ibut ion 
test was per formed us ing one set of the samples. T h e composit ions of 
the recombined wel ls tream based on the p r o d u c i n g g a s - o i l ratio a n d the 
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Figure 29. Proportion of total moles in liquid phase calculated horn 
data of Roland and predicted at 200° F : ( ), predicted; (O), calculated 

using methane data; (®), calculated using heptanes plus data. 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 429 

separator fluid analyses are g iven i n T a b l e V I . T h e chromatographic 
analysis for a sample of gas-free separator l i q u i d is shown i n F i g u r e 30. 
T h e components heavier than C 3 2 were thought to be contaminants f r om 
a previous sample i n the cy l inder , a n d w h e n the analysis t h r o u g h C 4 0

+ 

was used to d i v i d e the heptane p lus i n the wel lstreams, the pred i c ted 
dew-po int pressure was m u c h h igher than the exper imental va lue . W h e n 
the chromatographic analysis was terminated at C 3 2 (us ing the so l id 
curve i n F i g u r e 3 0 ) , the results ca lcu lated for two wel l s t ream compos i ­
tions are shown i n F i g u r e 31. W h e n the heaviest f ract ion used was 
l i m i t e d to C 3 1 a n d the heptanes plus i n the wel l s t ream was adjusted to 
7.10 m o l % , the pred i c t i on was i n excellent agreement w i t h the measured 
results, as shown i n F i g u r e 32. T h i s i l lustrates the need for accurate 
field measurements, the co l lect ion of good samples, a n d accurate labora ­
tory analyses i n order to pred i c t phase behavior w i t h the accuracy 
requ i red to prov ide acceptable m a t c h to exper imental data for this type 
of fluid. E v e n w i t h the phase-behavior p red i c t i on methods avai lable at 
this t ime, often some exper imental data are r equ i red for reservoir fluids 
before reservoir s imulations are per formed , especial ly for volat i le - type 
fluids ( gas condensate and volat i le oils ) . 

T h e final system is a high-shr inkage o i l . T h e recombined wel l s tream 
was f ound experimental ly to consist of two phases, gas and o i l , at bo t tom-
hole condit ions. T h e e q u i l i b r i u m o i l phase was subjected to an exper i ­
menta l test where the solution gas is l iberated di f ferential ly f rom the o i l 
phase, a n d the results are shown i n F igures 33 a n d 34. These results w i l l 

Table VI . Recombined Wellstream Compositions for 
Produced Gas Condensate Fluid 

Sample Sample Sample Sample 
Component Set 1 Set 2 SetS Set 4 

N i t r o g e n 0.64 0.63 0.58 0.57 
M e t h a n e 77.69 77.39 78.01 77.86 
C a r b o n dioxide 5.98 6.06 6.04 6.04 
E t h a n e 4.12 4.15 4.02 4.04 
Propane 1.86 1.89 1.78 1.80 
i s o - B u t a n e 0.56 0.58 0.53 0.53 
n - B u t a n e 0.76 0.77 0.70 0.71 
tso-Pentane 0.53 0.57 0.51 0.47 
n -Pentane 0.36 0.40 0.36 0.32 
Hexanes 0.51 0.53 0.60 0.43 
Heptanes plus 7.00 7.02 6.87 7.24 

T o t a l s 100.00 100.00 100.00 100.00 
Repor ted G O R 5656 5629 5861 5847 
Heptanes plus 

M o l e c u l a r weight 188 185 187 180 
Specific g r a v i t y 0.8113 0.8123 0.8113 0.8114 
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430 E Q U A T I O N S O F S T A T E 

Figure 30. Carbon-number distribution of gas-free condensate 
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I I I I I I _L 
0 2 4 6 8 10 12 

VOLUME % LIQUID 

Figure 31. Measured and predicted phase distributions for heptanes plus 
divided through CS2*s. Temperature = 335°F. 
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Figure 32. Measured and predicted phase distributions for heptanes plus 
divided through Cs/s: (Q), experimental data; ( ), prediction; 7.10 

mol % C7's+; C31 heaviest fraction. 
), prediction; 

Temperature = 335°F. 
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Figure 33. Comparison of experimental and predicted oil-volume factor 
curve for a high-shrinkage oil: ( ), predicted values; (O), analysis by 

differential vaporization. Recombined oil; test temperature = 114°F. 
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Figure 34. Comparison of experimental and predicted solution gas—oil 
ratio curve for a high-shrinkage oil: ( ), predicted values; (O), analysis 
by differential vaporization. Recombined oil; test temperature = 114°F. 
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434 E Q U A T I O N S O F S T A T E 

be used (a l ong w i t h other in format ion ) to ca lculate the fluid i n p lace 
a n d the o i l recovery b y p r i m a r y deplet ion . F o r comparison , the re com-
b i n e d wel l s t ream composi t ion , w i t h a chromatographic analysis used to 
d i v i d e the heptanes plus f ract ion , was used as a basis for a flash c a l c u l a ­
t i on at bottomhole condit ions. T h e pred i c ted e q u i l i b r i u m o i l compos i t ion 
was used i n the equat ion of state w h i l e a series of flash calculations were 
per formed to s imulate the di f ferential l i berat ion test. T h e pred i c t ed 
results are compared w i t h the exper imental results i n F igures 33 a n d 34. 

T h e curves shown i n F i g u r e s 33 a n d 34 are not ca l cu lated us ing 
l i q u i d densities pred i c ted v i a the equat ion of state. Tes t ing of the l i q u i d 
densities pred i c ted for vo lat i le , h igh-shr inkage , a n d b lack oils against 
exper imental data showed that the pred i c ted densities were h i g h b y as 
m u c h as 10 to 1 5 % . T h i s was somewhat surpr is ing since the densities for 
the ten-component system were pred i c ted general ly w i t h i n 2 % . F o r o i l 
systems ( a n d some gas condensates) the S t a n d i n g - K a t z l i qu id -dens i ty 
corre lat ion (122) is used for l i q u i d densities w i t h modif ications to the 
t h e r m a l expansion correct ion a n d the method for h a n d l i n g n i trogen 
a n d C 0 2 . 

Concluding Remarks 

G e n e r a l i z e d temperature-dependent parameters have been deve loped 
for the R K equat ion of state w h i c h a l l o w calculations to be made for 
components for w h i c h the c r i t i ca l temperature , c r i t i c a l pressure, a n d the 
acentric factor are k n o w n . T h e equat ion of state can be used to pred i c t 
phase behavior for petro leum reservoir fluids w h i c h conta in a c o m b i n e d 
heavy fract ion w h e n this f ract ion is character ized proper ly . A means for 
us ing a gas chromatographic analysis of the c o m b i n e d heavy f ract ion 
a long w i t h the measured molecular w e i g h t a n d specific gravi ty of the 
fract ion to obta in a proper character izat ion is g iven . T h i s character izat ion 
method appears to be better than us ing a d is t i l la t ion analysis, especial ly 
for oils where the d is t i l la t ion does not appear to prov ide sufficient 
def init ion of the d i s t r ibut ion of heavy fractions. 

A chromatographic analysis for one o i l can be used to a i d i n the 
character izat ion of another o i l w h i c h has s imi lar p h y s i c a l properties . 
Ca l cu la t i ons then can be made for fluids for w h i c h a deta i led analysis 
is not avai lable . T h e character izat ion procedure a n d the equat ion of state 
presented have been used to : (1 ) pred ic t the saturation pressure a n d 
phase behavior for reservoir fluids; (2 ) pred ic t properties for est imating 
the quant i ty of reservoir fluid i n p lace a n d the recovery of that fluid b y 
p r i m a r y deplet ion ; a n d (3 ) predic t phase behavior d u r i n g compos i t ional 
m o d e l studies for : p r i m a r y deplet ion (123); pressure maintenance b y gas 
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21. Y A R B O R O U G H Petroleum Reservoir Fluids 435 

in ject ion ; gas c y c l i n g d u r i n g d e c l i n i n g pressure (124); misc ib le d isplace­
ment b y a hydrocarbon solvent (125,126); a n d misc ib le d isplacement b y 
C 0 2 in ject ion (127). 

A l t h o u g h the equat ion of state can be a n d has been used to pred i c t 
phase behavior for petro leum reservoir fluids for w h i c h no p h y s i c a l 
proper ty data are avai lable , i t is recommended that some data , at least a 
saturation pressure, be measured i n add i t i on to a deta i led component 
analysis of the fluid. T h i s is par t i cu lar ly re commended w h e n expensive 
compos i t iona l m o d e l studies are to be per formed . 

Glossary of Symbols 

a = equat ion of state parameter 
b = equat ion of state parameter 

C n = hydrocarbon w i t h η carbon atoms 
Cij = un l ike p a i r interact ion parameter 

Κ = v a p o r - l i q u i d e q u i l i b r i u m d is t r ibut ion rat io 
Ρ = absolute pressure 
R = universa l gas constant 
Τ = absolute temperature 
V = molar vo lume 
y = mole f ract ion ( i n the figures; y = mole f ract ion i n vapor , χ = 

mole fract ion i n l i q u i d ) 
Ω = parameter defined b y E q u a t i o n 4 
ω == acentric factor 

Abbreviations 

C 0 2 = carbon d iox ide 
H 2 S = hydrogen sulfide 

N 2 = ni trogen 
P N A = para f f in i c -naphthenic -aromat i c 

Subscripts 

a = refers to parameter a 
b = refers to parameter b 
c = c r i t i c a l po int value 

i = C o m p o n e n t i 
/ = C o m p o n e n t / 

m = mixture value 
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I N D E X 

A 
Absolute pressure, equation-of-state 

expression for 131 
Absolute-value error for oxygen 

vapor, average 370/ 
Acentric factor 

of carbon dioxide 166 
fluids with nonzero 61 
Pitzer-Curl 367 

P - V saturation boundary 
for the 378/ 

saturation boundary in pres­
sure-volume coordinates 
for the 377 

Active diameters for perturbation 
theories 72 

Activity coefficient method for 
high-pressure fluid-phase 
equilibria 246 

Additivity, pair-wise 3 
Alcohol 

-hydrocarbon binaries 157 
-nonpolar binaries 157,159 
and water, optimum k<j values 

for nonpolar binaries of . . . 158/ 
Alternate coefficients, deviations 

of data with 356* 
Ammonia, solubility of nitrogen in 105/ 
Anisotropic 

fluid conformai solution model . . 127 
fluids, first-order conformai 

solution elation for 130 
pair potential 129 

Ar + C 2 H e 

binary parameters, confidence 
ellipses for 330 

isothermal compressibility for . . 337/ 
V E data, fitting the L H W 

equation of state to 331 
V E vs. Ρ for 340/ 

Ar + C H 4 

+ C 2 He, isothermal compres­
sibility for 338/ 

equimolar mixtures of 332 
via the CS equation of state, 

V E VS. Ρ for 334/ 
Argon 

B A C K equation for 211/-212/ 
calculated 

from the Berthelot equation, 
critical isotherm of 6l£ 

from the RK equation, 
critical isotherm of 6If 

from the V D W equation, 
critical isotherm of 61f 

Argon (continued) 
calculated (continued) 
critical isotherm for 56/ 
parametric studies of the critical 

isotherm of 55i 
P V T data for 211/ 

Ar-hydrocarbon binaries, opti­
mum ka values for 154/ 

Arithmetic-average combination 
rule 65 

Asymmetric interactions, long-range 75 
Asymmetric interactions, 

shorter-range 76 
Attractive force contributions . . . . 17 
Auxiliary equations of state 357 
Average absolute-value error for 

oxygen vapor 370/ 
Azeotropes, minimum-boiling . . . . 305 

Β 

B A C K (see Boublick-Alder-
Chen-Kreglewski ) 

Barker-Henderson ( B H ) diameter 73 
Barner modification of the R K 

equation 62 
Barthelot equation of state 18 
Beattie-Bridgeman equation of 

state 19 
Benzene 

in H 2 + C 6 H e with B A C K 
equation, comparison of 
Κ values of 230/ 

Henry's constant for carbon 
monoxide in nitrobenzene- . 106/ 

solubility of hydrogen in 104/ 
systems, molar volumes of 

hydrogen- 105/ 
Berthelot equation, critical iso­

therm of argon calculated 
from the 61 ί 

B H (Barker-Henderson) diameter 73 
Binary(ies) 

alcohol 
-hydrocarbon 157 
-nonpolar 157,159 
and water, optimum ka values 

for nonpolar 158/ 
1-butanol 157* 
constant (fcu) 143 
C 0 2 159 
data, interaction parameters 

obtained from 392f-393f 
deviation parameters 330 
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444 E Q U A T I O N S O F S T A T E 

Binary(ies) (continued) 
deviation parameters (continued) 

for L H W equation of state . . . 330 
optimum 330/ 

uncoupling the 332 
ethane 152 
ethanol 157* 
ethylene 152 
ethyl ether 157* 
first ionization potential for 

hydrocarbon-hydrocarbon . 155 
first ionization potential of 

inorganic 155 
fluids, evaluation of the critical 

exponent for 272 
of hydrocarbons 145 
interaction parameters 329* 

fitted 188 
for methane with heavier 

hydrocarbons 134* 
between model calculations 

and V E data 335* 
for the semiempirical mixing 

rules 136 
kt/s 

for hydrocarbon 152 
for methane-hydrocarbon . . . 147 
for methane-paraffin 148 

mixing rule deviation parameters 325 
mixture(s) 

and the B A C K equation 222 
densities, deviations of 134* 
of hydrogen 223 
phase equilibrium of 222 
using a centrifugal field, 

critical exponent δ for a . 271 
naphthalene-C0 2 160 
optimum ki} values 

for Ar-hydrocarbon 154/ 
for C 0 2 159* 
for ethane 152* 
for ethane-hydrocarbon 153/ 
for ethylene 152* 

-hydrocarbon 153/ 
for hydrocarbon 154/ 
for inorganic—hydrocarbon . . . 150* 
for methane-hydrocarbon 147*, 149* 
for N 2 hydrocarbon 151/, 154/ 
for polar-nonpolar 157* 

paraffin 148 
parameters 102 

confidence ellipses for Ar 
+ C 2 H e 330 

N 2 + Ar 330 
polar-nonpolar 156 
predicting fc</s for hydro­

carbon 145 
RKJZ interaction parameters 

for the methane-C0 2 261/ 
second virial coefficients for . . . . 66 
solutions near their critical 

solution point, behavior of . 271 
system(s) 

Binary ( ies ) ( continued ) 
system(s) (continued) 

carbon dioxide content of the 
liquid phase at the S L V 
condition in the meth­
ane-carbon dioxide 194/ 

data used to determine inter­
action parameters . . .390*-391* 

of methane 222 
mixing rule deviation parame­

ters for f 328 
one-dimensional Newton's 

method for computing the 
S L V equilibrium for . . . . 191 

in S L V equilibrium 191 
S L V locus for the methane-

carbon dioxide 192 
V L E data for 134 

water-nonpolar 159 
Black oil 

at 40° F , experimental Κ 
values for 422/ 

at 40°F, predicted Κ values for . 422/ 
at 120°F, experimental Κ 

values for 421/ 
at 120°F, predicted Κ values for 421/ 
at 200°F, experimental Κ 

values for 420/ 
at 200°F, predicted Κ values 

for a 420/ 
/i-Body distribution functions . . . . 5 
Boiling point for propane 347* 
Boublik-Alder-Chen-Kreglewski 

( B A C K ) equation 209 
accuracy of the 211 
for argon 211/-212/ 
binary mixtures and the 222 
comparison of Κ values of 

benzene in H 2 + CeHe with . 230/ 
η-butane in H 2 + n-butane 

with 228/ 
hydrogen in H 2 + n-butane 

with 227/ 
hydrogen in H 2 + C e H 6 with 229/ 

constants 213* 
correlation of 215-216,217/ 

derivation of fugacity coefficient 
from the 220 

of state 306* 
derived properties from the . . 308 
in mixtures 209 
in pure fluids 209 

Κ values 
for methane + n-butane . . . . 226/ 
for methane 4- ethane 225/ 
for N 2 + Ar 223/ 
for N 2 + C H 4 224/ 

phase equilibria in mixtures . . . . 209 
phase equilibria in pure fluids . . 209 

Brelvi-O'Connell corresponding-
states correlation to mixtures . 341 

Bi} (second virial cross-efficient) . 144 
Bubble-point pressure 424 
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I N D E X 445 

Bubble-point systems 424 
Burnett 

data for ethylene 294 
data for helium 294 
method for determination of 

second virial coefficients of 
ethylene 287 

P V T apparatus 288/, 292/ 
results 

ethylene 296*-299* 
for volume ratio treated as a 

constant 300/ 
for volume ratio treated as a 

parameter 300/ 
volume ratio 295 

as an adjustable parameter . . 295 
as a constant 295 
as a single parameter 295 

Butane 242/ 
η-Butane, fugacity coefficients of 

pure liquid 177/ 
η-Butane in H 2 + η-butane with 

B A C K equation, comparison 
of Κ values of 228/ 

1-Butanol binaries 157* 
1-Butene, V L E Κ ratios of water in 244 
B W R - S (see BWR-Starling) 
BWR-Starling ( B W R - S ) equation 

of state for mixtures 81 
computation of Z H S from 87/ 
terms of the 83 

C 
Ci/s 263 
Calculated vapor pressure for ethyl­

ene, deviations of the 113/ 
Carbon 

dioxide 
acentric factor of 166 

binary (ies) 159 
naphthalene— 160 
optimum ka values for 159* 
content of the liquid phase at 

the SLV condition in the 
methane—carbon dioxide 
binary system 194/ 

-hydrocarbon systems, R K 
interaction parameters for . 396/ 

as a solid-forming component . 187 
system, S L V locus for the 

methane- 192/ 
monoxide in nitrobenzene-ben­

zene, Henry's constant for . 106/ 
-number distribution of gas-free 

condensate 432/ 
number on ko, effect of the 

hydrocarbon 148 
Carnahan-Starling (CS) equation 

of state 9,72,99,326 
equation-of-state parameters 

for the 327* 
VE vs. ρ for Ar + C H 4 via the . 334* 

Carnahan-Starling ( CS ) equation 
of state (continued) 

V E vs. Ρ for C H 4 + C 2 H e 

calculated by the 333/ 
V e vs. Ρ for N 2 + C H 4 

calculated by the 332/ 
Centrifugal field, critical exponent 

δ for a binary mixture using a 271 
C H 4 plot 

of B(t ) 43/ 
of DL( t ) 44/ 
of ρ vs. f(P; T); Τ = 0.499 Tc . . 40/ 
of ρ vs. î(p; T);T = 0.735 T c . . 41/ 
of ρ vs. HP; T);T = 0.997 Te . . 42/ 

C H 4 + C 2 H 6 calculated by the CS 
equation of state, V E VS. Ρ for 333/ 

C H 4 + C 2 He, equimolar mixtures . 332 
Chain-type molecules, Prigogine 

factor for 325 
Chao-Seader equation of state . . . 257 
Characteristic parameters for pure 

fluids 101* 
Characterization parameters in the 

corresponding-states conformai 
solution mixing rules 126 

Chlorex 
coexistence curve for n-decane- . 280/ 
excess volumes at 29 °C for 

n-decane- 276* 
refractive indices of 275 

Chromatographic analysis 
advantages of 413 
disadvantages of 413 
for gas-free separator liquid . . . 429 

Classical critical constraints 51 
Clausius 286 
Coal gasification 97 
Coal liquefaction 97 
Coefficients 

deviations of data with alternate 356* 
least-squares 345 
for propane, thermodynamic 

behavior of 352/ 
Coexistence 

boundary, liquid-vapor 350 
curve 

for n-decane-chlorex 280/ 
for ethylene, mean reduced 

isochoric slopes at the . . 115/ 
for ethylene, reduced isochoric 

slopes at the 116/ 
of ethylene vs. the molar den­

sity, reduced curvature 
of isochores at the 121/ 

with isochores and isochoric 
slope 111/ 

reduced curvature of steam 
isochores at the 122/ 

vs. density, curvature of 
isochores at 117/ 

envelope, infinite curvature for 
isochores at an origin 
inside the 348-349 
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Coexisting densities, iteration for . 359 
Collision diameter(s) 146 

for mixed interactions between 
noble gases 200* 

Combination rule, arithmetic-
average 65 

Combination rule, geometric-
average 65 

Combining rules for mixtures . . 197-198 
Component 

critical volumes ( V c ) 341* 
density, reference state values for 102 
fugacity coefficients, calculation of 256 
liquid molar volumes for equa­

tion-of-state parameter 
determination 326* 

Composition ranges for the multi-
component system data 400* 

Compressed liquid excess volumes 
for mixtures of simple species 323 

Compressed liquid mixture excess 
volumes (VE) 325 

Compressibility ( ies ) 
corresponding-states correlation 

for 340 
data, isothermal 101 
for equation-of-state parameter 

determination, isothermal . 326* 
factor(s) 300 

critical 50 
along the critical isotherm, 

comparison of 168* 
-density 90* 
effect of Z H S 0 n the 88* 
for the hard-particle fluid . . . 325 
for hydrogen sulfide 172* 
of nonpolar compounds 171 
with Pitzer's table, compari­

son of calculated 171* 
for propane 172* 
of a pure fluid 210 
for saturated vapor 357 
for sulfur dioxide 172* 
Z H S hard-sphere 86 

isothermal 
for Ar + C H 4 + C 2 H 6 338/ 
for Ar + C 2 H 6 337/ 
methods for calculating mix­

ture 341 
on mixing, predictions of 

change in 336 
for mixtures of simple species 323 
for N 2 + C H 4 , change in . . . 336/ 

Compression factor of Refrigerant 
500 306*-307* 

Compromise fit of the isotherm . . . 55 
Computer simulations and integral 

equations of state 4 
Condensate, carbon-number distri­

bution of a gas-free 432/ 
Confidence ellipses for Ar + C 2 H e 

binary parameters 330 
Confidence ellipses for N 2 -j- Ar 

binary parameters 330 

E Q U A T I O N S O F S T A T E 

Conformai solution 
elation for anisotropic fluids, 

first-order 130 
mixing rules, characterization 

parameters 126 
mixing rules, three-parameter, 

corresponding-states 125 
model, anisotropic fluid 127 
theory, hard-sphere expansion 

( H S E ) 72 
Constant(s) 

B A C K equation 213* 
correlation of 215-216,217/ 

correlation of the spherocylinder 218/ 
critical 213 
determining equation 212 

Correlations for ka 145 
Corresponding-states 

calculations 338 
conformai solution mixing rules, 

characterization parameters 
in the 126 

conformai solution mixing rules, 
three-parameter 125 

correlation for isothermal com­
pressibility 340 

correlation to mixtures, Brelvi-
O'Connell 341 

extended 338 
form of the Guggenheim 

equations 367 
law of 4 
theory for the direct correlation 

function integrals 99 
Critical 

compressibility factor 50 
conditions, mixture 257 
constants 213 
constraints, classical 51 
constraints on the RK equation . 62 
exponent 

for binary fluids, evaluation 
of the 272 

δ for a binary mixture using 
a centrifugal field 271 

rms vs. the 278/ 
schlieren line height vs. radius 

for values of the 279/ 
isochore 111/ 

linear behavior of C v ( T ) 
on the 354/ 

isotherm 53 
for argon 56/ 
of argon 

calculated from the Berthe-
lot equation 61* 

calculated from the R K 
equation 61* 

calculated from the V D W 
equation 61* 

parametric studies of the . . 55* 
behavior of the 349/ 
comparison of compressibility 

factors along the 168* 
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I N D E X 447 

Critical (continued) 
isotherm (continued) 

Power Law 12 for the 38 
pressures comparison of cal­

culated 167* 
parameters, pseudo 77 
point 31 

constants, empirical parameters 
and 14* 

constants of methyl chloride . 15* 
determination, mixture 187 
for propane 347* 
scattering 372 

pressure, mixture 267 
region for fluids 109-110 
region, scaling law in the 31 
solution point, behavior of binary 

solutions near their 271 
temperature, determination of 

the pressure dependence of 
the 274 

Cross coefficients, second 
virial 143,238 

Cross parameters 327 
Crude oil mixture 

experimental Κ values for a 
natural gas- 426/ 

predicted Κ values for a 
natural gas- 426/ 

properties of the heptane plus 
fraction for a natural gas . . 427/ 

system, natural gas- 424 
Cryogenic H2-hydrocarbon systems 260 
Cryogens 323 
CS ( see Carnahan-Starling ) 

equation of state ) 
C v ( T) on the critical isochore, 

linear behavior of 354/ 
Cubic equation(s) of state 47 

classification of 48* 
contemporary specializations 

of the 59 
dimensionless forms of the 49 
virial form of the 49 

Curvature(s) 114 
of isochores at the coexistence 

curve of ethylene vs. the 
molar density, reduced . . . 121/ 

of isochores at coexistence 
curve vs. density 117/ 

of steam isochores at the co­
existence curve, reduced . . 122/ 

D 
Data for propane, PpT 353* 
Data, universal plot of all λ-λ . . . . 373/ 
Decane-rich interfacial composi­

tions 277 
n-Decane 273 

-chlorex 
coexistence curve for 280/ 
excess volumes at 29°C for . . 276* 
schlieren photograph of 

interface for 275 
American 

n-Decane (continued) 
-β-β' dichloroethyl ether 273 
J of 148 
refractive indices of 275 

Density (ies) 
approximation, mean 77 
comparison at 25 °C, ethylene . . 293/ 
comparison, impurities by per­

centage volume for ethylene 294 
compressibility factors— 90* 
curvature of isochores at co­

existence curve vs 117/ 
deviation of binary mixture . . . . 134* 
equation for liquid-vapor 

saturation 365 
gas 289 
iteration for coexisting 359 
limiting low-pressure liquid . . . . 368 
mixed-solvent 102 
noncentral energy parameters 

and reduced 205 
propane-saturated liquid 358 
pure-solvent 102 
(/>), reduced 205 
reference state values for 

component 102 
saturated liquid 308,358 
saturated vapor 358 
saturation 114 
-series generalized equation, 

ethylene and the 294 
series, infinite 286 
in the single-phase region for 

multicomponent systems, 
experimental 410/-411/ 

in the single-phase region for 
multicomponent systems, 
predicted 410/-411/ 

-temperature diagram of propane 347/ 
thermodynamic behavior at very 

low 357 
triple-point liquid 346 
vapor pressure as a function of . 350 

Deviation(s) 
of data with alternate coefficients 356* 
parameters 

binary 330 
mixing rule 325, 328 
uncoupling the 332 

for L H W equation of state, 
binary 330 

L H W equation of state, 
optimum binary 330/ 

mixing rule 328 
optimum 342* 

root mean square 341*-342* 
Dew-point for a lean gas con­

densate fluid 417/ 
Diameter, law of the rectilinear . . 366 
β,β' Dichloroethyl ether 273 
Dieterici equation of state 18 
Differential equation of state 32 

to real fluids, fitting the 37 
specific form of the 35 

Chemical 
Society Library 

1155 16th St N. W. 
Washington, D. C. 20036 
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448 E Q U A T I O N S O F S T A T E 

Differential equation of state (continued) 
virial-type expansion of a 35 

Difluorodichloromethane 309 
Dimensionless 

equation of state 71 
limiting cases in a 84 

forms of the cubic equation of 
state 49 

virial coefficients 51 
Direct correlation function 

integrals 98-99 
corresponding-state theory for the 99 

Direct correlation function, 
statistical-mechanical 98 

Distillation analysis, advantages of 413 
Distillation analysis, disadvan­

tages of 413 
Dispersion energies, London 198 
Dispersion forces, London's 

theory of 145 
Distribution function(s) 

h-body 5 
higher-body 5 
isotropic pair 129 
pair ( P D F ) 5 
radial ( R D F ) 5 
triplet 77 

Ε 
ΔΕ, numerical integration 

for 362*-363* 
Effective diameters from a pure-

component equation of state . 81 
n-Eicosane, I of 148 
Empirical equations of state 13 

calculated pressures of methyl 
chloride for 15* 

experimental pressures of 
methyl chloride for 15* 

Empirical parameters and critical 
point constants 14* 

Energy (ies) 
determination of the Gibbs free . 272 
Helmholtz free 3 
London 202 
mixed-pair interaction 197 
parameter(s) 

(η/k), noncentral 201 
polar 238 

determination of the 238 
and reduced density, non-

central 205 
values, noncentral 202 

Enthalpy (ies) 
calculations of (Η-Hp) 91* 
calculations, H S E method for . . 90 
departure(s) 

of gaseous methanol 246*-247* 
from the ideal gas rate, 

isothermal 173 
of methanol from ideal gas . . 245 

deviations for nonpolar vapors . 62 
of gaseous water 241/ 
for pure saturated liquids, 

comparison of 183* 

Enthalpy ( ies ) ( continued ) 
of vaporization 320 

of R-500, comparison of 321* 
Equality, Griffith's scaling 37 
Equality, Widom's scaling 37 
Equation(s) 

constants, determining 212 
Guggenheim 365 
for liquid-vapor saturation 

densities 365 
scaling 277 
of state 17 

to Ar + C 2 H e V e data, 
fitting the 331 

auxiliary 357 
Barthelot 18 
Beattie-Bridgeman 19 
binary deviation parameters 

for L H W 330 
Boublik-Alder-Chen-

Kreglewski ( B A C K ) . . . . 306* 
derived properties from . . . 308 
in mixtures 209 
in pure fluids 209 

building 64 
Camahan and Starling 

(CS) 9,72,326 
Chao-Seader 257 
classification of cubic 48* 
computation of Z H S from 

B W R - S 87/ 
computer simulations and 

integral 4 
for computing thermodynamic 

functions of pure fluids, 
isochoric 345 

cubic 47 
contemporary specializa­

tions of 59 
dimensionless forms of . . . . 49 

developing the 348 
Dieterici 18 
differential 32 
dimensionless 71 
disadvantages of a nonanalyti-

cal 346 
effective diameters from a 

pure-component 81 
empirical 13 

calculated pressures of 
methyl chloride for . . . 15* 

experimental pressures of 
methyl chloride for . . . 15* 

RK 386 
equation-of-state parameters 

for the 
CS 327* 
F L R 327* 
GIB 327* 
L H W 327* 
V D W 327* 

evaluation of fugacities 
using an 187 

expression for the absolute 
pressure 131 
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I N D E X 449 

Equation(s) (continued) 
to fit V E , ability of the 329 
Flory ( F L R ) 326 
of fluids 1,31 

hard-sphere 6/ 
mixtures 1 

of the 6:12 fluid 11/ 
for hard spheres, applica­

tions of 71 
to the ideal gas equation, 

reduction of 164 
isochoric I l l 
along isotherms, thermody­

namic relation between 
specific heats and the . . . 348 

Toffe-Zudkevitch (JZ) 254 
limitations of 263 
limiting cases in a dimension-

less 84 
limiting conditions of an . . . . 164 
Longuet-Higgins and Widom 

( L H W ) 324 
to N 2 + Ar V E data, 

fitting the 330 
optimum binary deviation 

parameters 330/ 
parameters for the 327* 
methods, the next generation of 267 
of methyl chloride, M R K 17 

for mixtures 
BWR-Starling ( B W R - S ) . 81 
of hard spheres 71 
one-fluid theory for gen­

eralizing the L H W . . . 324 
two-fluid theory for gen­

eralizing the L H W . . . 324 
to mixtures of defined compo­

nents, application of R K 390 
modified functions of non-

analytical 355 
MSA integral 7 
new 163 

generalized 109 
numerical values of the 

parameters of proposed . 170 
parameter(s) 240*, 386 

for the CS equation of 
state 327* 

determination 
component liquid molar 

volumes for 326* 
isothermal compressi­

bility for 326* 
shape factors for 326* 

for the F L R equation of 
state 327* 

for the GIB equation of 
state 327* 

mixing rules for 67 
for the V D W equation of 

state 327* 
Peng-Robinson 64,187 
Percus-Yevick (PY) 5 
to petroleum reservoir fluids, 

application of a gener­
alized 385 

Equation(s) (continued) 
polar 236 
for polar mixtures 235 
to predict phase behavior, R K 254 
pressure-explicit 163 
for pure fluids applied to pro­

pane, nonanalytic 345 
to real fluids, fitting the 

differential 37 
Redlich-Kwong (RK) 16,253 

to petroleum reservoir 
fluids, application of . . 412 

vapor fugacity predictions 
of 259 

scaled 110 
Soave's 63,245 
specific form of the differential 35 
temperature-dependent func­

tion of an 80 
terms of the B W R - S 83 
testing of proposed 171 
for V E 325 

development of 325 
vs. Ρ for Ar + C H 4 via 

the CS 334/ 
vs. Ρ for C H 4 + C 2 H e cal­

culated by the CS . . . . 333/ 
van der Waals ( V D W ) . 13, 24, 326 
vapor-pressure 348 
virial form of the cubic 49 
virial-type expansion of a 

differential 35 
Won modification of the Soave 235 

Equilibrium(a) 
activity coefficient method for 

high-pressure, fluid-phase . . 246 
condition for an S L V system . 186,189 
three-phase solid-liquid-vapor . 185 
vapor-liquid 

industrial experience in 
applying the R K equa­
tion to 253 

K-ratios, calculation procedure 
for 239 

of polar mixtures 235 
of polar solutes in hydrocar­

bon mixtures, high-pres­
sure 235 

( V L E ) K-ratio 236 
Equimolar L J mixture, properties 

of an 74*-75< 
of Ar + C H 4 332 
of C H 4 + C 2 He 332 
of N 2 + C H 4 332 

Ethane 
binaries 152 

optimum kn values for 152* 
fugacity coefficients of pure 

liquid 175/ 
-hydrocarbon binaries, opti­

mum ka values for 153/ 
Ethanol binaries 157* 
Ethylene 

binaries 152 
optimum ka values for 152* 
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450 EQUATIONS O F S T A T E 

Ethylene (continued) 
Burnett 

data for 294 
method for determination of 

second virial coefficients 
of 287 

results 296*-299* 
for volume ratio treated as 

a constant 300/ 
for volume ratio treated as 

a parameter 300/ 
density comparison at 25 °C . . . . 293/ 
density comparison, impurities 

by percentage volume for . . 294 
and the density-series gener­

alized equation 294 
deviations of the calculated 

vapor pressure for 113/ 
—hydrocarbon binaries, optimum 

ha values for 153/ 
isotherms 294 
mean reduced isochoric slopes 

at the coexistence curve for 115/ 
parameters and standard devia­

tions 120* 
reduced isochoric slopes at the 

coexistence curve for 116/ 
vs. the molar density, reduced 

curvatures of isochores at 
the coexistence curve of . . . 121/ 

second virial coefficient 
comparison 302/ 

thermodynamic program 287 
thermodynamic information for 

industrial processing of . . . 287 
virial coefficients 301* 

state-of-the-art determination 
of the second 285 

λ(χ) required to reproduce the 
power law 20 for 371/ 

Ethyl ether binaries 157* 
Ethyl mercaptans, gas-phase v o l ­

umetric data of 245 
Euler angles 127 
Excess 

functions of 
liquid systems of large mole­

cules 202*-203* 
liquid systems of small mole­

cules 203* 
mixtures, thermodynamic . . . . 201 

thermodynamic properties, first-
order perturbation theory 
results for 22 

volume(s) 324 
at 29 °C for n-decane-chlorex . 276* 
for mixtures of simple species, 

compressed liquid . . . . 323 
molar 276 
( V e ), compressed liquid 

mixture 325 
Expansion of a differential equa­

tion of state, virial-type 35 
Experimental Κ values for N2 + Ar 223/ 

Exponent optimization 370 
Exponents, scaling 368/ 

F 
Factors with Pitzer's table, com­

parison of calculated com­
pressibility 17 It 

1,1-Difluoroethane 309 
First 

ionization potential for hydrocar­
bon-hydrocarbon binaries . 155 

ionization potential of inorganic 
binaries 155 

-order 
conformai solution elation for 

anisotropic fluids 130 
perturbation coefficient 

(1/kT) 76 
perturbation theory results for 

excess theraiodynarnic 
properties 22 

Taylor series expansion 290 
Fischer-Tropsch syntheses 97 
Fitted binary interaction 

parameters 188 
Fitting of mixture data 220-221* 
Fitting of pure fluid data 214-215* 
λ, Fixing the value of 369 
Flash calculation, vapor-liquid 

equilibrium 191 
Flory ( F L R ) equation of state . . . 326 

equation-of-state parameters 
for the 327* 

Fluid(s) 
application of a generalized 

equation of state to petro­
leum reservoir 385 

application of R K equation of 
state to petroleum reservoir 412 

applied to propane, nonanalytic 
equation of state for pure . . 345 

B A C K equation of state in pure . 209 
B A C K phase equilibria in pure . 209 
calculation of the R D F of a 13 
characteristic parameters for pure 101* 
compressibility factor for the 

hard-particle 325 
compressibility factor of a pure . 210 
conformai solution model, 

anisotropic 127 
critical region for 109 
data, fitting of pure 214*-215* 
data, temperature range of 

pure 214*-215* 
dew-point for a lean gas 

condensate 417/ 
equation of state of 1, 31 

the hard-sphere 6/ 
of the 6:12 11/ 

experimental Κ values for gas 
condensate 418/-419/ 

first-order conformai solution 
elation for anisotropic 130 
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I N D E X 451 

Fluid(s) (continued) 
fitting the differential equation 

of state to real 37 
hard-sphere reference 10 
isochoric equation of state for 

computing thermodynamic 
functions of pure 345 

isothermal behavior in the two-
phase transition region of a 33/ 

mixtures, equation of state of . . 1 
mixtures, molecular diameters for 71 
with nonzero acentric factor . . . 61 
parameters, pure- 328 
petroleum reservoir 416 
phase distribution for a lean gas 

condensate 417/ 
-phase equilibria, activity coeffi­

cient method for high-pres­
sure 246 

predicted Κ values for gas con­
densate 418/-419/ 

properties and phase behavior . . 385 
recombined wellstream composi­

tions for gas condensate . . . 429* 
second-order perturbation 

theory for a 11 
with unknown potentials, 

nonconformal 88* 
V D W theory of 197 
VDW-1 mixing rules for isotropic 128 

Fractions 
mole 204 
site 204 
surface 204 

Free energy 
determination of the Gibbs . . . . 272 
function, molar residual, Helmholtz 76 
Helmholtz 3,127 
Pople expansion of the 

Helmholtz 129 
Freezing-liquid line 347 
Function, partition 3, 19 
Function, universal 4 
Fugacity (ies) 

coefficient ( s) 143, 173, 219, 363* 
from the B A C K equation, 

derivation of 220 
calculation of component . . . . 256 
for gaseous water 240/ 
in liquid 247 
of pure liquid(s) 

n-butane 177/ 
ethane 175/ 
methane 174/ 
n-pentane 178/ 
propane 176/ 
at Tr = 0.3 180/ 
at Tr = 0.4 179/ 

of Refrigerant 500 306*-307* 
thermodynamic definition of . 237 
vapor-phase 62 

in the hydrocarbon-rich liquid 
phases 260 

and Κ value 219 

Fugacity ( ies ) ( continued ) 
predictions of the RK equation 

of state, vapor 259 
reference state values for 102 
and state variables 189 
using an equation of state, 

evaluation of 187 
G 

G(x) 372 
Gas (es) 

condensate fluids 
experimental Κ values for 418/—419/ 
predicted Κ values for . . .418/-419/ 
recombined wellstream compo­

sitions for 429* 
condensate system 416 
density 289 
determination of the volumetric 

behavior of a 290 
equation, reduction of equation 

of state to the ideal 164 
-free condensate, carbon-number 

distribution of a 432/ 
-free separator liquid, chromato­

graphic analysis for a 429 
isothermal volumetric behavior of 286 
mixtures of inorganic 146 
nonideal behavior of a 298 
phase 

prediction of Κ values from the 238 
volumetric data of ethyl mer-

captans 245 
volumetric data of methyl mer-

captans 245 
properties of nonpolar com­

pounds, calculation of . . . . 163 
rate, isothermal enthalpy de­

partures from the ideal . . . 173 
thermodynamic properties of 

R-500, ideal 321* 
variables 287 

volumetric behavior of a . . . . 285 
Gaseous 

methanol, enthalpy departure 
of 246*-247* 

water, enthalpies of 241/ 
water, fugacity coefficients for . 241/ 

Gasification, coal 97 
Generalized equation of state to 

petroleum reservoir fluids, 
application of a 385 

Generalization parameters of pure 
materials 132* 

Generalization parameters used in 
the M B W R equation 133* 

General quadratic mixing rule . . . 66 
Geometric-average combination rule 65 
G H B L ( see Grunke Henderson, 

Barker, Leonard perturbation 
theory) 

Gibbons ( GIB ) scaled particle 
theory 327 

equation of state, equation-of-
state parameters for the . . . 327* 
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452 E Q U A T I O N S O F S T A T E 

Gibbs free energy, determination of 2 7 2 
G ( r ) , Laplace transform of 7 
Griffith's scaling equality 3 7 
Grundke, Henderson, Barker, 

Leonard ( G H B L ) perturba­
tion theory 7 4 

procedure 7 5 
Guggenheim equation(s) 3 6 5 

corresponding-states form of the 3 6 7 
development of the 3 6 7 
modified 3 0 8 

Guggenheim-type power law 3 7 0 

H 
Hamiltonian factor 3 
Hard 

cores of molecules, short-range . 13 
-particle fluid, compressibility 

factor for the 3 2 5 
sphere(s) 

applications of equations of 
state for 71 

compressibility factor, Z H S . . . 8 6 
equation of state for mixtures 

of 7 1 
expansion ( H S E ) conformai 

solution theory 7 2 
fluid, equation of state of the 6 / 
potential 5 
reference fluid 10 
repulsion potential 7 9 

H 2 + η-butane with B A C K equa­
tion, comparison of Κ values 
of η-butane in 2 2 8 / 

H 2 + η-butane with B A C K equa­
tion, comparison of Κ values 
of hydrogen in 2 2 7 / 

H 2 + C 6 H e with B A C K equation, 
comparison of Κ values of 
hydrogen in 2 2 9 / 

H 2 + C 6 H 6 with B A C K equation, 
comparison of Κ values of 
benzene in 2 3 0 / 

Hard-sphere expansion ( H S E ) 
conformai solution theory 7 2 

pseudo parameters of the . . . . 7 3 
from P V T data, optical diame­

ters for the 7 9 
method for enthalpy calcula­

tions 9 0 
procedure for mixtures of polar 

and nonpolar molecules . . . 7 5 
procedure, use of V W diame­

ters in the 7 4 
Heat capacity, RK 16 
Heavy component Κ value pre­

diction 133 
Heavy and light hydrocarbons, 

mixtures of 125 
Helium 

Burnett data for 2 9 4 
isotherms 2 9 4 
and the pressure-series gen­

eralized equation 2 9 4 

Helmholtz free energy 3 , 1 2 7 
function, molal residual 7 6 
Pople expansion of the 129 

Henry's constant 102 
for carbon monoxide in nitro­

benzene-benzene ». 1 0 6 / 
for methane 2 6 7 
in quinoline, solubility of hydro­

gen in Tetralin using 1 0 6 / 
Heptane(s) 

and heavier components 4 1 2 
measured phase distributions for 4 3 4 / 
plus 

fraction 4 1 6 
for a natural gas-crude oil 

mixture, properties of 
the 4 2 7 / 

Κ value 4 1 6 
measure phase distributions for 4 3 3 / 
predicted phase distributions 

for 4 3 3 / 
predicted phase distributions for 4 3 4 / 

Hexane(s) 2 4 2 / 
and heavier components 4 1 2 

n-Hexane, vapor-liquid K-ratios of 2 4 8 / 
H—Hp, enthalpy calculations of . . . 91* 
H2-hydrocarbon binaries, opti­

mum ka values for 154 / 
H2-hydrocarbon systems, cryogenic 2 6 0 
H 2 0-hydrocarbon systems, RKJZ 

interaction parameters for the . 2 6 2 / 
High 

-pressure 
fluid-phase equilibria, activity 

coefficient method for . . . 2 4 6 
limit 8 3 
limiting V E 331 
V L E of polar solutes in 

hydrocarbon mixtures . . . 2 3 5 
-shrinkage oil, oil-volume factor 

curve for a 4 3 5 / 
-shrinkage oil, solution gas-oil 

ratio curve for a 4 3 5 / 
-temperature limit 8 3 

Higher-body distribution functions 5 
H S E ( see Hard-sphere expansion ) 
Hydrate formation 187 
Hydrocarbon ( s) 

binary (ies) 145 
alcohol 157 
interaction parameters for 

methane with heavier . . 134* 
h/s for 152 
optimum ka values for 

A r - 154 / 
ethane— 1 5 3 / 
ethylene- 1 5 3 / 
H 2 - 154 / 
inorganic- 150* 
methane- 1 4 9 / 
N 2 ; 151 / , 154 / 

predicting fct/s for 145 
carbon number on ka, effect of 

the 148 
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I N D E X 453 

Hydrocarbon ( s ) ( continued ) 
-hydrocarbon 

binaries, first ionization 
potential for 155 

interaction parameters on 
predicted values, effect 
of 398*-399* 

pairs 392 
system, RK interaction 

parameters for the 394/ 
kij values, methane- 148 
mixtures of heavy and light . . . . 125 
mixtures, high-pressure, V L E of 

polar solutes in 235 
relation between specific gravity 

and reciprocal molecular 
weight for 414/ 

-rich 
liquid phases, fugacities in the 260 
liquid, water solute in 239 
vapor and liquid, methanol in 245 
vapor, water solute in 239 

RKJZ interaction parameters 
for methane-Cio+ 266/ 

systems 
cryogenic H 2 - 260 
RKJZ interaction parameters 

for the H 2 0 - 262/ 
water- 260 

vapor-liquid equilibrium Κ 
values of mercaptans in light 249* 

Hydrogen 
in benzene, solubility of 104/ 
-benzene systems, molar vol­

umes of 105/ 
binary mixtures of 223 
-containing systems, V L E for . . 63 
in H 2 + n-butane with B A C K 

equation, comparison of 
Κ values of 227/ 

in H 2 + C 6 H 6 with B A C K 
equation, comparison of 
Κ values of 299/ 

sulfide, compressibility factors for 172* 
sulfide-hydrocarbon systems, R K 

interaction parameters for . 397/ 
in Tetralin using Henry's con­

stant in quinoline, solu­
bility of 106/ 

I 
I (ionization potential) 148 

of n-decane 148 
of n-eicosane 148 

Ideal gas 
equation, reduction of equation 

of state to the 164 
enthalpy departure of methanol 

from 245 
rate, isothermal enthalpy depar­

tures from the 173 
thermodynamic properties of 

R-500 321* 

Ideal mixture 19 
Impurities by percentage volume 

for ethylene density compari­
son 294 

Industrial experience in applying 
the RK equation to V L E 253 

Infinite curvature for isochores at 
an origin inside the coexist­
ence envelope 348-349 

Infinite density series 286 
Inflection points, locus of isochore 348/ 
Initial solid-forming condition, 

determination of 190/ 
Inorganic 

binaries, first ionization potential 
of 155 

gases, mixtures of 146 
-hydrocarbon binaries, optimum 

kij values for 150* 
Integral equations of state, com­

puter simulations and 4 
Integral equation of state, MSA . . 7 
Interaction s ) 

energies, mixed-pair 197 
parameters 

binary 329* 
fitted 188 
system data used to deter­
mine 390*-391* 
for methane with heavier 

hydrocarbons 134* 
between model calculations 

and V e data 335* 
for the semiempirical mix­

ing rules 136 
for carbon dioxide-hydrocar­

bon systems, RK 396/ 
for the hydrocarbon-hydrocar­

bon system, RK 394/ 
for hydrogen sulfide-hydrocar­

bon systems, RK 397/ 
for the nitrogen-hydrocarbon 

system, R K 395/ 
obtained from binary data 392*-393* 
on predicted values, effect of 

hydrocarbon-hydrocar­
bon 389*-399* 

unlike pair 391 
quadrupole 202 
segment 204 
weighing of 204 

Interfacial composition(s) 277 
decane-rich 277 

Internal degrees of freedom 3 
Inverse steepness parameter 11 
Ionization potential (I) 146,148 

for hydrocarbon-hydrocarbon 
binaries, first 155 

of inorganic binaries, first 155 
Isochore(s) I l l 

at the coexistence curve 
of ethylene vs. the molar 

density, reduced curva­
tures of 121/ 
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454 

Isochore ( s ) ( continued ) 
at the coexistence curve ( continued ) 

reduced curvature of stream . . 122/ 
vs. density, curvature of 117/ 

critical 111/ 
determination of optimal diame­

ters from 84 
inflection points, locus of 348/ 
and isochoric slope, coexistence 

curve with 111/ 
linear behavior of C v ( T) on the 

critical 354/ 
liquid 111/ 
at an origin inside the coexist­

ence envelope, infinite 
curvature for 348-349 

sigmoid shape of 350 
vapor 111/ 

Isochoric equation(s) of state . . . . I l l 
for computing thermodynamic 

functions of pure fluids . . . 345 
Isochoric slopes 114 

at the coexistence curve for 
ethylene, reduced 116/ 

mean 115/ 
coexistence curve with isochores 

and 111/ 
Isotherm 

critical 53 
of argon calculated from 

the Berthelot equation . . . . 61* 
the RK equation 61* 
the V D W equation 61* 

of argon, parametric studies of 55* 
for argon 56/ 
behavior of 349/ 
comparison of compressibility 

factors along the 168* 
Power Law 12 for 38 
pressures, comparison of cal­

culated 167* 
compromise fit of the 55 
ethylene 294 
helium 294 
subcritical 32 
thermodynamic relation between 

specific heats and the equa­
tion of state along 348 

Isothermal 
behavior at a subcritical tem­

perature 34/ 
behavior in the two-phase tran­

sition region of a fluid . . . . 33/ 
compressibility 

for Ar + C 2 H 6 337/ 
for Ar + C H 4 + C 2 H 6 338/ 
corresponding-states correla­

tion 340 
data 101 
for equation-of-state parame­

ter determination 326* 
methods for calculating mix­

ture 341 

E Q U A T I O N S O F S T A T E 

Isothermal (continued) 
compressibility ( continued ) 

on mixing, predictions of 
change in 336 

for mixtures of simple species . 323 
for N 2 H- C H 4 , change in . . . 336/ 

enthalpy departures from the 
ideal gas rate 173 

volumetric behavior of a gas . . . 286 
Isotropic fluids, VDW-1 mixing 

rules for 128 
Isotropic pair distribution function 129 
Iteration for coexisting densities . . 359 

J 
J\2 and k]2 uncoupling 333 
Joffe-Zudkevitch (JZ) equation 

of state 254 
JZ (Joffe-Zudkevitch) equation 

of state 254 
Κ 

K-ratio(s) 235 
data 238 
of n-hexane, vapor-liquid 248/ 
of methanol, vapor-liquid 248/ 
V L E 236 

calculation procedure for . . . . 239 
of water in 1-butène, V L E 244 

Ki2 uncoupling, ;Ί 2 333 
Κ value(s) 256 

of benzene in H 2 + CeHe with 
B A C K equation, compari­
son of 230/ 

for a black oil 
at 40°F, experimental 422/ 
at 120°F, experimental 421/ 
at 200°F, experimental 420/ 
at 40°F, predicted 422/ 
at 120°F, predicted 421/ 
at 200°F, predicted 420/ 

of η-butane in H 2 + n-butane 
with B A C K equation 228/ 

deviations of methane 134* 
fugacity and 219 
for gas condensate fluids, 

experimental 418/-419/ 
for gas condensate fluids, 

predicted 418/-419/ 
from the gas phase, prediction of 238 
heptanes plus 416 
of hydrogen in H 2 + n-butane 

with B A C K equation, com­
parison of 227/ 

of hydrogen in H 2 + CeHe with 
B A C K equation, comparison 
of 229/ 

light-component 424 
of mercaptans in light hydro­

carbons, V L E 249* 
methane 133 
for methane + 

n-butane, B A C K 226/ 
n-butane, experimental 226/ 
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I N D E X 455 

Kvalue(s) (continued) 
for methane + (continued) 

ethane, B A C K 225/ 
ethane, experimental 225/ 

for a multicomponent system, 
experimental 401/-405/ 

for a multicomponent system, 
predicted 401/-405/ 

for a natural gas-crude oil 
mixture, experimental . . . . 426/ 

for a natural gas-crude oil 
mixture, predicted 426/ 

for N 2 + Ar, B A C K 223/ 
for N 2 + Ar, experimental . . . . 223/ 
for N 2 + C H 4 , B A C K 224/ 
for N 2 + CH4, experimental . . . 224/ 
prediction, heavy-component . . 133 
RKJZ 257 
for a volatile oil at 190° F , 

experimental 423/ 
for a volatile oil at 190°F, 

predicted 423/ 
Kn (binary constant) 143 

correlations for 145 
effect of the hydrocarbon carbon 

number on 148 
for hydrocarbon binaries 152 

predicting 145 
for methane-hydrocarbon 

binaries 147 
for methane-paraffin binaries . . 148 
predicted 148 
prediction of 143 
optimum values 

for Ar-hydrocarbon binaries . 154/ 
for C 0 2 binaries 159* 
for ethane binaries 152* 
for ethane-hydrocarbon 

binaries 153* 
for ethylene binaries 152* 
for ethylene-hydrocarbon 

binaries 152/ 
for H^hydrocarbon binaries . 154/ 
for N^hydrocarbon 

binaries 151/, 154/ 
for inorganic-hydrocarbon 

binaries 150* 
for methane-hydrocarbon 

binaries 147*, 149/ 
for nonpolar binaries of 

alcohol and water 158/ 
for polar-nonpolar binaries . . 157* 

Κα values, methane-hydrocarbon. 148 
Kamerlingh Onnes 286 
Kensol system, phase boundaries 

for the methane- 265/ 
Kirkwood-Muller formula for aj . 147 
Kronecker delta 103 

L 
Laplace transform of g(r) 7 
Large molecules, systems of 203* 

excess functions of liquid . .202*-203* 
Law, Guggenheim-type power . . . 370 
Law of the rectilinear diameter . . 366 

Lean gas condensate fluid, 
dew-point for 417/ 

Lean gas condensate fluid 417/ 
Least-squares coefficients 345 
Lennard-Jones ( L J ) equation . . . 75 

approximation 198 
mixture, properties of an equi­

molar 74*-75* 
pair potential 11 
12:6 potential 145 
potential parameters 132 

L H W ( see Longuet-Higgins and 
Widom ) equation of state . . . 324 

Light 
-component Κ values 424 
hydrocarbons, mixtures of heavy 

and 125 
hydrocarbons, V L E Κ values of 

mercaptans in 249* 
Limiting low-pressure liquid density 368 
Limiting V e , high-pressure 331 
Linear behavior of C v ( Τ ) on the 

critical isochore 354/ 
Linear mixing rule 66 
Liquefaction, coal 97 
Liquid(s) 

comparison of enthalpies for 
pure saturated 183* 

containing supercritical com­
ponents 97 

density ( ies) 
data, temperature range of . . 213 
limiting low-pressure 368 
propane-saturated 358 
saturated 308,358 
triple-point 346 

excess volumes for mixtures of 
simple species, compressed. 323 

fugacity coefficient in 247 
isochore 111/ 
line, freezing- 347 
-liquid-vapor ( L L V ) equilib­

rium 187 
low-pressure expression for . . . . 366 
methanol in hydrocarbon-rich 

vapor and 245 
mixtures 19 
mixture excess volumes ( V E ) , 

compressed 325 
molar volumes for equation-of-

state parameter determina­
tion, component 326* 

phase 
composition at the S L V equi­

librium condition in the 
methane-ethane-carbon 
dixide ternary system . . . 193/ 

fugacities in hydrocarbon-rich 260 
proportion of total moles in . . 428/ 
at the S L V condition in the 

methane-carbon dioxide 
binary system, carbon 
dioxide content of the . . 194/ 

transition, vapor 31 
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456 E Q U A T I O N S O F S T A T E 

Liquid(s) (continued) 
properties of nonpolar com­

pounds, calculation of . . . . 163 
of R-500, properties of saturated 309* 
with supercritical species 97 
systems of large molecules, 

excess functions of . . . .202-203* 
systems of small molecules, 

excess functions of 203* 
vapor 

coexistence boundary 350 
region in a pressure-volume 

diagram 365 
saturation densities, equation 

for 365 
water solute in hydrocarbon-rich 239 

L J ( see Lennard-Jones ) equation ) 
L L V (liquid-liquid-vapor) 

equilibrium 187 
London energy (ies) 202 

dispersion 198 
London's theory of dispersion 

forces 145 
Long chain molecules 204 
Long-range asymmetric inter­

actions 75 
Longuet-Higgins and Widom 

( L H W ) equation of state . .16,324 
to A r + C 2 H 6 V e data, fitting . . 331 
binary deviation parameters for . 330 
equation-of-state parameters 

for the 327* 
for mixtures, one-fluid theory . . 324 
for mixtures, two-fluid theory . . 324 
to N 2 + Ar V e data, fitting the . 330 

Low-pressure 
expression for liquid 366 
expression for vapor 366 
liquid density, limiting 368 
vapor, Young's results for 369* 

M 
Maxwell relationship 163 

temperature-dependent function 
of the 169 

M B W R (see Modified Benedict-
Webb-Robin) equation) 131 

Mean density approximation 77 
Mean spherical approximation 

(MSA) 7 
integral equation of state 7 

Mercaptans 245 
gas-phase volumetric data of 

methyl and ethyl 245 
in light hydrocarbons, V L E 

Κ values of 249* 
Methane 

binary systems of 222 
+ n-butane, B A C K Κ values for 226/ 
+ n-butane, experimental 

Κ values for 226/ 
butane water system, phase 

diagram of 243/ 

Methane (continued) 
-carbon dioxide 

binary 
RKJZ interaction parame­

ters for the 261/ 
system, carbon dioxide con­

tent of the liquid phase 
at the S L V condition 
in the 194/ 

system, S L V locus for the . 191 
mixture at 100°F, thermo­

dynamic properties for . . 91* 
system, S L V locus for the . . . 192/ 

- C i o + hydrocarbons, RKJZ 
interaction parameters for . 266/ 

-n-decane binary 146 
-ethane 

B A C K Κ values for 225/ 
-carbon dioxide ternary sys­

tem, liquid-phase com­
position at the S L V equi­
librium condition in the . 193/ 

experimental Κ values for . . . 225/ 
-propane 

-n-butane system, V L E 
mole fractions for 
the 136*-137* 

-n-pentane-n-hexane-n-
decane system, V L E 
mole fractions for . 136*-137* 

system, deviations of V L E 
compositions for the . . 135* 

fugacity coefficients of pure 
liquid 174/ 

with heavier hydrocarbons, 
binary interaction parame­
ters for 134* 

Henry's constant for 267 
—hydrocarbon 

binaries, fci/s for 147 
binaries, optimum ka values 

for 147*, 149/ 
ka values 148 
-kensol system, phase boun­

daries for the 265/ 
Κ values 133 

deviations of 134* 
-paraffin binaries, ka's for . . . . 148 
-propane mixture 90 

Methanol 
enthalpy departure of 

gaseous 246*-247* 
in hydrocarbon-rich vapor and 

liquid 245 
from ideal gas, enthalpy de­

parture of 245 
vapor-liquid Κ ratios of 248/ 

Methyl chloride 
critical point constants of 15* 
for empirical equations of state, 

calculated pressures of . . . . 15* 
for empirical equations of state, 

experimental pressures of . . 15* 
M R K equation of state of 17 
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I N D E X 457 

Methyl mercaptans, gas-phase 
volumetric data of 2 4 5 

Minimum-boiling azeotropes 3 0 5 
Mixed 

interactions between noble 
gases, μ°η 200* 

interactions between noble gases, 
collision diameters for . . . . 200* 

-pair interaction energies 197 
-solvent density 102 

Mixing 
approximation, random 198 
nonrandom 2 0 5 
predictions of change in isother­

mal compressibility on . . . . 3 3 6 
rule(s) 1 8 8 , 2 1 9 , 2 5 9 , 3 2 7 

binary interaction parameters 
for the semiempirical . . . 136 

characterization parameters in 
the corresponding-states 
conformai solution 126 

deviation parameters 3 2 8 
binary 3 2 5 
for binary systems 3 2 8 

for equation-of-state 
parameters 6 7 

general quadratic 6 6 
for isotropic fluids, V D W - 1 . . 128 
linear 6 6 
modified V D W - 1 . . . 1 2 8 , 1 3 6 * - 1 3 7 * 
semiempirical 136 

exponent 135 
three-parameter, correspond­

ing-states conformai 
solution 125 

Mixture(s) 19 
B A C K equation of state in 2 0 9 
B A C K phase equilibria in 2 0 9 
behavior prediction 133 
Brelvi-O'Connell corresponding-

states correlation to 341 
combining rules for 1 9 7 - 1 9 8 
critical 

conditions 2 5 7 
-point determination 187 
pressure 2 6 7 

data, fitting of 220* -221* 
data, range of conditions . . . 2 2 0 * - 2 2 1 * 
of defined components, applica­

tion of RK equation of 
state to 3 9 0 

equation of state for polar 2 3 5 
excess volumes ( V e ), com­

pressed liquid 3 2 5 
of hard spheres, equation of 

state for 71 
of heavy and light hydrocarbons 125 
high-pressure, V L E of polar 

solutes in hydrocarbon . . . . 2 3 5 
ideal 19 
of inorganic gases 146 
isothermal compressibilities, 

methods for calculating . . . 341 
liquid 19 

Mixture(s) (continued) 
molar volume 276 , 3 2 4 
molecular diameters for fluid . . . 71 
nonpolar 1 4 4 , 1 5 5 
one-fluid theory for generalizing 

the L H W equation of state 
for 3 2 4 

paraffin-paraffin 146 
polar 156 
polar-nonpolar 160 
of polar and nonpolar mole-

mules, H S E procedure for . 7 5 
predictions for ternary 3 3 4 
property prediction 8 0 
root mean square deviations for 

ternary 335* 
of simple species, compressed 

liquid excess volumes for . . . . 3 2 3 
of simple species, isothermal 

compressibilities for 3 2 3 
thermodynamic excess functions 

of 2 0 1 
thermodynamic properties of . . . 197 
two-fluid theory for generalizing 

the L H W equation of 
state for 3 2 4 

Modified 
Bendict-Webb—Rubin 

( M B W R ) equation 131 
generalization parameters 

used in the 133* 
Pitzer-Curl relationship 144 
Redlich-Kwong ( M R K ) 17 

of methyl chloride 17 
Molal residual Helmholtz free 

energy function 7 6 
Molar 

density, reduced curvatures of 
isochores at the coexistence 
curve of ethylene vs. the . . 1 2 1 / 

excess volume 2 7 6 
volume ( s ) 

for equation-of-state parame­
ter determination, com­
ponent liquid 326* 

mixture 2 7 6 , 3 2 4 
pure component 2 7 6 

Mole fraction(s) 2 0 4 
for the methane-ethane-pro-

pane-n-butane system, 
V L E 136* -137* 

for the methane-ethane-pro-
pane-n-pentane—n-hexane— 
n-decane system, V L E . . 1 3 6 - 1 3 7 

vapor 143 
Molecular diameters for fluid 

mixtures 7 1 
Molecular weight for hydrocar­

bons, relation between spe­
cific gravity and reciprocal . . 4 1 4 / 

Molecules 
long chain 2 0 4 
quadrupolar 2 0 2 
quasi-hard cores of 13 
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458 E Q U A T I O N S O F S T A T E 

Molecules (continued) 
short-range hard cores of 13 
systems of large 203* 

excess functions of liquid 202*-203* 
systems of small 198 

excess functions of liquid . . . . 203* 
M R K (see Modified Redlich-

Kwong) 17 
MSA ( see Mean spherical ap­

proximation ) 7 
Multicomponent system ( s ) 

data 
composition ranges for 400* 
pressure ranges for 400* 
temperature ranges for 400* 

experimental 
densities in the single-phase 

region for 410/-411/ 
phase distribution for . . . . 406/-409/ 
Κ values for a 401/-405/ 

predicted 
densities in the single-phase 

region for 410/-411/ 
Κ values for a 401/-405/ 
phase distribution for . . . 406/-409/ 

in S L V equilibrium 189 
Multipole coefficients 76 

Ν 
N 2 + Ar 

B A C K Κ values for 223/ 
binary parameters, confidence 

ellipses for 330 
experimental Κ values for 223/ 
V e data, fitting the L H W 

equation of state to 330 
N 2 + C H 4 

B A C K Κ values for 224/ 
calculated by the CS equation 

of state, V e vs. Ρ for 332/ 
change in isothermal compressi­

bility for 336/ 
equimolar mixtures of 332 
experimental Κ values for 224/ 
V e vs. Ρ for 339/ 

N^hydrocarbon binaries, optimum 
ka values for 151/, 154/ 

Naphthalene-C0 2 binary 160 
Natural gas-crude oil mixture 

experimental Κ values for a . . . . 426/ 
predicted Κ values for a 426/ 
properties of the heptane plus — ^ 

fraction for a 427/ 
Natural gas-crude oil system . . . . 424 
Near-critical power law 366 
Near-critical series development 

for \(x) 370/ 
Newton's method for computing 

the SLV equilbrium for b i ­
nary systems, one-dimensional 191 

Nitrobenzene-benzene, Henry's 
constant for carbon monoxide 
in 106/ 

Nitrogen in ammonia, solubility of 105/ 

Nitrogen-hydrocarbon system, R K 
interaction parameters for the 395/ 

Noble gases, collision diameters for 
mixed interactions between . . 200* 

Noble gases, μ°η for mixed inter­
actions between 200* 

Nonanalytic equation of state 
for pure fluids applied to propane 345 
disadvantages of a 346 
modified functions of 355 

Noncentral energy parameters 
(fi/k) 201 

and reduced density 205 
values 202 

Nonconformal fluids with un­
known potentials 88* 

Nonhydrocarbon-hydrocarbon 
pairs 392 

Nonideality, vapor-phase 143 
Nonideal behavior of a gas 298 
Nonlinear coefficients 298 
Nonpolar 

binaries 
alcohol- 157,159 
of alcohol and water, optimum 

ka values for 158/ 
optimum ka values for polar- 157* 
polar 156 
water- 159 

compounds 
calculations of gas proper­

ties of 163 
calculations of liquid prop­

erties of 163 
compressibility factor of . . . . 171 

mixture ( s ) 144,155 
polar- 160 

molecules, H S E procedure for 
mixtures of 75 

vapors, enthalpy deviations for . 62 
Nonrandom mixing 205 
Nonzero acentric factor, fluids 

with 61 

Ο 
Octamethyl-cyclotetrasiloxane 

(OMCTS) 204 
Octane 242/ 
η-Octane 376 
Oi l 

oil-volume factor curve for a 
high-shrinkage 435/ 

ratio curve for a high-shrinkage 
oil, solution gas- 435/ 

solution gas-oil ratio curve for 
a high-shrinkage 435/ 

-volume factor curve for a high-
shrinkage oil 435/ 

O M C T S ( octamethyl-cyclo­
tetrasiloxane ) 204 

One-dimensional Newton's method 
for computing the S L V equi­
librium for binary systems . . . 191 
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I N D E X 459 

One-fluid (VDW-1) theory, van 
der Waals 74,125 

approximation 259 
for generalizing the L H W equa­

tion of state for mixtures . . 324 
Optimal diameters 

criteria for 80 
for the H S E theory from P V T 

data 79 
from isochores, determination of 84 

Optimization, exponent 370 
Optimum 

binary deviation parameters 
L H W equation of state . . . 330/ 

deviation parameters 342* 
k<j values for 

Ar-hydrocarbon binaries . . . . 154/ 
C 0 2 binaries 159* 
ethane binaries 152* 
ethane-hydrocarbon binaries . 153/ 
ethylene binaries 152* 
ethylene-hydrocarbon binaries 153/ 
H2-hydrocarbon binaries . . . . 154/ 
inorganic—hydrocarbon binaries 150* 
methane-hydrocarbon binaries 149/ 
Ν2 hydrocarbon binaries . 151/, 154/ 
nonpolar binaries of alcohol 

and water 158/ 
polar-nonpolar binaries 157* 
values of λ c as a function of . . 377/ 

Oxygen vapor, average absolute-
value error for 370/ 

Ρ 
P D F ( see Pair distribution 

function ) 
Padé approximant 129 
Pair 

distribution function ( P D F ) . . . 5 
potential 9 

Lennard-Jones 11 
-wise additivity 3 

Paraffin ( s ) 
binaries 148 
-naphthene-aromatic ( P N A ) 

analysis 412 
-paraffin mixture 146 
water solubilities in 242/ 

Parameter determination 101 
Particle theory, Gibbons (GIB) 

scaled 327 
Partition function 3, 19 
Peng-Robinson equation of state 64, 187 
n-Pentane, fugacity coefficient of 

pure liquid 178/ 
Perçus-Yevick ( PY ) equation of 

state 5 
approximation 73 

Perturbation 
coefficient ( 1/kT), first-order . . 76 coefficient ( l/kΤ)2, second-order 76 

Perturbation ( continued ) 
expansion 129 
theory (ies) 1,8 

active diameters for 72 
for a fluid, second-order . . . . 11 
physical content of 13 
procedure, G H B L 75 
for pure fluids 20 
results for excess thermody­

namic properties, first-
order 22 

second-order 10 
Petroleum reservoir fluids 416 

application of a generalized 
equation of state to 385 

application of RK equation of 
state to 412 

Phase 
behavior 

fluid properties and 385 
of liquids, predictive method 

for 97 
R K equation of state to predict 254 

boundaries for the methane-
kensol system 265/ 

distribution ( s ) 
for heptanes 

measured 434/ 
plus, measured 433/ 
plus, predicted 433/ 
predicted 434/ 

for a lean gas condensate fluid 417/ 
for multicomponent systems, 

experimental 406/-409/ 
for multicomponent systems, 

predicted 406/-409/ 
equilibrium(a) 

of binary mixtures 222 
data 238 
in mixtures, B A C K 209 
prediction method 386 
in pure fluids, B A C K 209 

Pitzer-Curl 
acentric factor 367 

P - V saturation boundary for 
the 378/ 

saturation boundary in pres­
sure—volume coordinates 
for the 377 

correlation of the second virial 
coefficient 168 

relationship, modified 144 
second virial coefficient corre­

lation of 62 
Pitzer's table, comparison of cal­

culated compressibility fac­
tors with 171* 

P N A ( paraffin-naphthene-aro-
matic) analysis 412 

Polar 
energy parameter 238 

determination of the 238 
equation of state 236 
mixtures 156 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.ix
00

1



460 E Q U A T I O N S O F S T A T E 

Polar (continued) 
mixtures (continued) 

equation of state for 235 
V L E of 235 

-nonpolar 
binaries 156 

optimum ki} values for . . . 157* 
molecules, H S E procedure for 

mixtures of 75 
mixture 160 
solutes in hydrocarbon mix­

tures, high-pressure 
vapor-liquid equilibria of 235 

Polymer solutions, theories of . . . . 205 
Pople expansion of the Helmholtz 

free energy 129 
Potential 

for hydrocarbon-hydrocarbon 
binaries, first ionization . . . 155 

of inorganic binaries, first 
ionization 155 

(/), ionization 146, 148 
Lennard-Jones (LJ) 12:6 145 
parameters 22* 

L J 132 
for pure substances 24* 

6:12 Potential 13 
Power law, Guggenheim-type . . . . 370 
Power law, near-critical 366 
Powel Law 12 for the critical 

isotherm 38 
Power law 20 for ethylene, \(x) 

required to reproduce 371/ 
Predicted ki} 148 
Premultiplier (Ωαι°), Soave 255 
Pressure(s) 

bubble-point 424 
calculated 118* 
comparison of calculated critical 

isotherm 167* 
comparison of the critical tem­

perature, determination of 
the 274 

equation-of-state expression for 
the absolute 131 

-explicit equation of state 163 
of methyl chloride for empirical 

equations of state, calcu­
lated 15* 

of methyl chloride for empirical 
equations of state, experi­
mental 15* 

ranges for the multicomponent 
system data 400* 

-series generalized equation, 
helium and the 294 

-volume coordinates for the 
Pitzer-Curl acentric factor, 
saturation boundary in . . . . 377 

-volume diagram, liquid-vapor 
region in a 365 

Prigogine factor for chain-type 
molecules 325 

Propane 
boiling point for 347* 
compressibility factors for 172* 
critical point for 347* 
density-temperature diagram of 347/ 
fugacity coefficients of pure 

liquid 176/ 
nonanalytic equation of state for 

pure fluids applied to 345 
PpT data for 353* 
-saturated liquid densities 358 
thermodynamic behavior of 

coefficients for 352/ 
triple point for 347* 
vapor pressures 357 

Pseudo critical parameters 77 
Pseudo parameters of the H S E 

theory 73 
P(p,T) 345 
P-T diagram 112 
Pure 

-component 
equation of state, effective 

diameters from a 81 
molar volume 276 
parameters 255 

calculating 256 
fluid(s) 

applied to propane, nonana­
lytic equation of state for 345 

B A C K equation of state in . . 209 
B A C K phase equilibria in . . . 209 
characteristic parameters for . 101* 
compressibility factor of a . . . 210 
data, fitting of 214*-215* 
data, temperature range of 214*-215* 
isochoric equation of state for 

computing thermodynamic 
functions of 345 

parameters 328 
perturbation theory for 20 
liquids at Tr = 0.3, fugacity 

coefficients of 180/ 
liquids at T r = 0.4, fugacity 

coefficients 179/ 
materials, generalization 

parameters of 132* 
saturated liquids, comparison 

of enthalpies for 183* 
-solvent density 102 
species 66 
substances, potential parameters 

for 24* 
P - V saturation boundary for the 

Pitzer-Curl acentric factor . . 378/ 
P V T 

apparatus, Burnett 288/-292/ 
data for argon 211/ 
data, optimal diameter for the 

H S E theory from 79 
predictive method for 97 PY ( see Percus-Yevick ) equation of state) 
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I N D E X 461 

Quadratic mixing rule, general . . . 66 
Quadratic Representation 4 of 

HP; T ) 45 
Quadrupolar molecules 202 
Quadrupole interactions 202 
Quasi-hard cores of molecules . . . 13 
Quinoline, solubility of hydrogen 

in tetralin using Henry's con­
stant in 106/ 

R D F ( see Radial distribution 
function ) 

R-500 (see Refrigerant 500) 305 
Radial distribution function ( R D F ) 5 

of a fluid, calculation of the . . . . 13 
of the 6:12 fluid 12/ 

Random mixing approximation . . . 198 
Real fluids, fitting the differential 

equation of state to 37 
Reciprocal molecular weight for 

hydrocarbons, relation be­
tween specific gravity and . . . 414/ 

Recombined wellstream composi­
tions for gas condensate fluid . 429* 

Rectilinear diameter, law of the . . 366 
Redlich-Kwong (RK) 16,54,253 

application to V L E , chronology 
of 254 

equation 
Barner modification of the . . . 62 
critical constraints on the . . . . 62 
critical isotherm of argon cal­

culated from the 61* 
of state 

empirical 386 
to mixtures of defined com­

ponents, application of 390 
to petroleum reservoir 

fluids, application of . . 412 
to predict phase behavior . 254 
vapor fugacity predictions 

of the 259 
to V L E , industrial experi­

ence in applying the . . . . 253 
to V L E prediction, adapting 

the 254 
Wilson modification of the . . 61 

heat capacity 16 
interaction parameters 

for carbon dioxide-hydro­
carbon systems 396/ 

for the hydrocarbon-hydro­
carbon system 394/ 

for hydrogen sulfide-hydro-
carbon systems 397/ 

for the nitrogen-hydrocarbon 
system 395/ 

Redlich-Kwong (RK) (continued) 
methods 

capabilities of 257 
observations on 259 
successes with 260 
for V L E prediction 259 
modified ( M R K ) 17 

variant 63 
Redlich-Kwong Joffe-Zudkevitch 

(RKJZ) 
interaction parameters 

for the H 2 Û -hydrocarbon 
systems 262/ 

for the methane-CC>2 binary . 261/ 
for methane-Cio + hydro­

carbons 266/ 
Κ values 257 
method, disadvantages of the . . 255 
modification 255 
to Pc using experimental Tc, 

convergence of 258/ 
Reduced 

curvatures of isochores at the co­
existence curve of ethylene 
vs. the molar density 121/ 

curvature of steam isochores at 
the coexistence curve 122/ 

density (p) 205 
noncentral energy parameters 

and 205 
isochoric slopes at the coexist­

ence curve for ethylene . . . 116/ 
Refractive indices of chlorex 275 
Refractive indices of n-decane . . . . 275 
Reference fluid, hard-sphere 10 
Reference state 

properties 102 
values for component density . . 102 
values for fugacity 102 

Refrigerant 500 (R-500) 305 
comparison of enthalpy of 

vaporization of 321* 
ideal gas thermodynamic 

properties of 321* 
properties 

of saturated liquid of 309* 
of saturated vapor of 309* 
of superheated vapor of .310*-320* 

thermodynamic properties of . . . 305 
Refrigeration, vapor compression . 305 
Repulsion effects, soft- 86 
Repulsion potential, hard-sphere . 79 
Repulsive potential, soft 82 
Residual thermodynamic functions 

of Refrigerant 500 306*-307* 
Riedel parameter 367 
RKJZ (see Redlich-Kwong-

Joffe—Zudkevitch ) 
rms ( see root mean square ) 
Root mean square ( rms ) 277 

deviations 341*-342* 
for ternary mixtures 335* 

vs. the critical exponent 278/ 
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462 E Q U A T I O N S O F S T A T E 

S 

Saturated liquids 
comparison of enthalpies for pure 183* 
density ( ies ) 114, 308, 358 
of R-500, properties of 309* 

Saturated vapor 
compressibility factor for 357 
densities 358 
of R-500, properties of 309* 

Saturation 
boundary for the Pitzer-Curl 

acentric factor, P - V 378/ 
boundary in pressure-volume 

coordinates for the Pitzer-
Curl acentric factor 377 

densities, equation for l iqu id -
vapor 365 

properties 112 
temperature 114 
vapor pressure 308 

Scaled equations of state 110 
Scaled particle theory, Gibbons 

(GIB) 327 
Scaling 

equality, Griffith's 37 
equality, Widom's 37 
equations 277 
exponents 368* 
hypothesis 110 
law in the critical region 31 

Scattering, critical point 372 
Schlieren 

line height vs. radius for values 
of the critical exponent . . . 279/ 

patterns 274 
photograph of interface for 

n-decane-chlorex 275 
Second-order perturbation coeffi­

cient (1/kT)2 76 
Second-order perturbation theory . 10 

for a fluid 11 
Second virial coefficient(s) 49,238 

accuracy of calculations of . . . . 286 
for binaries 66 
comparison, ethylene 302/ 
of ethylene, Burnett method for 

determination of 287 
of ethylene, state-of-the-art de­

termination of the 285 
Pitzer-Curl correlation of the .62, 168 
value errors of 301 

Second virial cross-coefficient 
(Bu ) 143-144,238 

Segment interactions 204 
Semiempirical 

exponent mixing rules 135 
mixing rules 136 

binary interaction parameters 
for the 136 

Separator liquid, chromatographic 
analysis for gas-free 429 

Series expansion, Taylor's 112 

Shape factors 89 
for equation-of-state parameter 

determination 326* 
Short-range hard cores of mole­

cules 13 
Sigmoid shape of isochores 350 
Single phase 

for multicomponent systems, 
experimental densities in the 411/ 

for multicomponent systems, 
predicted densities in the . 411/ 

region for multicomponent sys­
tems, experimental densities 
in the 410/ 

region for multicomponent sys­
tems, predicted densities 
in the 410/ 

Site fractions 204 
Size parameter, unlike-molecule . . 324 
Slopes at the coexistence curve for 

ethylene, mean reduced iso­
choric 115/ 

Slopes, isochoric 114 
S L V (see Solid-liquid-vapor) 
Small molecules, excess functions 

of liquid systems of 203* 
Small molecules, systems of 198 
Soft-repulsion effects 86 
Soft repulsive potential 82 
Solid-liquid-vapor ( S L V ) 186 

condition in the methane-carbon 
dioxide binary system, car­
bon dioxide content of the 
liquid phase at the 194/ 

equilibrium 
binary system in 191 
for binary systems, one-

dimensional Newton's 
method for computing 
the / 191 

condition in the methane-
ethane-carbon dioxide ter­
nary system, liquid-phase 
composition at the 193/ 

condition for multicomponent 
systems 189 

multicomponent system in . . . 189 
three-phase 185 

locus for the methane-carbon 
dioxide binary system 191 

locus for the methane—carbon 
dioxide system 192/ 

system, equilibrium condition 
for an 186 

Soave 
equation of state 63, 245 

Won modification of the . . . . 235 
premultiplier ( tt f l i °) 255 

Solid 
formation 189 
forming component, carbon 

dioxide as a 187 
-forming condition, determina­

tion of initial 190/ 

Pu
bl

is
he

d 
on

 D
ec

em
be

r 
1,

 1
97

9 
on

 h
ttp

://
pu

bs
.a

cs
.o

rg
 | 

do
i: 

10
.1

02
1/

ba
-1

97
9-

01
82

.ix
00

1



I N D E X 463 

Solubility (ies) 
of hydrogen in benzene 104/ 
of hydrogen in tetralin using 

Henry's constant in quinoline 106/ 
of nitrogen in ammonia 105/ 
in paraffins, water 242/ 

Solute-solvent pair 102 
Solution gas-oil ratio curve for a 

high-shrinkage oil 435/ 
Solvent pair, solute- 102 
Species, pure 66 
Specific 

density-temperature relations, 
substance- 366 

gravity and reciprocal molecular 
weight for hydrocarbons, 
relation between 414/ 

heats and the equation of state 
along isotherms, thermody­
namic relation between . . . 348 

Spherocylinder constant, correla­
tion of the 218/ 

Spline-fit region 88 
Square-well (SW) approximation 197 
Standard deviations 

ethylene parameters and 120* 
between model calculations and 

V E data 335* 
water parameters and 120* 

Starling equation of state, Carna-
han and 9 

State variables, fugacity and 189 
Statistical-mechanical direct corre­

lation function 98 
Steam isochores at the coexistence 

curve, reduced curvature of . . 122/ 
Steam, thermodynamic properties of 239 
Steepness parameter, inverse 11 
Subcritical isotherm 32 
Subcritical temperature 33 

isothermal behavior at a 34/ 
Substance data and optimum 

\e 374,374* 
Substance-specific density-tem­

perature relations 366 
Sulfur dioxide, compressibility 

factors for 172* 
Supercritical components, liquids 

containing 97 
Supercritical species, liquids with . 97 
Superheated vapor of R-500, 

properties of 310*-320* 
Surface fractions 204 
SW ( see Square-well approxima­

tion) 

Τ 

Taylor's series expansion 112 
first-order 290 

Temperature 

Temperature (continued) 
dependent 

coefficients 387 
as a function of reduced 

temperature and the 
acentric factor, de­
rived value of fib 389/ 

as a function of reduced 
temperature, derived 
values of 388/ 

function of an equation of state 80 
function of the Maxwell rela­

tionship 169 
isothermal behavior at a sub-

critical 34/ 
range(s) 

of liquid-density data 213 
for the multicomponent sys­

tem data 400* 
of pure fluid data 214*-215* 
of vapor-pressure data 213 

relations, substance-specific 
density- 366 

saturation 114 
subcritical 33 

Ternary 
mixtures, predictions for 334 
mixtures, root mean square 

deviations for 335* 
system, liquid-phase composi­

tion at the S L V equilib­
rium condition in the 
methane-ethane-carbon 
dioxide ternary system . . . . 193/ 

Tetralin using Henry's constant in 
quinoline, solubility of hydrogen 106/ 

Thermodynamic 
behavior 

of coefficients for propane . . . 352/ 
of φ ( ρ , Τ) 350/-351/ 
of * (p , Γ) 351/ 
at very low densities 357 

definition of fugacity coefficient . 237 
excess functions of mixtures . . . 201 
functions of pure fluids, isochoric 

equation of state for com­
puting 345 

information for industrial proc­
essing of ethylene 287 

program, ethylene 287 
properties 

calculation of 131 
for methane-carbon dioxide 

mixture at 100°F 91* 
of mixtures 197 
of refrigerant 500 305 

ideal gas 321* 
of steam 239 

relation between specific heats 
and the equation of state 
along isotherms 348 

Three 
-body coefficients 77 
-parameter, corresponding-states 
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464 E Q U A T I O N S O F S T A T E 

Three (continued) 
-parameter corresponding 

states (continued) 
conformai solution mixing 
rules 125 

-phase solid-liquid-vapor equi­
librium 185 

Third virial coefficient 67 
Transition region of a fluid, iso­

thermal behavior in the two-
phase 33/ 

Transition, vapor-liquid-phase . . . . 31 
Triple point 357 

liquid density 346 
for propane 347* 

Triplet distribution function 77 
Two-fluid theory for generalizing 

the L H W equation of state for 
mixtures 324 

Two-fluid (VDW-2) theory, van 
der Waals 74 

Two-phase transition region of a 
fluid, isothermal behavior in 
the 33/ 

U 

Uncoupling the binary deviation 
parameters 332 

Uncoupling, / i 2 and £12 333 
Universal function 4 
Unlike-molecule size parameter . . 324 
Unlike pair interaction parameter . 391 

V 
V c , component critical volumes . . . 341* 
V E 

ability of the equations of state 
to fit 329 

compressed liquid mixture excess 
volumes 325 

data 
binary interaction parameters 

between model calcula­
tions and 335* 

fitting the L H W equation of 
state to Ar + C 2 H 6 331 

fitting the L H W equation of 
state to N 2 + Ar 330 

standard deviations between 
model calculations and . . 335* 

development of equations of 
state for 325 

equation of state for 325 
high-pressure limiting 331 
vs. Ρ 

for Ar + C 2 H e 340/ 
calculated by the CS equa­

tion of state 333/ 
for Ar + C H 4 via the CS 

equation of state 334/ 

V E (continued) 
vs. Ρ (continued) 

for N 2 + C H 4 339/ 
calculated by the CS equa­

tion of state 332/ 
Values 

for Ar-hydrocarbon binaries, 
optimum ka 154/ 

for H^hydrocarbon binaries, 
optimum ka 154/ 

for hydrocarbon binaries, 
optimum ka 154/ 

Van der Waals ( V D W ) 
approximation rule 199 
equation, critical isotherm of 

argon calculated from the . 61* 
equation of state 13,24,48,326 

equation-of-state parameters 
for the 327* 

theory 199 
of fluids 197 

one-fluid (VDW-1) 
theory 25, 74,125 

approximation 259 
mixing rules for isotropic 

fluids 128 
mixing rules, modi­

fied 128,136*-137* 
rules, used of the modified . . 133 

two-fluid (VDW-2) theory 74 
Vapor(s) 

compressibility factor for 
saturated 357 

compression refrigeration 305 
densities, saturated 358 
enthalpy deviations for nonpolar 62 
fugacity predictions of the R K 

equation of state 259 
isochore 111/ 
liquid 

equilibrium(a) ( V L E ) . . .143,253 
chronology of RK applica­

tion to 254 
compositions for the meth­

ane-ethane-propane 
system, deviations of . . 135* 

data for binary systems . . . . 134 
distribution of components . 97 
flash calculation 191 
for hydrogen-containing 

systems 63 
industrial experience in 

applying the RK 
equation to 253 

K-ratio(s) 236 
calculation procedure for 239 
of water in 1-butene . . . 244 

Κ values of mercaptans in 
light hydrocarbons . . . 249* 

mole fractions for the 
methane-ethane—pro-
pane-n-butane sys­
tem 136*-137* 

mole fractions for the 
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I N D E X 465 

Vapor(s) (continued) 
liquid (continued) 

mole fractions for ( continued) 
methane-ethane-pro-
pane-n-pentane-n-hex-
ane—n-decane sys­
tem 136*-137* 

of polar mixtures 235 
of polar solutes in hydrocar­

bon mixtures, high-
pressure 235 

prediction ( s ) 135 
adapting the RK equa­

tion to 254 
RK methods for 259 

K-ratios of n-hexane 248/ 
K-ratios of methanol 248/ 
methanol in hydrocarbon-rich 245 
-phase transition 31 

low-pressure expression for . . . . 366 
mole fraction 143 
-phase fugacity coefficients . . . . 62 
-phase nonideality 143 
pressure(s) 357 

data, temperature range of . . 213 
equation 112 

of state 348 
for ethylene, deviations of 

the calculated 113/ 
as a function of density 350 
propane 357 
saturation 308 

of R-500, properties of saturated 309* 
of R-500, properties of super­

heated 310*-320* 
water solute in hydrocarbon 

rich 239 
Young's results for the low-

pressure 369* 
Vaporization, enthalpies of 320 
Vaporization of R-500, comparison 

of enthalpy of 321* 
V D W (see Van der Waals) 
Verlet-Weis ( V W ) 

diameters 73 
in the H S E procedure, use of 74 

equation 73 
V L E ( see vapor-liquid equi­

librium ) 
Virial 

coefficients 49,285 
derivation of 286 
dimensionless 51 
ethylene 301* 
second 49,238 

accuracy of calculations of . 286 
for binaries 66 
comparison, ethylene 302/ 
correlation of Pitzer and 

Curl 62 
of ethylene, Burnett method 

for determination of . . 287 
of ethylene, state-of-the-art 

determination of the . . 285 

Virial (continued) 
coefficients (continued) 

second (continued) 
Pitzer-Curl correlation of the 168 
value errors of 301 

third 67 
cross-coefficients 143 

second 238 
form of the cubic equation of 

state 49 
remainder 286 
-type expansion of a differential 

equation of state 35 
Volatile oil at 190°F, experi­

mental Κ values for a 423/ 
Volatile oil at 190°F, predicted 

Κ values for a 423/ 
Volume(s) 

for equation-of-state parameter 
determination, component 
liquid molar 326* 

excess 324 
( V E ) , compressed liquid 

mixture 325 
at 29 °C for n-decane-chlorex . 276* 
for mixtures of simple species, 

compressed liquid 323 
molar 276 

mixture molar 276,324 
pure component molar 276 
ratio 

Burnett 295 
as an adjustable parameter 295 
as a constant 295 
as a single parameter 295 

treated as a constant, ethylene 
Burnett results for 300/ 

treated as a parameter, ethyl­
ene Burnett results for . . 300/ 

Volumetric behavior of a gas . . . . 285 
determination of the 290 
isothermal 286 

V W ( see Verlet-Weis equation ) 

W 

W C A ( see Weeks, Chandler and 
Anderson procedure ) 

Wagner equation 308 
Water 

in 1-butene, V L E K-ratios of . . 244 
enthalpies of gaseous 241/ 
fugacity coefficients for gaseous . 240/ 
-hydrocarbon systems 260 
-nonpolar binaries 159 
parameters and standard devia­

tions 120* 
solubilities in paraffins 242/ 
solute in hydrocarbon-rich liquid 239 
solute in hydrocarbon-rich vapor 239 

Weeks, Chandler, and Anderson 
( W C A ) procedure 73 

Weighing of interactions 204 
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466 EQUATIONS O F S T A T E 

Wellstream compositions for gas 
condensate fluid, recombined . 429* 

Widom's scaling equality 37 
Wilson modification of the R K 

equation 61 
Won modification of the Soave 

equation of state 235 

Youngs results for the low-pressure 
vapor 369* 

λ ( X ), near-critical series develop­
ment for 370 

Λ ( Χ ) required to reproduce the 
power law 20 for ethylene . . . 371/ 

Z H S (hard-sphere compressibility 
factor) 86 

f r o m B W R - S equation of state, 
computation of 87/ 

o n the compressibility factor, 
effect of 88* 

Jacket design by Carol Conway. 
Editing and production by Candace A. Der en. 

The book was composed by Service Composition Co., Baltimore, MD, 
printed and bound by The Maple Press Co., York, PA. 
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